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1 Introduction

Note: Most of my treatment of the monopoles follows [9] closely.

1.1 Duality

Duality is the presence of two different perspectives of a single problem or of a single physical system.
The main examples of the presence of duality would include the wave particle duality. A physical
system can be viewed in the position space wave function (i.e. 〈x|ψ〉) and it can also be seen in the
momentum space wave function (i.e. 〈p|ψ〉).
Another example for the concept of duality would be seen in the harmonic oscillator with the la-
grangian

L =
p2

2m
− 1

2
mω2x2 (1.1)

It is easy to see that in the replacement

x→ p

mω
, p→ −mωx (1.2)

the harmonic oscillator is self dual.

2 Electromagnetic duality

2.1 Sourceless Maxwell equations

The sourceless Maxwell equations are given as follows (take c = 1)

∇.E = 0 (2.1)

∇.B = 0 (2.2)

∇× E = −∂B
∂t

(2.3)

∇×B =
∂E

∂t
(2.4)
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Now, it is easy to see that in following transformation

D : Ei → Bi, Bi → −Ei (2.5)

(2.1)− (2.4) remain invariant. In fact, we can make this into a continuous transformation like;

Ei → cosθEi + sinθBi;Bi → −sinθEi + cosθBi (2.6)

and it is straightforward to see that (2.1)− (2.4) are still invariant.
We can now introduce the electromagnetic field tensor Fµν with

Ei = F0i;Bi =
1

2
εijkFjk (2.7)

Now, we can translate the D transformation into the terms of Fµν tensor as follows;

Ei → Bi ⇒ F0i →
1

2
εijkFjk = ∗F0i

Bi → −Ei ⇒
1

2
εijkFjk → −F0i =

1

2
εijk ∗ Fjk

where

∗Fµν =
1

2
εµνρσF

ρσ

Now, we can see that the D transformation can be seen as;

Fµν → ∗Fµν

If there are no monopoles, we can take

Bi =
1

2
εijkFjk = (∇× A)i =

1

2
εijk(∂jAk − ∂kAj)

and (as a reminder, I am using (+−−−) signature)

Ei = F0i = (−∇φ− ∂A

∂t
)i = ∂0Ai − ∂iA0

So, we can conclude that
Fµν = ∂µAν − ∂νAµ (2.8)

2.2 Electromagnetism in Quantum Mechanics

In Quantum Mechanics, the electromagnetic coupling can be realised by minimum coupling scheme

p̂j → −i(∇− ieA)j (2.9)

and it is a well known fact that the Schrodinger equation is invariant in the gauge transformation,

ψ → e−ieχ;Ai → Ai −
i

e
eieχ∇e−ieχ (2.10)
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where eieχ is an element of a U(1) group.
In 1931, Dirac tried to add magnetic monopoles without disturbing the coupling [1]. His work gave
a remarkable result which gave a reason for the quantization of electrical charge in the presence of
magnetic monopoles. We can understand that work by considering a magnetic monopole at r = 0 and
since we have a magnetic monopole now, it cant the case that Bi = (∇× A)i everywhere. However,
we can still define Ai in patches and in the region where the patches overlap, they should differ by a
gauge transformation. So, far away from the monopole (i.e. say, for r > r0) the magnetic field due to
the monopole should be like

B =
gr̂

4πr2
(2.11)

Now,we want some A to give the above magnetic field by taking its curl. We use the polar coordinate
system and in this system, the components of B for an arbitrary A are given as;

Br =
1

rsinθ

[
∂(sinθAφ)

∂θ
− ∂Aθ

∂φ

]

Bθ = − 1

rsinθ

[
∂Ar
∂φ
− ∂(rsinθAφ)

∂r

]
Bφ =

1

r

[
∂(rAθ)

∂r
− ∂Ar

∂θ

]
Since we want the φ component of B to be zero, we set Aθ and Ar equal to zero. Moreover, for B
to fall as 1/r2, the components should fall as 1/r and thus, rAφ should be independent of r. This
renders Bθ equal to zero and well. Then for Br then, we have;

Br =
1

rsinθ

∂(sinθAφ)

∂θ
=

g

4πr2
⇒ Aφ =

g

4πr

ξ − cosθ
sinθ

where ξ is arbitrary.
Now, we can choose the vector potential in two patches that cover the S2 circle i.e. the Northern
patch and the Southern patch and call the respective A as AN and AS. For the northern patch, we
choose ξ = 1 and for the southern patch, we choose ξ = −1. Then, we will have the following vector
potentials;

AN =
g

4πr

1− cosθ
sinθ

φ̂ (2.12)

AS = − g

4πr

1 + cosθ

sinθ
φ̂ (2.13)

The overlap region happens to be θ = 900 and the difference of the two potentials in this region is as
follows;

AN(θ =
π

2
)− AS(θ =

π

2
) =

g

2πr
φ̂ = −∇(− g

2π
φ) = −∇χ

So, we see that the difference in the overlap zone is indeed a gauge transformation and thus, in the
overlap zone, the two potentials are physically equivalent.
Now, the U(1) element (i.e. eieχ) should be continuous and thus, we have the following condition;

eie[χ(2π)−χ(0)] = 1⇒ e[χ(2π)− χ(0)] = 2πn (n ∈ Z) (2.14)
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Using the defintion of χ(φ), we have;
g = χ(0)− χ(2π) (2.15)

Using (2.14) and (2.15), we get;
eg = 2πn (n ∈ Z) (2.16)

(2.16) is known as the Dirac quantization condition.
Some comments are in order. Firstly, this condition implies that the presence of a single monopole in
the universe will imply the quantization of electrical charge.
Secondly, this quantization condition implies that eχ = 0 and eχ = 2π actually represent the same
U(1) element and thus, the U(1) group is compact. In other words, the presence of monopoles imply
the presence of compact U(1) group. Using the contrapositive of this statement we can say that the
absence of compact U(1) group will imply the absence of magnetic monopoles. The compact U(1)
group will be present in theories where a larger group symmetry has been spontaneously broken to a
smaller group containing U(1).
At small distances, the monopoles carry color magnetic charge and the combination of color mag-
netic charge and ordinary magnetic charge satisfy the Dirac quantization condition. More details in [2]

3 The t’Hooft, Polyakov monopole

In the Dirac’s treatment of the monopole, the interior of the monopole is not studied. The long
distance behaviour of the magnetic field is studied and the Dirac’s quantization condition is derived.
In order to study the interior of a monopole, we study a monopole configuration called t’Hooft,
Polyakov monopole. It is nothing but a non abelian Yang Mills Higgs theory in 3 + 1 dimensions. So,
the lagrangian of the theory is as follows;

L = −1

4
F a
µνF

µν
a +

1

2
Dµφ

aDµφa − V (φ) , 〈φ〉 = v 6= 0 (3.1)

The equation of motion for F a
µν is (also called the Gauss constraint)

DµF
µν
a = eεabcφbD

νφc (3.2)

Define Fµν as;

Fµν = φ̂aF a
µν −

1

e
εabcφ̂aDµφ̂

bDµφ̂c

where φ̂a is a unit vector in the direction of φa and for this vector to exist, φa 6= 0 anywhere.
Now, using the definition of the Yang Mills field F a

µν , we can express Fµν in terms of Aaµ. The proof
goes as follows.

Fµν = φ̂a[∂µA
a
ν − ∂νAaµ + eεabcAbµA

c
ν ]−

1

e
εabcφ̂a[∂µφ̂

b + eεbdeAdµφ̂
e][∂νφ̂

c + eεcfgAfν φ̂
g]

= ∂µ(φ̂aAaν)− ∂ν(φ̂aAaµ)− 1

e
εabcφ̂a∂µφ̂

b∂µφ̂c

+Adµ[∂νφ̂
aδad−∂νφ̂cεabcεbdeφ̂aφ̂e]−Afν [∂µφ̂aδaf+∂µφ̂bεabcεcfgφ̂aφ̂g]+eεabcφ̂aAbµAcν−eεabcφ̂aεbdeεcfgAdµAfν φ̂eφ̂g

(3.3)
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In the equation above, the terms that we want are the first three terms. The terms in the second line
vanish. It can be shown as follows.
Take the first bracketed term in (3.3). It is;

∂νφ̂
aδad − ∂νφ̂cεabcεbdeφ̂aφ̂e = ∂νφ̂

d + ∂νφ̂
c(δadδce − δaeδcd)φ̂aφ̂e = ∂νφ̂

d + φ̂dφ̂e∂νφ̂
e − ∂νφ̂d = 0

Where I used the fact that

φ̂d∂νφ̂
d =

1

2
∂ν(φ̂

dφ̂d) =
1

2
∂ν(1) = 0

The second bracketed term in the second line of (3.3) can be shown to vanish in a similar way. Now,
we need to prove that the final two terms in (3.3) vanish. In other words, we need to show that;

εabcφ̂aAbµA
c
ν − εabcφ̂aεbdeεcfgAdµAfν φ̂eφ̂g = 0

We can manipulate the last term as

εabcφ̂aεbdeεcfgAdµA
f
ν φ̂

eφ̂g = (δafδbg − δagδbf )φ̂aεbdeAdµAfν φ̂eφ̂g = εedbφ̂eAdµA
b
ν

where I have dropped the vanishing term εbdeφ̂aφ̂bφ̂eAdµA
a
ν and used the fact that φ̂eφ̂e = 1.

We can now see that;

εabcφ̂aAbµA
c
ν − εabcφ̂aεbdeεcfgAdµAfν φ̂eφ̂g = εabcφ̂aAbµA

c
ν − εabcφ̂aAbµAcν = 0

So, we have shown that;

Fµν = ∂µ(φ̂aAaν)− ∂ν(φ̂aAaµ)− 1

e
εabcφ̂a∂µφ̂

b∂µφ̂c (3.4)

Now, a magnetic field can be defined as;

Bi =
1

2
εijkFjk = εijk∂j(φ̂

aAak)−
1

2e
εijkε

abcφ̂a∂µφ̂
b∂νφ̂

c

Now, in order to calculate the magnetic flux over a surface, we need to integrate this magnetic field
over a sphere. This will receive zero contribution from the first term as it is a curl and the sphere has
no boundary. The second term gives the following contribution

g =

∫
S2

dSiBi =
1

2ev3

∫
dSiεijkε

abcφa∂jφ
b∂kφ

c

This integral is evaluated as by choosing the form φa = vx̂a at infinity (where xa = rx̂a). We simply
get;

1

v3

∫
S2

dSiεijkεabcφ
a∂jφ

b∂kφ
c =

∫
S2

r2dΩx̂iεijkεabcx̂a∂jx̂b∂kx̂c

=

∫
S2

dΩx̂iεijkεabcx̂a[δbjδck − 2δbjx̂kx̂c ] (3.5)

Where I have dropped the vanishing term and used the identity;

∂ix̂j =
1

r
(δij − x̂ix̂j)
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Now, using the identities;
εijkεklm = δilδjm − δimδlj, εijkεjkl = 2δil

the integral in (3.5) becomes;

2

∫
S2

dΩx̂ix̂a[δai − δai + x̂ax̂i] = 8π ⇒ g = −4π

e

Now, I can choose another form of φa by multiplying the azimuthal angle ϕ by an integer n. In other
words, I can choose φa to be

φa(θ, nϕ) = vx̂a(θ, ϕ)

This will simply multiply the above integral n times as we are going through S2
φ n times. So, we get

the following condition;
eg = 4πn, n ∈ Z (3.6)

This is the t’Hooft quantization condition.

4 Bogomol’nyi bound and BPS solution

4.1 Bogomol’nyi bound

We calculate the energy for the static solution of YMH theory in the gauge Aa0 = 0 and we get;

E =

∫
d3x

[
1

2
Ba
i B

a
i +

1

2
(Diφ

a)2 + V (φ)

]
=

∫
d3x[

1

2
(Ba

i −Diφ
a)2 +Ba

iDiφ
a + V (φ)] (4.1)

Now, using the zeroth component Bianchi identity εµναβDνF
a
αβ = 0 and using the definition of mag-

netic field in terms of the F a
µν tensor i.e. 2Ba

i = εijkF
a
jk, we get;

ε0ijkDiF
a
jk = DiB

a
i = 0

Moreover, since Ba
i φ

a is gauge singlet, we have Di(B
a
i φ

a) = ∂i(B
a
i φ

a) and thus, the second term in
the integrand in (4.1) can be written as ∂i(B

a
i φ

a) and thus, it is a total derivative which implies that
the space integral can be done easily on it by converting it to a surface integral with the integrand
Ba
i φ

a. Using the result from the previous section, we can see that this integral is nothing but vg but
in order to compensate negative magnetic charge, we write this as vg. Thus, (4.1) becomes;

E = vg +

∫
d3x[

1

2
(Ba

i −Diφ
a)2 + V (φ)] (4.2)

We can see that since the integral is positive definite, there will be a lower bound on the energy of
the static solution and thus,

E ≥ vg

This is also known as the Bogomol’nyi bound.
Note: I am doing all of this for positive magnetic charge. All of this can be done for negative mag-
netic charge as well.
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4.2 BPS solution

If we impose the condition Ba
i = Diφ

a (also known as the Bogomol’nyi equation) and set V (φ) = 0
everywhere, then the energy of the field configuration is just vg. There is one thing that needs some
mentioning here. Since we are setting V (φ) = 0 everywhere, it seems as if we won’t be able to get
a nonzero 〈φaφa〉. However, since we need 〈φaφa〉 = v2 at spatial infinity, we can impose this as a
boundary condition.
If we try to give Aai a non zero vev, it will break Lorentz invariance. Moreover, for the theory to
have non zero topological charge, φa should vary at infinity and thus, solutions can’t be rotationally
invariant. However, we can make the solutions invariant under the diagonal subgroup SO(3)s×SO(3)g
where SO(3)g is the global gauge group. We would not need the detailed form of the BPS solutions
in this thesis though.

5 Moduli space of the BPS solution

Moduli space is the space of fixed energy and fixed topological charges solutions. The coordinates on
the moduli space are called moduli or collective coordinates.
We can we easily see that if φa(x) is a solution, then φa(x + X) is also a solution due to Poincare
invariance (where X is a fixed 3− vector). So, the moduli space of BPS solution contains R3 as a
product.
We now consider the Gauss constraint (3.2) and expand it to get;

Dµ[∂µAνa − ∂νAµa + eεabcA
µ
bA

ν
c ] = eεabcφb[∂

νφc + eεcdeA
ν
dφe]

Setting ν = 0 and working in the A0
a = 0 gauge, we get;

DiȦ
i
a + e[φ, φ̇]a = 0

The linearized form of the Gauss’ law for deformations to the BPS solutions (δφa, δAai ) is obtained
by letting Aai → Aai + δAai , φ

a → φa + δφa and realising that only the deformations are allowed to the
time dependant. We get;

DiδȦ
i
a + e[φ, δφ̇]a = 0

DiδȦ
i
a + e[φ, δφ̇]a = 0 (5.1)

Moreover, we can also find the linearized form of the Bogomol’nyi equation by expanding it and then
linearizing it as;

εijk[∂
jδAka + eεabcA

j
bδA

k
c ] = ∂iδφ

a + eεabcAbiδφ
c + e[δAi, φ]a

This gives us;
εijkD

jδAka = Diδφa + e[δAi, φ]a (5.2)

The solution to the equations (5.1)− (5.2) are

δAa0 = 0, δφa = 0, δAai = Di(ξ(t)φ
a)

where ξ(t) is any arbitrary function of time.
We can see that if ξ̇ = 0, then the change in Aai is a large gauge transformation (i.e. it does not vanish
at infinity) and the Aai fields which are connected by large gauge transformations are not physically
equivalent (unlike small gauge transformations). So, the U(1) element which corresponds to this
gauge transformation is eξφ and since the unbroken U(1) group is compact, the coordinate ξ has to
be compact and thus, the moduli space of BPS solutions is R3 × S1.
More details on the moduli space of BPS solution are given in [3].
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6 Witten effect

We can add a theta term in the Yang Mills lagrangian without breaking the gauge invariance. This
term is of the form;

Lθ = − θe2

32π2
F a
µν ∗ F µν

a (6.1)

The prefactor is chosen for the later convenience. We can study the effect of this term for monopoles
in the simplest case first (i.e. the QED case with U(1) gauge group).

6.1 QED case

For QED, we calculate F µν ∗ Fµν first to get;

F µν ∗ Fµν =
1

2
εµναβFµνFαβ =

1

2

[
ε0ijkF0iFjk + εi0jkFi0Fjk + εij0kFijF0k + εijk0FijFk0

]
= 2ε0ijkF0iFjk = 4E.B

So, we get;

Lθ = − θe
2

8π2
E.B

For a static monopole, we have;

E = ∇A0, B = ∇×A +
g

4π

r̂

r

This leads to the following lagrangian;

Lθ =

∫
Lθ =

e2gθ

8π2

∫
d3xA0δ

(3)(r) (6.2)

where we used the result;

E.B = ∇A0.

[
∇× A+

g

4π

r̂

r

]
= − g

4π
A0∇.

(
r̂

r

)
+ (surface term) = −gA0δ

(3)(r)

Now, using the quantization condition eg = 4π for a single monopole, (6.2) becomes;

Lθ = −
[
− eθ

2π

∫
d3xA0δ

(3)(r)

]
This is nothing but the interaction term for a charged particle located at the origin with a background
field A0 with charge;

− eθ
2π

So, the theta term can give charge to the monopoles.
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6.2 SU(2) case

Now, we can analyse a similar scenario in the SU(2) theory. For this purpose, we consider the
large gauge transformations that act on Aµ. The finite deformation (i.e. without the infinitesimal
parameter) can be written as;

δAaµ =
1

ev
Dµφ

a

where v is written for the dimension to work out correctly (Remember that [Aµ] = 1 and [Dµ] = 1
where I am specifying the mass dimension). Let the generator of this gauge transformation be N .
Now, since we are not talking about the fermions right now and since the parameter of this large
gauge transformation lives on S1, we can see that e2πiN = 1. Since large gauge transformations act
on the field, N is nothing but the conserved Noetherian current corresponding to the deformations
of Aaµ. It can be easily worked out as follows.

N =

∫
d3x

∂L
∂(∂0Aaµ)

δAaµ

Now, we write the lagrangian as;

L = −1

4
F µν
a F a

µν −
θe2

32π2
F a
µν ∗ F µν

a

So, we can calculate the required derivative as;

∂L
∂(∂0Aaµ)

= −1

2
Fαβ
b

∂F b
αβ

∂(∂0Aaµ)
− θe2

32π2
ερσαβ(Fb)αβ

∂F b
ρσ

∂(∂0Aaµ)

From the definition of F b
αβ, the derivative appearing in the above equation can be calculated as;

∂F b
ρσ

∂(∂0Aaµ)
= δba

[
δ0ρδ

µ
σ − δ0σδµρ

]
Using this derivative, we get after some elementary simplification;

∂L
∂(∂0Aai )

= −F 0i
a −

θe2

16π2
ε0ijk(Fa)jk = −gij(Ea)j − gij

θe2

8π2
(Ba)j = (Ea)i +

θe2

8π2
(Ba)i

Using this expression, we get;

N =

∫
d3x

1

ev

[
Ea
i +

θe2

8π2
Ba
i

]
Diφ

a =
Q

e
+

θe

8π2
g (6.3)

where

Q =
1

v

∫
d3xEa

iDiφ
a, g =

1

v

∫
d3xBa

iDiφ
a

are the electrical and magnetic charge operators respectively. Now, the e2πiN = 1 condition implies
that;

Q

e
+

θe

8π2
g = ne ∈ Z⇒ Q = ene −

eθnm
2π

where I used the condition eg = 4πnm. Now, we can see that in the presence of the θ term, the
magnetic monopole of magnetic charge nm = 1 can obtain the following electrical charge;

− eθ
2π

which is the same as the QED case except in this case, we also get information on the electrical charge
assignments of dyons (ne, nm).
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7 Olive Montonen and SL(2,Z) duality

Set θ = 0 first. We see that there can be electrically charged states (ne, 0) and magnetically charged
states (0, nm). Moreover, the mass of an electrically charged state ne = 1 is the mass of W boson
i.e. MW = ve while the mass of the single monopole state is MM = vg (>> ve for weak coupling).
We can see that if we want to make a theory in which the roles of electrical and magnetic charges is
exchanged, then the following exchanges are required;

e←→ g

MW ←→MM

Now, the dual theory will be at strong coupling because e←→ g means that small e gets mapped to
a large g. Moreover, this proposal is based on the analysis of the classical spectrum as was first done
in [7]. However, authors of [7] also point out some obvious problems in the proposal. They are as
follows;
1) The BPS solution is based on the assumption of a vanishing V (φ) but there is no such guarantee
that quantum corrections would not introduce non zero corrections in the potential like the (Weinberg
Coleman potential).
2) There is an obvious problem of the exact matching of states. The W bosons have spin 1 while the
spin of the monopole is zero.
3) There is a big problem because of the fact that the dual theory is at strong coupling. Even if the
duality exists, there is no easy way to test the theory.
In [7], authors give additional arguments for the proposal that electric magnetic duality should be an
exact duality of the SO(3) Yang Mills Higgs theory despite the problems listed above. As we will see,
the first two problems will be solved by incorporating this YMH theory into N = 4 supersymmetry.
Now, let θ 6= 0 and then,

L = −1

4
F 2 − θe2

32π2
F ∗ F − 1

2
(Dµφ

a)2

Now, we let

Aaµ →
Aaµ
e
⇒ F a

µν →
F a
µν

e

and then, we get;

L = − 1

4e2
F 2 − θ

32π2
F ∗ F − 1

2
(Dµφ

a)2

with the covariant derivatives changed accordingly. Now, we can see that;

− 1

32π2
Im

[
θ

2π
+

4iπ

e2

]
(F + i ∗ F )2 = − 1

8e2
(F 2 − ∗F 2)− θ

32π2
F ∗ F = − 1

4e2
F 2 − θ

32π2
F ∗ F

where in the last step, I used the fact that F 2 = − ∗ F 2 as can be demonstrated;

∗F 2 =
1

4
εµναβFαβεµνρσF

ρσ = −1

2
(δαρ δ

β
σ − δασδβρ )FαβF

ρσ = −F 2

So, we can see that the full lagrangian can be written as;

L = − 1

32π2
Im τ(F + i ∗ F )2 − 1

2
(Dµφ

a)2, τ =
θ

2π
+

4iπ

e2
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I will use a result in order to proceed but the details of the calculation which lead to this result
are beyond the scope of this thesis. The result is that the n instanton effects in the theory that we
are considering is weighed by e2iπnτ and thus, we can see that the physics is invariant in the change
τ → τ + 1 which corresponds to θ → θ + 2π. Moreover, if we set θ = 0, then we can see that the
electromagnetic duality corresponds to;

e→ g =
4π

e
⇒ τ =

4iπ

e2
→ − e2

4iπ
= −1

τ

So, we can identify both of these transformations as special cases of a single general transformation
i.e.

τ → aτ + b

cτ + d
, a, b, c, d ∈ Z, ad− cd = 1

This transformation is known as SL(2,Z) transformation and the transformation can be identified as
follows;

τ → τ + 1⇒ a = b = d = 1, c = 0

τ → −1

τ
⇒ a = d = 0, c = −b = 1

Now, we can also see that;

Im(τ) =
4π

e2
> 0

and thus, we are concerned with the upper τ plane only. Moreover, we can define a fundamental
region as;

−1

2
≤ Re(τ) ≤ 1

2
, |τ | ≥ 1

This region is important because any τ in the upper half plane can be mapped into this region by an
appropriate SL(2,Z) transformation.

7.1 Action of SL(2,Z) on the states

We now turn our attention to the action of the SL(2,Z) group on the states (ne, nm). For that, we
need the expression for the electrical charge operator Qe rewritten for reference as follows

Qe = nee−
eθ

2π
nm (7.1)

Now, τ → τ + 1 has the following effect;

θ → θ + 2π ⇒ Q→ (ne − nm)e− eθ

2π
nm

and thus, the state (ne, nm) goes to (ne − nm, nm) state and it also corresponds to(
ne
nm

)
→
(

1 −1
0 1

)(
ne
nm

)
=

(
a −b
c d

)(
ne
nm

)
where I used the fact that for τ → τ + 1, a = b = d = 1, c = −1. Similar procedure can be done for
the τ → −τ−1 transformation. For this transformation, θ = 0 and we use the following expression for
the magnetic charge (alongwith (7.1) for electrical charge)

Qm = gnm =
4π

e
nm (7.2)
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Now, τ → −τ−1 exchanges electrical and magnetic charge and thus, we can easily see using (7.1) and
(7.2) that it will correspond to ne ←→ nm. In the matrix form, we can write this as;(

ne
nm

)
→
(

0 1
1 0

)(
ne
nm

)
=

(
a −b
c d

)(
ne
nm

)
where I used the fact that for τ → −τ−1 transformation, we have a = d = 0, c = −b = 1. So, we it is
convincing to conclude that the SL(2,Z) action on the states (ne, nm) is;(

ne
nm

)
→
(
a −b
c d

)(
ne
nm

)

7.2 Revisiting Bogomol’nyi bound

It can be shown that the generalized Bogomol’nyi bound (proved in the appendix)

M2 ≥ v2(Q2
e +Q2

m)

can be written entirely in terms of the τ parameter and it is invariant under the SL(2,Z) transfor-
mation. We will need the definition of τ and (7.1)− (7.2) for writing it in terms of τ .
We start as;

M2 ≥ v2

[(
ne − nm

eθ

2π

)2

+

(
4π

e
nm

)2
]

= v2
(
ne nm

)( e2 − e2θ
2π

− e2θ
2π

(
4π
e

)2
+
(
eθ
2π

)2)(nenm
)

= 4πv2
(
ne nm

) 1

Im τ

(
1 −Re τ

−Re τ |τ |2
)(

ne
nm

)

⇒M2 ≥ 4πv2
(
ne nm

) 1

Im τ

(
1 −Re τ

−Re τ |τ |2
)(

ne
nm

)

8 Coupling to Fermions

If we want to add fermions into this theory, we have to consider the fact that we have a Yang Mills field
and a scalar field in the theory already. So, we can write the fermion lagrangian with the appropriate
interactions. We assume that fermions are the ′r′ representation of SU(2) gauge group. The fermion
lagrangian is;

L = iψ̄nγ
µ(Dµψ)n − iψ̄nT anmφaψm (8.1)

where T anm are the anti-hermitian generators in the representation ′r′.
Now, we take;

γ0 = −i
(

0 I2
−I2 0

)
, γj = −i

(
σj 0
0 −σj

)
(8.2)

Where I2 is the 2× 2 identity matrix. It can easily be verified that these matrices satisfy the Clifford
algebra {γµ, γν} = 2gµνI4. We can work out the Dirac equation from the lagrangian above (and use
φnm = T anmφ

a) to get;
iγµ(Dµψ)n − iφnmψm = 0 (8.3)
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Now, we seek solutions of the form ψ(t,x) = e−iEtψ(x) and I also set ψ(x)n =
(
χ+(x)n χ−(x)n

)T
Using the above mentioned form of solution, the form of the space dependant spinor and the form of
the gamma matrices in (8.2), we get;

−iE
(
χ−n
−χ+

n

)
−
(
σjDjχ

+
n

−σjDjχ
−
n

)
− iφnm

(
χ+
m

χ−m

)
= 0

This gives us two equations. They are as follows;

(iδnmσ
jDj + φnm)χ−m = Eχ+

n (8.4)

(iδnmσ
jDj + φnm)†χ+

m = Eχ−n (8.5)

Now, if there is some ψ(x)n =
(
χ+(x)n χ−(x)n

)T
which solves (8.4) − (8.5), with E = 0 then that

particular solution of fermions would not contribute to the energy of the BPS monopole background
and thus, we can have fermionic collective coordinates. These collective coordinates will be coefficients
of expansion of the total spinor solution in terms of fermion zero modes (the total solution will also
contain non zero modes but the coefficients of expansion of non zero modes won’t count as the
collective coordinates). In other words, we want to find the kernels of the operators on the left hand
side of (8.4)− (8.5). Now, it easy to see that;

ker
[
(iδnmσ

jDj + φnm)†
]
⊂ ker

[
(iδnmσ

jDj + φnm)(iδmlσ
kDk + φml)

†] = {0} (8.6)

The last equality holds because (iδnmσ
jDj + φnm)(iδnmσ

jDj + φnm)† is a positive definite operator.
Now, we need to find the kernel of iδnmσ

jDj + φnm. A result is needed to find the number of fermion
zero modes for different representations ′r′ in which the fermions live. This result uses the techniques
of index theorems and thus, the derivation is beyond the scope of this thesis. The derivative can be
found in [8], The final result is;

dim
(
ker

[
(iδnmσ

jDj + φnm)
])
− dim

([
(iδnmσ

jDj + φnm)†
])

= A(r)nm (8.7)

where A(r) is a number that depends on the representation ′r′ and the ratio of the fermion mass to v
where limr→∞ φ

aφa = v2 and nm is the magnetic charge. The values of A(r) relevant to our work are
as follows;

A(fundamental) = 1 (8.8)

A(adjoint) = 2 (8.9)

8.1 Fundamental Fermions

Using (8.6) and (8.8), we get to know that there is only one zero mode for the fundamental fermions
for a single monopole nm = 1. We will drop the gauge indices for some time now. We have;

ψ(x) = a0ψ0(x) + non zero modes

As mentioned before, a0 will be our fermionic collective coordinate. The monopole ground states can
be built by considering a ground state |Ω〉 with a0|Ω〉 = 0 and then, we can construct an additional
ground state a†0|Ω〉. So, the states |Ω〉 and a†0|Ω〉 are degenerate.
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8.2 Adjoint Fermions

For the fermions in the adjoint representation, we have A(r) = 2 for nm = 1 and thus, we have
two zero modes. There is an important feature of the monopoles coupled to adjoint fermions. We
have to remind ourselves that the monopoles are symmetric in the diagonal subgroup SU(2)R ×
SU(2)G (Previously I said that it is invariant the diagonal SO(3) subgroup but now, we have added
fermions and thus, the SO(3) = SU(2)/Z2 diagonal subgroup is not a symmetry group anymore).
The fundamental fermions can be singlets because 2 × 2 = 3 + 1 but this is not the case for the
adjoint fermions because 3× 2 = 2 + 4.
Now, we know that fermions living in 4 representation will be fourfold degenerate. However, we do
know that the there are only two fermion zero modes for nm = 1 and thus, fermions can’t have spin
3/2 (i.e. they can’t be in 4 representation of SU(2)). This means that the fermion zero modes will
have spins ±1/2. We can write the fermion solution in terms of fermion zero modes now (with the
superscript on zero modes and the additional subscript on the collective coordinates indicating their
spins) as;

ψ = a0,1/2ψ
1/2
0 + a0,−1/2ψ

−1/2
0 + non zero modes

Now, we can make the following degenerate states

State Spin
|Ω〉 0

a†0,1/2|Ω〉 +1
2

a†0,−1/2|Ω〉 −1
2

a†0,1/2a
†
0,−1/2|Ω〉 0

Table 1: The monopole ground states with adjoint fermions

9 Monopoles in N = 4 supersymmetric theories

We need monopoles in N = 4 supersymmetry in order to solve two major problems in the Olive
Montonen proposal. We don’t need to go into the details of the derivation of the N = 4 supersymmetry
lagrangian. I will use only the result that the N = 4 supersymmetric yang mills higgs theory contains
only one multiplet (without going into spins higher than 1) with contains one gauge field, six scalars
and two Weyl fermions (two Dirac fermions) and all of them are in the adjoint representation since
they are in the same multiplet as the gauge field. Now, since there are two Dirac fermions in this
theory, the number of fermion zero modes double and thus, we have the following creation operators

an0,±1/2, where n = 1, 2

Now, the monopole multiplet is shown in table 2 (we again start with the |Ω〉 state and I drop the 0
subscript from the raising operators. Moreover, I replace ±1/2 with ± for brevity). We can see that
in this multiplet, we have states which have spin 1. Moreover, if we compare the spin content of this
multiplet with the N = 4 gauge supermultiplet, there is an exact match.
There is another feature of the N = 4 theory which is worth mentioning. It is a known fact (I won’t
go into the details) that the β function of N = 4 super Yang Mills theory vanishes and thus, the
potential of the N = 4 theory won’t receive quantum corrections. Therefore, the first two problems
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State Spin
|Ω〉 0

an†± |Ω〉 ±1
2

an†− a
m†
+ |Ω〉 0

a1†+ a
2†
+ |Ω〉 1

a1†− a
2†
− |Ω〉 −1

a1†∓ a
2†
∓ a

n†
± |Ω〉 ∓1

2

a1†+ a
2†
+ a

1†
− a

2†
− |Ω〉 0

Table 2: The monopole ground states in N = 4 supersymmetry

in the Olive Montonen proposal that I mentioned are solved by incorporating 4 dimensional YMH
theory in the N = 4 supersymmetric gauge theory.

Appendix

In the presence of electrical fields (keeping Aa0 = 0 still), we have the following mass for the dyon;

M =
1

2

∫
d3x[Ea

i E
a
i +Ba

i B
a
i + (Diφ

a)2]

=
1

2

∫
d3x[(Ea

i − cos αDiφ
a)2 + (Ba

i − sinαDiφ
a)2] +

∫
d3x[cos αEa

iDiφ
a + sinαBa

iDiφ
a]

≥ cos αQe + sinαQm

Now, we can make the bound as tight as possible by differentiating the above expression w.r.t α and
setting it to zero. This gives;

tanα =
Qm

Qe

, sin α =
Qm√

Q2
e +Q2

m

, cos α =
Qm√

Q2
e +Q2

m

This gives us;

M ≥ v
[
Q2
e +Q2

m

] 1
2

This is the generalized Bogomol’nyi bound in terms of (Qe, Qm).
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