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Please read this

I am distributing these incomplete notes because some of you asked me to release these incomplete notes.
However, please note the following:

1. There are some comments (written in bold) in these notes. Please ignore them.

2. There are some chapters and some parts of the chapters that I still have to write about in these notes.
I will keep updating the version of this document on my website. Please keep checking for the latest
version (check at least once a month).

3. Some calculations don’t agree with Polchinski’s book. I still have to figure out if there is a problem
in my calculation or if Polchinski’s result is wrong (there are a lot of mistakes in Polchinski’s books
and there is a page of errata for this book (linked below)). When my calculations don’t agree with
Polchinski’s result, I assume Polchinski’s result and move on, leaving this work for future.

4. Please let me know if you find any mistakes and/or typos.

Thanks. Let’s learn string theory together!!
Links: My Website’s page Polchinski’s errata page


https://hassaansaleem.com/my-notes-theses/
https://www.kitp.ucsb.edu/joep/links/joes-big-book-string/errata
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1.1.1 Outline
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1.3 The open string spectrum
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2 Chapter 2: Conformal Field Theory

Sample

2.1 Massless scalars in two dimensions

Sample

2.2 OPE
Sample

2.3 Ward identities and Noether’s theorem
Sample

2.4 Conformal Invariance

Sample

2.4.1 Conformal Invariance and OPE

Sample

2.4.2 Conformal properties of Stress Tensor

Sample

2.5 Free CFTs
Sample

2.5.1 Linear Dilaton CFT

Sample

2.5.2 bc CFT

The action of the be CFT is as follows;
1 _
S= fd%bac (2.5.1)
2w

where b and ¢ are anti-commuting primary fields and for the action to be conformally invariant, we need the
conformal weights of b and ¢ to be as follows;

hy=X, he=1-X
The equations of motion of these fields are as follows;
Ob=0=b=b(2), dc=0=c=c(2)

and hence, both of the fields are holomorphic. We can now work out the propagators of the theory that have
to satisfy the following equation;

A(b(2)e(0)) = 270 (2) = d(b(2)c(0)) = e‘% = (b(2)c(0)) = % (2.5.2)

where we used the identity;
=1
d- =216 ()
z
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Using (2.5.2)), we get the be OPE;

b(2)c(0) ~ % = b(z1)c(22) ~ ) 1227 c(z1)b(22) ~ = i22

1 1
(21 — 22)27 = aC(Zl)b(ZQ) ~ (21 _ 22)2

We now derive the stress tensor of the theory. It can be done by using Noether’s theorem (do this approach)
but it can be done by another method. Since T'(z) should have a conformal weight of 2, there are two possible
terms that can appear in T'(z) and they are as follows;

= Ob(z1)c(z2) ~ — (2.5.3)

T(z)=a:bdc:(z)+5:0bc:(z) (2.5.4)

where « and § are undetermined coefficients. We can fix a and 8 by requiring that b(z) and ¢(z) have the
correct weights.

_ab(z) . BOb(z) . _ab(0) . (B -a)ob(0)
22 z 22 z

T(2)e(0) ~ —a: e b (2)e(0) - B+ D bs (2)4(0) = 562(;) _ade(z)  Be(0) (B -a)dc(0)

T(2)b(0) ~a:bdc: (2)b(0) + B:0bc: (2)b(0) =

z 22 z
and thus, we see that a = -\, §=1- X\ and it gives the correct -« value in the residues. Using these values
in (2.5.4), we get;

T(z)=-X:bJdc:(2)+(1-=A):0bc: () =0bc: (z) - AI(:be: (2)) (2.5.5)

Similarly, the 7T OPE can be calculated but we will calculate the 1/2% term only to work out the central
charge.

Z—14term:)\z:bac:(z):bac:(O)—)\(l—)\):b@c:(z):abc:(())

“AM1=X):0bc:(2):bdc: (0)+(1-N)*:0bc:(2):0be:(0)

A2O2M(1-X)  20(1-X)  (1-X)?  1-3(2A-1)2
it 4 + 4 T4 2,4 =

Talk about ghost number symmetry

c=1-3(2X-1)? (2.5.6)

z z z

2.5.3 (v CFT

Same as above but 3, commute and thus, OPEs change.

2.6 The Virasoro algebra
Sample

2.7 Mode expansions
2.7.1 Free scalars
tt

2.7.2 bc CFT
tt

2.7.3 Open Strings
tt

12



2.8 Vertex operators

tt

2.8.1 Path integral derivation
tt

2.9 More on states and operators

Sample

2.9.1 The OPE
Sample

2.9.2 Virasoro algebra and the highest weight state
Sample

2.9.3 Unitary CFTs

Sample

2.9.4 Zero point energies

Sample
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3 Chapter 3: Polyakov path integral

3.0.1 Sums over worldsheets

He starts by listing the list of string theories and explaining that why can’t we have theories with open strings
but not closed strings. There are two kinds of arguments;

1) Interactions involving open strings only will eventually give closed strings

2) To disallow interactions that involve joining/splitting of strings and that produce closed strings from open
strings will require some non-local constraint. Expand on this if possible.

3.1 The Polyakov path integral

The Polyakov action in euclidean metric on the world sheet is given as follows (with the topological term);

1 2 ab
=1 f 20\ /Gg 0, X 9y X, + Ax
- [dza\/ﬁg“ba XHopX +if d2a\/§R+i’[ ds k (3.1.1)
4o “ B ar I 21 JoMm o

where x is the Euler’s character and k is the geodesic curvature. The expression for y for genus (number of
handles) g and b boundaries is as follows;
X=2-2g-b

Using (3.1)), the Polyakov path integral is as follows;

[ [dXdgle™S (3.1.2)

(Include the justification that the Euclidean theory is the same as the Minkowski theory) We
can write ((3.1.2]) as follows;

[ [dXdgle™s = f [dXdgle™Sx* = T () f [dXdgle™S

topologies

If we have some stringy process but we add an emitting and reabsorbed open string in this process, we get
another boundary, and thus the Euler characteristic increases by 1. So, the term in the path integral gets an

additional factor of e i.e.
€_>\X = e—)\(x+1) _ e—)\xe—)\

Since the emitting and reabsorbing of the open string should contribute a factor proportional to the square
of the open string coupling constant g2, we see that;
2 A
9o~ €
Similarly, if we have some stringy process but we add an emitting and reabsorbed closed string in this process,

we get another handle, and thus the Euler characteristic increases by 2. So, the term in the path integral

gets an additional factor of e™2* i.e.

-AX “A(x+2) _ e—)\xe—Q/\

€ - €

Since the emitting and reabsorbing of the open string should contribute a factor proportional to the square
of the closed string coupling constant g2, we see that;

-2 A

2 _
ge~ € = gc~E€

So, we have;
Y
gg ~gc~e€
Please note that these quantities are proportional but not equal to each other. The constants of propor-
tionality will be worked out in chapters 8 and 13. We easily see that closed string sources are boundary

loops and open string segments are boundary segments but with endpoints. So, we will need to work out

14



the expression of x for the endpoints. If there are n. endpoints in a 2-dimensional surface, then the FEuler
number is (derive this);

1
X:2—29—b—1nc
and the path integral weight is (derive this);

e—)\x+nc/\/4 _ e—)\)z
where x = x — n./4 (derive this as the A\ dependence is not coming right by unitarity.)

3.2 Gauge fixing
(3-1.2) becomes the following if we divide by the volume of redundant transformations;
X
Me—s[xyg] (3.2.1)
Vdiffxweyl

We want the metric to have some functional form (called the fiducial metric gqp).

3.2.1 The Fadeev Popov determinant
tt

3.3 The Weyl anomaly
tt

3.3.1 Calculation of the Weyl anomaly
tt

3.3.2 Discussion

tt

3.3.3 Inclusion of boundaries

tt

3.4 Scattering amplitudes
tt

3.5 Vertex operators

The vertex operator of a closed string tachyon must have a factor of g. because an extra string is added. We
adopt a normalization to define the closed string tachyon operator as follows;

Vo =29, f d*o \/gzeikx = 2¢, f d’c e X (3.5.1)

where in the last step, we used the fact that g, = d4p for the flat worldsheet. We consider the following
complex coordinates;

1 - 2 - 1 - 2
zZ=0 +10", 2=0" —10

This gives us the following derivatives;

dol 7 9o2 7 ol T o2

15



which gives the following Jacobian;

0z]8c  0z]00%| |1 i _9
0z/0ct 0z/00?| —i|
and thus, we have;
d’o = 2d*z

where we only keep the absolute value. Therefore, we have;
Vo = 2gc/d20 et X = gc/ d?z "X (3.5.2)

This vertex operator must be conformally invariant because it must be Diff and Weyl invariant (find more
justification). Under the conformal transformation

(2,2) > (3,2)

this vertex operator changes as follows;

KX (5,3 02\ (9% 9z\ "R 9\ EI
Vi - cfd2 . kX (Z,2) - f (7) hded d2 (7) hdod . 1kX(z,z):
079 zre 0z)\oz]“ *\ oz BE ¢

where we used the fact that : e*X(*2) : is a primary field with conformal weights h = h = a’k?/4. For Vj to
be conformally invariant, we need the following;
/1.2
1_ak ::>k2:i3m2:—i
4 o o

Thus, the mass of the tachyon state is obtained again. The vertex operator for the gauge boson states is as
follows;

2. o
i/fd%:@X“@X”elkX(z’z):
1)

The normalization of this vertex operator comes from unitarity (to be explained in chapter 6 -check this-).
The conformal invariance of this vertex operator implies the following;

20. . i e 20e _ , _
g, f d?z: 9X OXV RN (E2) = i’ f d?z: XXV X (2:2)
o

(0%

U ~\-1-a’'k?/4 =\ -1-a'k?/4
- 2gc %afidQ (%) aif :8XngVeikX(z,2) Z:%[CFZZaX”éXVeikX(Z’E)I
! 0z 0z 0z 0z o
and thus, we have;
a'k?
4
which is expected as the gauge bosons are massless.

=0=>k?>=0

3.5.1 Vertex operators in the Polyakov approach
tt

3.5.2 Off shell amplitudes
tt

3.5.3 Massless closed string vertex operators

tt

3.5.4 Open string vertex operators

tt

16



3.6 Strings in curved spacetime
3.6.1 Weyl invariance

tt

3.6.2 Backgrounds
tt

3.6.3 The spacetime action

tt

3.6.4 Compactification and CFT

17



4 Chapter 4: The string spectrum

4.1 Old covariant quantization

The states in the bosonic string include the o, (n > 0) creation operators and the ghost creation operators

which are as follows;
by (n<0)

en (n<0)

However, some of the o, oscillators are unphysical because they give negative norm states;

102, ]0)[* = (Olaya?,]0) = (0] [ay, a2, ][0) = nn™{0j0) = ™ = -n (1> 0)
(Include the ghost states). So, the actual Hilbert space is smaller than what one would naively guess.
An argument that makes it explicit that all the possible states can’t be physical states is as follows. If we
gauge fix the metric to be g4,(0), then the physical amplitudes should not depend on this gauge choice and
if we change the gauge choice to be gup(0) + dgap(0), then the amplitude should not change. The variation
of the amplitude is as follows (derive this);

U1 =~ [ Pon/a@)sga() T (o))

Since this variation should vanish for arbitrary dg.»(o) (Is this arbitrary or the only allowed variation
are via Weyl and diff transformations?), we have;

(1T (0)li) = 0 = (i[T** ()| f) = 0 Va,b

So, we see that all possible |i) and |f) states won’t satisfy this condition but only a subset of them. So, this
condition restricts the number of physical states. Therefore, let |¢) and |[¢)') be physical states. Then, we
have;

(YT (0)Y)") = 0= (¢'|Tap (o)) =0 Va,b (4.1.1)

This condition is equivalent to the following in terms of the stress tensor on the plane;

(WIT ()W) = (WITe= ()W) = £ (UIToo(0) - 2iT10(0) = Tia(o)[3') = 0

[ = =

(VT (2)W") = (WIT==(2)W") = 2 ([Too (o) + 2iTho(0) - Ta1(o)9)") = 0

4
where we used the following relations between stress tensor components;
1 .
T(Z) = Tzz(z) = Z (Too(O') - 2ZT10(0) - Tll(CT)) (412)
_ 1 .
T(Z) = ng(f) = Z (Too(O') + 2ZT10(0') - Tll(J)) (413)

Now, using the mode expansion of T'(z) and T'(%2), we have;

(T (') = 3 27" 2L + Adm0)[¥') = 0, (YIT(2)W') = 3 27" *(( Ly + Ad0) |} = 0

meZ meZ

where we have included the normal ordering constants A and A. Since these equations are true for all z, all
the terms of the expansion vanish identically. Thus, we have;

(L + Abp )W) = 0, (p|(Lon + Abpm o)) =0 Ym e Z

Until now, we have been talking about the full stress tensor. It can be broken down to the stress tensor of
the matter CFT T (which includes X* or some X*’s can be replaced by some other CFT) and the ghost
CFT stress tensor 77, i.e.;

Top =Topy + T2,

18



Now, the ad hoc old covariant quantization (OCQ) (which will be shown to be equivalent to the BRST result)
condition says that;

(YT ()W) = (WI(Ly + Adp0)[') =0 ¥neZ
(T (Z) ") = (WI(Lyy + Abp o)) =0 Vn e Z
This naively suggests the following condition for a physical state [1));

(L + ASp o))"y =0 VneZ, (L"+ AS,0)[0')=0 VneZ (4.1.4)

But this is self-contradictory. To see this, take L™ and L™, with n # 0 and n # 1 and let |¢)) be a physical

state. Then, (4.1.4) implies;
(L L) = Lyt L2 ) = LT, Litd) = 0

-n—n

But this can also be calculated using Virasoro algebra;

[, E 1) = 20 + ) + %W - D) = (e - D)

But this can’t be zero as n # 0,1 as we assumed above. So, can’t be required to hold for all n € Z. So,
let’s require it to hold it for n > 0 only (Why not for -1 because it doesn’t give contradiction. Or
does it?). So, the correct OCQ condition is as follows;

(L7 + Adp o)) =0 n<0 (4.1.5)
It means that all physical states have a conformal weight equal to —A. This condition also means that;

0= (|7} = (W'|Ly )T = (IL™ ') = (GILT,[0") = ($ILT, ") = 0 (n>0)

where in the second step, we used the fact that (¢'|L7*|¢) is equal to its conjugate because it is zero. and in
the last step, we used the fact that LI™ = L™ which can be proved as follows (there are other ways to do
this);

L= 1 . . LTm _ 1 . — 1 . = L 0

nEy Z fQppaq = LM = 3 Z PO Onal = Z fpop.op = LT (n#0)
leZ leZ leZ

where we used the fact the a_;.a_,; = a_,.a_; for n £ 0 and in the last step, we renamed the indices [ — —I.
We see that the following state;

is orthogonal to all physical states for all |x,) as seen below;

(¥lx) = delb nxn) = ZXNIL_an

Such a state is called a spurious state. If a state is both spurious and physical then it is called a null state.
The following result is very important;

(W) + (W'x) = (¥'[¥)

where [¢) and |¢)") are physical states and |x) is a null state. Thus, the dot product of a physical state |¢")
with any other physical state [¢) is the same as the inner product of |[¢)") with [¢b) +|x). Therefore, as far as
physical states are concerned |¢)) and |¢) + |x) are equivalent (find more justification of equivalence).
So, the space of physical states is the following coset space;

HOCQ = thysical/Hnull
Now, we apply (4.1.5) on the lightest open string states. For that, we need the following expressions;

m 1 v 1 & 1
Ln = 5 Z : Oég_lal SNpy = 5 Oéﬁ lal Nuv + Z al e lnl“/ (TL > 0) (416)
leZ l=n+1 l_—oo
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1 L& 17l 1= , ,
9 Z lal Npv = Za—n lal Nuv + 5 Z Ol_n+l01 Muv + = Z al_tlalfnn,uu + aoal—bnn,uu (n > 0)
2z 2l 1 215
(4.1.7)
Now, we have for n > 0, the lightest state |0; k) gives;
1 1 1 &
L*0; k) =5 Z ol a0 k) + Z afal_m.u|05 k) 5 > af ok nu,|0; k) (4.1.8)
l=n+1 l_—oo l=—0c0
This is trivially zero unless n = 0. For n =0, we have;
m 1 z v 1 v 11.2
L0 k) = 5 Z a0 k) = 20400407]W|0;k) =a'k*|0; k) (4.1.9)

where we used the fact that af = v/2a/ k*. So, the only non-trivial constraint on |0; k) is as follows;

(Lg+ A)0:k) = (o'k? + A)[0; k) = 0 = k* = aé .

Oé,

where m? = —k? is the mass of the state. There are no spurious states at this level. The next set of states is
as follows;
e.a1|0;k) = ega”,|0; k) (4.1.10)

We see that from (4.1.6]), the first term contributes only if n = 1 but that can only happen if m = 0. In this
case, the second term only contributes for n =0 or —1. So, we get the following;

1
Liega” |0; k) = 3 (o™ QY + %10 + ahalin,,) esal 05 k) = o P nes|0; k) + o' k2esa” |0; k)

= (e.a_1)|0; k) + &'k (e.a_1)|0s k) = (1 + o'k?) (e.a-1)[0; k)

where in the second step, we used the o commutation relation and the fact that of'|0; k) = 0. Therefore, we
get;
1+A4

al

(Ly' + A)e/;o/jl|(); ky=(1+A+a'k?) (e.as1)|0;k) =0 = m* =

In the second term in , the index n —m ranges from 0 to oo and the nonzero contributions from this
term for can come when n—-m=0or 1. n—-m = Owhenn m and n—m =1 when n=m+ 1. But
then we see that the a,, operator from the second term in will give a nonzero action on the state only
if n =1 and. Now, we have already seen the m =0 case above. So, we see that the only nonzero L, action
comes from m = 1. In this case, only the n =1 term in the second term in contributes and thus, we
have the following constraint;

0=Liega” 1103 k) = alaonwega_ﬂo k) = \/20/ Nk Pesl0; k) = e k|0 k) = ek =0
We now look for any spurious states. There is only one possible spurious state at level 1 i.e.;

1
L70; k) = vV2a! k¥ ot n,,|0; k) + 3 > ot al 1 nuwl0; k) = V2a! k.ai|0; k)
=2

where we used (4.1.7) and for n = 1, the first and second terms don’t contribute while acting on the vacuum.
It is easy to see that this state is physmal (and thus, null) if k2 = 0 but we will see if this actually happens.
There are three possibilities;

e If A+1>0, then we have a massive state and if we go to the rest frame, then k* can be written as;

k" = (m,0,...,0)
—
d=D-1

The little group of this momentum is SO(D-1) and there are no null states as k? # 0. It is unknown
how to give such theory interactions (find more about it). From the closed string analysis, we can
prove that this case is ruled out by considering representations of SO(D —1). We will get back to that
later.
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e If A+1=0, then the mass is zero and thus, the spurious state is null. In some frame, we can write k*
as follows;
k* = (k,0,...,0,k)
—
D-2

The little group of this momentum is SO(D - 2).
e If A+1<0, then m? <0 and thus, we have a multiplet of tachyons. This case is unacceptable.

Complete the section with D =26 and closed string spectrum

4.1.1 Mnemonic

tt

4.2 BRST quantization

We now study the procedure of gauge fixing more carefully. Suppose that we have a set of degrees of freedom
in our formalism. In the case of a point particle, they are X*(7) and the einbein e(7) fields but the set
of degrees of freedom consists of the values of fields at every point of spacetime and there are such values
for every value of the indices that the fields carry (for example, p index for X#(7) field). We will label all
degrees of freedom by a single index i. This index includes the indices on the fields and the coordinates (recall
the fact we have degrees of freedom at every point of spacetime and when we say that the index includes
coordinates as well, we are referring to this fact).

So, all the degrees of freedom (DOF) are referred to as ¢;. Now, the finite variation of ¢; under the gauge
transformation « is d,¢;. Recall that gauge transformations act with a position-dependent parameter and
thus, « labels gauge transformations at every point in spacetime. Since the finite gauge transformation on
a particular DOF is referred to as d,, the infinitesimal gauge transformation can be written as €4, where
€* is an infinitesimal, real (because it just scaled the finite gauge transformation) parameter that depends
on the DOF. Now, if all the gauge transformations close, then the commutator of two gauge transformations
give another gauge transformation i.e.;

[5047 5ﬁ] = fgﬂé’y

where f(zﬁ’s constants. We now describe the gauge fixing condition. The gauge fixing condition is a function
of all the DOFs that which set to zero. We have a gauge fixing condition for every point in the spacetime
and for every index on the fields. So, there must be an index on the gauge fixing condition as well and this
index also contains the coordinates and field indices. So, the gauge fixing condition is written as follows;

FA(¢)=0

where A is the index described above. Now, if the original action of the fields (which is gauge invariant) is
denoted as S7, we impose gauge fixing conditions for all A and to do this, we will need Lagrange multipliers
for every A. We denote these Lagrange multipliers as —iB4. Adding these Lagrange multipliers, the action
(i.e. the quantity to be extremized) becomes;

S —iBsFA(¢) = S1 + Sy where Sy = —iB4FA(¢)

Please note that the summation on A includes an integration on all spacetime and thus, the Lagrange
multiplier term can be thought of as an action. To make an analogy, in the Fadeev Popov procedure for the
string, ¢;’s are X* (o) and gq,(0) while B4 culminate into (. When we do the Fadeev Popov procedure, we
get (fill in the details);

[ 1) (1) = [ TdonaBadbade exp (-, 55 - 55)
Vgauge

where S5 is the Fadeev Popov action;
S5 = bacda 4 (¢)

Note that its form matches the Fadeev action that we got for the string;

f Lo/§(0)bay(Pre)

21



Recall that ]51 comes from the variation of the metric and the other term in the variation of the metric has
zero contraction with b, as by, is traceless and thus, the contraction with this other term doesn’t appear in
the action above. So, the total action becomes;

Sy + 8y +85=8, —iBsFA(¢) + bac®0,F(¢) (4.2.1)

We now prove a couple of facts. Firstly, we show that (4.2.1) is invariant under the following transformation
called the BRST transformation (the subscript B refers to BRST transformation);

OB = —iec®0a0;, 0pBA=0

dpba =€Ba, dpc” = %6 5’ (4.2.2)

Since the variation of anti-commuting variables (b4 and ¢®) contains commuting variables e.g. dpbs = €Ba,
the parameter € should be anti-commuting with b4 and c®.

If we want to have ghost number symmetry (i.e. ghost numbers which are conserved under ), then
we need to assign some ghost numbers to the anticommuting variables i.e. b4, € and ¢®. The ghost numbers
of the commuting fields will be zero. From the variation of ¢; in , we see that ¢® and ¢ must have
ghost numbers which are negatives of each other to keep the ghost number of ¢; at zero. Moreover, from the
variation of by, we see that the ghost number of b4 and e should be equal. So, we assign ghost number +1
to ¢® and -1 to by and e.

We now prove that the action is invariant under . The variation of the actions are as follows;

Sl - Sl (423)

because 57 is already gauge invariant and dp¢; is nothing but a gauge transformation with the parameter
€“ being —iec®. Moreover, we have;

Sy = Sy —iBAOpF($) = Sy — iBadpd;0iFA(p) = Sy — iBa (~iec®daci) O F ()
=Sy — €BAc®00¢i0;F () = Sy — €Bac“ 6o, F () (4.2.4)

Lastly, we have; _
« ¢ a B .y A A
S3 > (ba+€eBa) (c + 5efpycc )(5aF (¢) +dpdp0;0 F ((b))

~ (ba+¢Ba) (ca " %efgycﬁc'y) (5 FA(6) - i 556:0:.F(6))
~ (ba+eBa) (ca . %e gﬁa) (62 FA(9) - icc? 6560 FA ()
=S5 — %ebA £5,P 60 FA(¢) + eBac® 6o F* (¢) —iebac P 650, F (¢)
where all the €2 terms vanish as e is anticommuting. Now, using the following fact;
P850, = % (c*cPo500 — P850, = —% (c*cP 8005 - P850, = —%cacﬁ [0a,d5] = -%C%Bfgma7
we get;

Sy = S5 — %ebA 5,6, FA() + eBac™Su () + %ebAcacﬂ F130,FA(9) = Ss + eBac® 6. FA(¢)  (4.2.5)

Hence, we see from (4.2.4) and (4.2.5)) that Sy + S5 is invariant. Also using (4.2.3)), we see that S; + So + 53
is invariant under (4.2.2) and thus, it is BRST invariant.
We now see how bs F*(¢) changes under (4.2.2)). It changes as follows;

baFA(¢) > (ba +€Ba) (Fa(¢) +656:0;Fa(9)) = (ba +€Ba) (Fa(¢) —iec® 500 Fa(0))
= (ba +€Ba) (Fa(p) —iec®0aFa(¢)) =baF? +ic(bac®6aFa(¢) —iBaF*(¢)) =baF™* +ie(Sz + S3)

| ——
S5p(baFA) Sp(baF4)
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So, we have;
5p(baF™) =ie(Sy + S3) (4.2.6)

Now, we change the gauge fixing condition by a finite variation §F“(¢). The infinitesimal variation will
be controlled by a parameter . So, the infinitesimal variation in F4(¢) is e6F“(¢). Now, using the path
integral formalism the expression of the amplitude (f|i) is;

(f1i) = [ [dos] o~ 51 sauee fixing / [didbadBadc®] o~ (S1+52+55)

where the integrations of b4, B4 and ¢® come due to gauge fixing and Fadeev Popov gauge determinant.
Now, the variation of this amplitude gives;

(1)~ [ TdoidbadBade®] (75550 (1= ea(S, + ) + O(e) = (f1i) = e(f15(S2 + Sa)i) + O(e?)

where we used the fact that S; doesn’t depend on F“(¢) and thus, 651 = 0 for the variation in F4(¢). Using

, we have;
€5(fli) = —e(f|6(S2 + S5)[i) = i f|0 5 (badF™*)|i)

Now, we know that the variation of ¢; under a symmetry can be written as a quantity that is proportional
to the commutator of the current (which is conserved under this symmetry) with ¢; but this is true if the
parameter of that symmetry is a commuting variable. If the parameter of that symmetry is an anticommuting
variable, then we have anticommutator instead of a commutator (write more about this). For the BRST
symmetry, the parameter is anticommuting and thus, we have;

e5(f1i) = i{ 105 (baSF ) o« e(F{Q, b4 Fa} ) (4.2.7)

where g is the BRST charge. In order for this variation of amplitude to vanish, we must have;
(f{Qp, b 6F4}]i) =0 for arbitrary 6F* (o) (4.2.8)

So, physical states must satisfy the following for arbitrary 6 F4;
(VHQp b SFA} ) = 0= (Y|Qpb" S FalY") ~ b SF4QpIY") = 0

Now, this constraint is satisfied if for all physical states, Qp|¥) = 0 and if we assume that QTB =(@pB, then it

also implies that (|@Qp = 0. QL, = @ g because the gauge parameter ¢* was real (elaborate more on this).
Since the variation in F4 can be arbitrary, we can choose it to be;

SF4 = —iBpM*P

for some arbitrary constant matrix. We immediately see that d, variation for this variation of F4 is zero
and thus, S3 is invariant. However, S5 changes as follows;

Sy = ~iBs (F* - iBpM*P) = Sy - BABpM*P
Moreover, S doesn’t change. So, effectively we are adding one term to the action i.e. ;
Sl +SQ+S3 —>Sl +SQ+S3—BABBMAB

and thus, the B4 integration now gives a gaussian instead of a delta function.

Since the action in has BRST invariance, the BRST charge must be conserved if we change the gauge
choices (i.e. F*). So, the BRST charge must commute with the variation of the Hamiltonian of the theory.
We are requiring it for the variation because we are assuming that the starting action does have BRST
symmetry and this symmetry should be preserved if we change the action (by changing the gauge choice).
For this to happen, )5 must commute with the full hamiltonian but it already commutes with the original
hamiltonian and thus, we only require that it commutes with the variation of the hamiltonian. Now, for the
amplitude (f|i), we actually have a factor of e”* when we are considering amplitudes at different times.
So, we have;

(fle™ i) = (fle7 Fo) = (fle U0t (1 - its H)|i) + O((5H)?)
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= (fle ™) + —it(f [e D5 H| i) + O((GH)?)

Now, if we compare this result to (£.2.7) (with the understanding that the factor e *#7 will come there if the
final and initial states are at different times), we see that §H should be proportional to (is this the right
argument?);

{Qp.b"F 4}
and thus, the commutator of Qg to vanish with 0 H implies;
[Q5.{Q5, bA5FA}] =0

This implies;
QEbA0FA —ba0FAQ% = [Q%,040F 4] =0 (4.2.9)

for arbitrary §F4. Before exploring its consequence, look at and since the ghost number of b, is
-1, and the ghost number of the variation of {f|i) is zero, the ghost number of @4 should be +1 (the ghost
number of F4(¢) is also zero as it depends on ¢;’s). So, the ghost number of Q% is +2, and to satisfy
we can’t take it to be a non-zero constant because it will get changed by the ghost number symmetry (Is
this argument correct?). Hence, we have to set Q% = 0 to satisfy . Hence, we have;

Q% =0 (4.2.10)
(The issue of having linear terms in twice BRST, the BV formalism and cohomology thing).

4.2.1 Point particle example

In the point particle case, the coordinate is 7 and the fields are X*(7) and e(7) so the index « in the
gauge transformation &, in BRST formalism should correspond to 7s. We need to choose a basis for gauge
transformations. A way to choose this is to realize gauge transformation at a point 7 should not change any
7 but 7y itself. So, a basis d,, is such that;

OnT=0(T-71)
A general transformation of 7 will be then;
0T =€, T=€(m)d(r—11)=€e(7) =>7>T7+n(T)
We know that under this transformation we get (from the analysis of point particle action before);
6XH(7) = =n(1)0, XM (1) = =€ 67, 0- X" (1) = =" 0(7 = 71)0r, XM (1) = 07, XV = =6(7 = 71) 07, X" (71)

oe(r) =-0; (e()e(r)) = =€ 07 (dr,e(7)) = =€ 07, (0(T —T11)e(11)) = dr,e(7) = =07, (6(7 —711)e(11))

To find the structure constants of the BRST algebra, we need to compute [d.,,0,,]. We compute this
commutator acting on X#(7). It turns out to be as follows;

(67150, JXH(7) = 07,07, XH(7) = (1 > 2)
Now, we have;
Ory Oy XH (1) = 01 (8(7 = 12)0- XH (7)) = 6(7 = 12) 07 (51 X7(7)) =6(7 = 12)0- (6(7 = 11)0- X" (7))

=0(1 —T12)d0(T - 7'1)872.X“(7') +0(1=712)0:0(T —71)0. X*(T)

The first term gets canceled with the 1 < 2 term. Therefore, we get;
(07,00, | XH(T) = [0(T = 12)0:6(T = T1) = 0(T = 12) 0, 6(T = 11)] 0- X" (7)

For this commutator to have the form f73

73,07, X* (the summation over 73 is actually an integral over 73), we
can rewrite this commutator as follows;

[57'1 ’ 57’2]XM(T) = [5(7— - 7—2)875(7- - 7—1) - 5(7— - 7—2)87'6(7- - Tl)] 87—XH(T)
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= f drs [6(T = 73)0(73 = T2) 07, 0(13 = 71) = 0(7 = 73)3 (73 = 71) Ory 6 (73 — T2)] O X (7T)

:—de3 [(5(7’3—72)6735(73—7'1)—5(7'3—7'1)8735(7'3—7'2)]5T3X“(7'):deSfTTfTQCSTSXH(T)

So, we see that;
73, =0(m3=71)07,0(73 — T2) = (73 = 72) 07y 0(73 — 71)

T1T2

Now, we can calculate the BRST transformations as follows;

opXH(r)=- / dryiec™ 6., X (1) = ief dric™ (1 = 11)0; XH(7) = iec(1)0, X (1) = iec(T) X*(1) (4.2.11)

dpe(T) = —ie f dric™ o e(r) = ie[ dric™0; (6(7 - 11)e(T))

= €0 [ dric(m1)8(r - 11)e(7) = ied, (c(7)e(r)) = ie(ce) (4.2.12)
opB(1)=0 (4.2.13)
opb(7) = eB(7) (4.2.14)

opc™ =dpce(m) = %e Lo Cc™ = %e[ dre dr3 [6(11 = 12)07, 6(T1 — 73) = 6(11 — 73)0-0(11 — 2) ] e(72)c(73)
= %E [[ dr30-,6(m1 — 13)c(11)c(73) — f dr90;,6(T — Tg)c(Tg)c(Tl)] = —ie/ dr30:,6(m1 — 73)c(13)C(T1)

— _ied,, [ [ i - 73)0(73)] o(1) = iec(1)0r, e(71) = Spe(r) = iec(T)Dre(r) = iec(r)é(r)  (4.2.15)

where we used the anticommutativity of ¢’s repeatedly and in the second line, we renamed the 75 integration
variable to 73. For the point particle, the gauge fixing condition is e(7) = 1 and thus, F™ =1 -e(7) the three
actions are as follows;

Sy = % fdr(e_lX“XH+em2) (4.2.16)
52=-¢/dTBTFT:—ideB(T)a—e(T))—:i[dTB(T)(e(T)—n (4.2.17)

Sy = [ dr f drby ¢ 6, F7 = f dr f drb(7)e(11)6,, (1 - (7)) = f dr f drb(r)e(m)0y (5(1 -1 )e(r))
- f dTb(T)(’)T( [ dnc(rl)a(T-ﬁ))e(T): f drb(7)é(7)e(T) (4.2.18)

The total action is thus,

1 g 1o :
Sz/dT(ie_lX“Xpﬁng—iB(e—1)+bée):de(ie‘lX“Xu+§m2—z’B(e—1)—ebc)

(Justify the last step. By using e = 1 constraint?). The EOM for B and e are as follows;

BEOM:e=1
1 gepe 1 o5 Tl 9epwe 1 o =1 [ le,e 1 5 .
e EOM: ——e“X"X, + -m“-iB-bc=0=B=-i|-e " X"X, - —-m*“+bc|=i|--X"X, + -m” - bc
2 2 2 2 2 2
where in the last step, we set e = 1 from B’s EOM. Using these equations of motion, we get;
1. . 1,
S = [ dr (§X“Xﬂ tgm- bc) (4.2.19)
The BRST transformation in (4.2.14)) thus changes to;
N 1,
dpb=ie —§X“XH tgme - be (4.2.20)
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with (4.2.11f) and (4.2.15) remaining unchanged. These transformations leave (4.2.19)) invariant as we can
check. The variation of the X* term is;

1 1

§X“XM—>§(3T (X”-H'GCX“)@T (Xu+iecXH)): (X“+iec'X”+iecX“) (Xu+iec'X“+iecX“)

DN | =

= iX’LXN +iec X" X, +iecX" X,
The mass term is invariant. The —bc term changes as follows;
~bc - -0, (b — i€ (§X”Xu - §m2 + bc)) (c+iecé) = (=b+ieX"X,, +iebc +ieb¢) (c+ iect) = —be + iec X" X,

(The total action is not coming as invariant. Find flaw. Also, check the nilpotency of Q2B and
the special case of b). We know these basic facts about the point particle and the ghost system;

1
[X*,p"]=in"",; {b,c}=1, H= §(p2+m2)

where because of the Euclidean signature, X* is replaced by —iX* and thus

oL OL oL . OL .
Pu = 2 S TR avn T — = ZXM
0X] —-0XE —i0XH OXH

where X l" and X ¥ are the derivatives of X* with respect to Lorentzian and Euclidean time i.e. 7; and 7.
which are related as 7; = i7.. Moreover, 7. is just 7. Now, we can construct Noether’s current for the BRST
symmetry using Noether’s theorem as follows (L is the lagrangian);
oL oL oL . . 1. . 1 .
Op= 2L Axry OL Apy O Acixn (icX")+ic[i(—fX“X“+fm2—bc):|
—iOX 1 —30b —i0é 2 2
c

2

where we recall that the derivative w.r.t b anti commutes with . Now, the two-level system generated by
ghosts is as follows;

(—X“Xﬂ +m2) = g (p2 +m2) =cH

k1), ks )
where the following is true;
pHlks 1) = plks L) = kM
blk; 1) =1k; 1), Dlk;i)=0
clk; 1) =0, clk;l) = [k 1) (4.2.21)
This implies that;

1
Qplk;l) = g(p2 +m?)|k; |) = §(k2 +m?)|k; 1), Qplk;t)=0 asclk;t)=0

Therefore the closed states (i.e. the states annihilated by Qp) are all |k; 1) states and |k; |) states but only
if k2 + m2. So, the mass shell condition is satisfied by the closed states. As seen from above manipulation,
|k; ) are proportional to Qp|k;1) but are non-vanishing only for k% + m? # 0. So, these are the exact states.
Therefore the closed states that are not exact (i.e. the physical states) are;

k;1), [kst) for & +m® =0

We now see that |k; 1) states don’t make sense kinematically. Since the amplitudes of the exact states must
vanish identically, we see that the amplitudes involving |k;1) states must vanish if k2 + m? # 0 because then
|k;1) is an exact state but the amplitudes may not vanish for |k;1) is k% + m? = 0. So, amplitudes must
have 6(k? + m?) in their expression and this is very peculiar for amplitudes (that aren’t in two dimensions)
(Exapnd more on this). So, |k;1) terms don’t comprise the physical spectrum and only |k;|) come in the
physical spectrum. This projection can also be obtained by imposing the constraint that;

blep) = 0

and then, only |k; |} satisfies this constraint.
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4.3 BRST quantization of the string
tt

4.3.1 BRST cohomology of the string
tt

4.4 The no ghost theorem
tt

4.4.1 Proof
tt

4.4.2 BRST-0CQ equivalence
tt
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5 Chapter 5: The string S-matrix

5.1 The circle and the torus
On the torus, we have a metric modulus 7 which appears in the metric as follows;
ds® = |do* + Tdo??

It appears here because we choose to keep the periodicities of o2 the same after the reparametrization that
keeps the form of the following metric invariant. These parameterizations are SL(2,7Z)/Zy parametrizations

which are given as follows;
1 1
("2,) - (Z 2) (gg) ad—bc=1 a,b,c,deZ
o

Apart from this, the form of the metric and periodicities are left invariant by rigid translations i.e.
o - o +£°

Such a group of symmetries that is left invariant by the choice of metric is called the conformal killing group
(CKG). Thus, we will need to fix the position of a vertex operator to fix this symmetry.

5.2 Moduli and Riemann surfaces

If we want to find the metric deformations which are not available from the diffeomorphism and weyl transfor-
mations (diff x Weyl), then we need to find the variations dg,, which are orthogonal to the metric variations
that we get from diff x Weyl i.e.;

= 2(P100)ap + (20w — V.60 ) gap (5.2.1)

where P; operator is defined as follows by its action on the variation §o?;
(P160)ap = %(Vaéa—b + V004 = gab V00 )
Now, the metric variation dg,; orthogonal to is defined as follows;
[ B20\/G 8gup(~2(P160)™ + (26w — V.85)g) = 0

= [ d2a\/§(—26gab(P1§a)“b + g“bégab(%w -V.00))=0

Now, we see that;

gabégab

8gab(P160)* = 6gap V00" - TV.(SO’ = V(0gap00®) = (V20gap)d0? —

ab(;
%V.(SO’

bé‘g

= (PI'5g)ado® - %V.éa + total derivative

and thus, we have (disagreement with Polchinski);

[ o /a(PE59)ad0" - g"*5gun) = 0
For this to be zero for all diff x Weyl, we need the following;
(P89)a =0, g**8gas =0
which means that dg, is traceless and the number of solutions of first equation gives us the moduli.

Conformal killing vectors will be acquired if the metric variation due to diff x weyl transformations is zero
i.e. (5.2.1)) is zero. Contracting it with g gives us dw as follows;

ow = %V.éa
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Then, the only equation that we get is (P1g), = 0 which is conformal killing equation which gives conformal
killing vectors (CKVs). We can vary the metric around the conformal gauge;

1 [0 1
5\ = = w(z:2)
Jap(2,2) = 26 (1 0)

to write the conformal killing equation as follows (derive this);
06gss = 00g,, = 062 =062 =0

Thus, the number of moduli (denoted as j) is dim(ker P{') and the number of CKVs (denoted as ) is
dim(ker P;). The Riemann-Roch theorem (which can be seen as an index theorem) states that;

dim(ker P{) - dim(ker P;) = -3y = -k = -3 (5.2.2)

We will now show that there can’t be any CKVs for x < 0. We first see that by using Weyl transformations,
we can bring Ricci curvature to a constant. We have the following relation between old and new R;

V'R = g(R-2V?w) = 2V%w = R- R’

which can be solved for constant R’ (is this a correct argument?). Moreover, due to Gauss-Bonnet
theorem (for no boundaries);

fN d2\/GR = 2mx(M)

we see that for a constant R, the sign of R and x is the same. Now, we derive a result;

1 1 1
(PLPyu), = -3 (vaaub + VPV, — Vb(gabvcuc)) = —§V2ua ~3 (vaaub - Vb(gabvcuc))

1., 1 L1, 1
=-= at < aVe ™ VeVa =—-= a_fRa 5.2.3
5V u 2(vv VeVa)u 5V ua = Ru (5.2.3)

(Fill in the details of the last step). Using the facts that (P1dc),y is traceless and symmetric, we can
derive the following identity as well;

(P1§a)ab(P1§o)“b = V,00, V200 = total derivative — 60, V,V°d0® = total derivative — 50b(P1TP1§a)b

where in the last step, I used the fact that (Pf o) is traceless and symmetric. Now, using (5.2.3)), we get
the following;

f 20 \/g(P150 ) ap(P160)™ = \/E/ d?cd0,(PL Poo)” = f dQO'\/E(—éo'a%VQCSO'a - iRéaaéaa)

1 1
= f d20\/§(§vbéaavb50a - ZR(SUG&TG)

where in the last term, surface terms are dropped. So, if x is negative, then R is negative and thus, the inte-
gral in the last line is positive definite. Thus, (P10 )4 can’t vanish. Thus, there are no CKVs for negative .

5.2.1 Riemann surfaces

tt

5.3 The measure for moduli

Write details about the derivation. The expression for the S matrix with n momenta kq,...,k, and
internal states ji,...,j, is given by as follows;

drt e e
Siurgn bty kn) = Y fFEf[M db de]eSmSa=Mx

comp. top.
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< T1 [do—g}f[l;(b,akg) I ca(@)ﬁ\/g(ai)]/ji(ki,ai) (5.3.1)

(ai)¢f (ayi)ef

where F' is the moduli space, ng is the order of discrete symmetries, f contains fixed coordinates and the
inner product is defined as follows;

(0:09) = [ d0/5bud™

(Write about the S matrix expression in determinant and RR theorem proof using path inte-
grals)

5.3.1 Expression in terms of determinants

tt

5.3.2 The Riemann Rock theorem
tt

5.4 More about the measure

tt

5.4.1 Gauge invariance

tt

5.4.2 BRST invariance
tt

5.4.3 Measure for Riemann surfaces

tt
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6 Chapter 6: Tree level amplitudes

6.1 Riemann surfaces
6.1.1 The sphere
tt

6.1.2 The disc
tt

6.1.3 The projective plane
tt

6.2 Scalar expectation values

We want to derive a differential equation for the green’s functions. To do that, we start with the generating
functional;

Z[J] = <exp (z [ d2UJH(U)XM(U))> (6.2.1)
Now, let’s consider the following set of Helmholtz equations;
(0% +wi)X;(0) =0

solutions of which form a complete set (find more about this). So, we expand X* in terms of X as

follows;
XH = z J}‘;X[
T

Moreover, since the Helmholtz equation is linear, we can rescale the solutions and the rescaled version would
still be a solution and thus, we can choose the following normalization;

f d2\/§ dQO'X[Xp = (S[p

The orthogonality of solutions follows from the fact that the Helmholtz equation can be written down as a
Strum-Liouville equation. Now, we calculate (6.2.1)) as follows;

1
4!

Z[J]:H/d:c‘;exp(ix‘;fdQJJ#(a)Xﬁt(a))exp(— fdQJ\/E Zw?,x‘;xuleXp)
wI I

where I took the I and p summation out as a product. Using the orthogonality of X ’s, we get the following;
2.1
wixh X,
Z[J]= fdx”ex SR gt
[ :| IILj] I p( Aol 1vul

where;
Jur = [ &20J,(0) X1 (o)

Now, using the orthonormality of X;’s and using the fact that X, is a constant mode, we get;

([ o)

Moreover, using the Helmholtz equation, we get wa = 0 and thus, all the dz’; integrals in Z[J] are gaussian
except the dayf) integrals. Doing these integrals give factors of 2m§(Jy,). So, we do a product over I # 0 only
and doing the p product gives us (27)%6(? (Jy). Now, we use the following gaussian integral;

5 2
fdme—az +bx _ \/?exp(b)
a 4a
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we get;

2
wiahx,r 4ol Jrudiu
dz* ex u+zx J, exp [ —ra’ =L
f I p( e 1Ju1 w2 P 2

Doing the p product, we get the following;

dj2
wizhx dra/ Jr.J
fdxlex ( i “I+ .rIJM[) ( 71-24) exp(—wa' 121)
4 w w

I I

but g =0 case will give a problem because this case will give a positive sign in the first term in the exponential
in the integrand. So, we can do multiply =% by i to get the right sign. This will give an additional factor of i
in the expression of Z[J] (look at another reason that is written on page 170). So, the last expression
is as follows;

d/2
Z[J] = i(2m) 5<d>(J)H(4m) exp(—ﬁo/J;;]I)

I+0 w[ I

Now, we do the following manipulation;

w[

and we use the fact that the eigenvalues of —vV? are w? to deduce that the product of nonzero w?’s is det (-v?).
Using these facts, we get the following;

o v - )d/2 exp (—% [ do do' J(0)J(c")G (o, U'))

Z[J] = i(2m)46D (o) I1 (det

I1+0

where
2ma’

G(o,0") ="

10 WI

Xr(0)Xr(o")
This Green’s function satisfies the following differential equation;

V2G(o,0') = -2ma’ 3" X;(0)X1(0")
170

To write this equation in a more convenient form, we recall the fact that X;’s form a complete set and thus,
we can expand the o dependence of 6(o — o') in terms of these functions as follows (we can encode the o’
dependence into the expansion coefficients then);

5(o-0') = ;x,(a')xf(a) = f V()X (0)8(0 - 0")d?0 = gljxf(o') f d*o\/g(0) X (0) X" (o)

= 21(0") = \/9(c) X" (¢') = 21(¢") = \/9(c) X (")
=0d(0-0')= Z\/ o)X (o)X (0) = (9(0"))?8(0 - 0") = (X°)* + Y~ X' (6") X ()

I+0
= IZOX’(U)X’(U’) = (9(0))*5(0 - 0") = (X°)?

where we used the fact that § function is even and X is a constant. Therefore, we can deduce that;

1

- )= (9(0)) 25(0 - 0") - (X1 (622

Let’s start to work out the expectation values on the sphere. On the sphere, we know that metric and we
can derive the solution of (6.2.2)) on the sphere (derive this);

o
G(Zl, 21,29, 52) = —5 In |212|2 + f(Zl, 51) + f(ZQ, 52) (623)
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where f(z,Zz) is given as follows;
IX2 ;o
f(z,2) = % fd2zle2w(z ’Z)ln|z—z’| ik

where k is a constant that can be determined ((derive this). We start with the following expectation value;

Ao (k,o) = (sexp (ik1 X (01)) : ... s exp (ikn X (01)) 1)

=(texp (k1 X (01) + ... + ikp X (04)) 1) = (exp lz (Z [ d*cé(o - O'j)kj)l .X(O'j)>
J
which gives us the following expression for J*(o);

" U):Zkfé(m(a—aj):‘]}b:fd2aZkf6(2)(a—aj)XI(U):ZngI(Uj)
J J J

= J§ = Xo ) k' = 6D (o) = X% (Z kg)
J J
Moreover, we get the following;

[d20d20'J(J) J(0")G(o,0") /d20d2 'Zk ki G(o,0")0(0 - 0j)d(0 —07)G(0,0")

1 1
= —5 Zl:kj.k‘lG(O'j,O'l) = —ij.le(Uj,O'l) - 5 Zk; : G(O’j,O‘j) :
> J

<l
So, the required amplitude becomes the following;
Ay (ko) =iC% (2m) 6D (Y kj)exp( > ki G(aj,00) - ZkQ G(oj,05) )
J J<i

where Cég is given as follows;

—vQ )d/2

X _ y-d
Cs =X, (det T

S2
Now, we need to talk about the normal ordered : G(o,0") : operator. It can be shown that (Use section
3.6 methods);

:G(o,0") = G(o,0") + % Ind?*(o,0")
and by using (6.2.3)), we get (derive this);
:G(o,0)=2f(0)+d'w(c) =>:G(z=2",2=7") =2f(2,2) + dw(z,2)

Now, we do the following manipulation;

—ij.kla(aj,al)—%zkf:G(aj,gj):_ S kjkn|oj-on*=> kj.ki f(o;)- Zk Kif(or)- Zk2 f(oj)- Zkf.w(aj)

g<l J j<l g<l

—Zk klln|aj—al|2——2k2w(aj) Z(Z S+ Z)klkf(aj) S Info; - oy*s kl—%,Zk’jz-w(aj)

_]<l 7 \l<j I>j I= j<l

o'k, Oé
= Y In [z Ha k- 5 > kjw(oy)
J

j<l

where we interchanged the indices j and [ in one of the k.kf (o) terms. So, the amplitude becomes;

g<l

A%y (k,0) = iC% (27) dé(d)(Zk ) exp (- Zka(cr]))H|z | ks (6.2.4)
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This result can be generalized to the following;
n X _ P q
[T TToxm ) [Tox» (1))
i=1 k=1 1=1

j=

= 105 2m) "D (k) [Tl "
S2 J <l

x (ﬁl XM (z]) lﬁ[l dXHi (z;’))

i3 (2m) "D (X k) T 5% (ﬁwj () + @ G0 () + 3 ()] (6.2.5)

J j<l j=1 k=1
where v/ (z}) and 9" (2}) are as follows;
Ir'n H I n H
k! k

v(z) = —i = , W(z):—%z i

2 0z-2% 12— %

and ¢#(2) = OX¥(2) - v (2), () = DXM(z) - "(2)
(Write more about the holomorphicity methods (already done) and rest of section).

6.2.1 The disc

The green’s function for the disc is as follows (derive this);

= . o 2 o Z 12
G(z1,%1,20,22) = Y In|z; — 29|” - ) In|z; — Zo] (6.2.6)

where the second term can be seen as the image charge term (justify that this is required due to the
Neumann condition). The result is as follows (derive this);

A (ko) = iC%a (2m) 6D (X k) T 125 — 20l 5% 25 — 22 Rk T | — 2] 512 (6.2.7)
J j<l i
6.3 The projective plane
tt

6.4 The bc CFT
6.4.1 The sphere

We evaluate the expectation value of ¢ ghosts on the sphere because of the sphere, there are no moduli
and thus, there is no need to evaluate b ghosts and since there are six CKVs on the sphere, the lowest ¢
expectation value that we will need to evaluate is as follows; (Polchinski says that this is the simplest
non-vanishing one. Find justification for this)

(c(z1)c(z2)c(23)E(24)E(25)E(26))

but this det Cg; i.e. the ¢ part of the Fadeev-Popov ghost action. Now, Cf; are CKVs and for the sphere,
we have the following Cg;’s;

Co=1,Cih=2 Cg = 2, Cos=Cg5=Cis =0
, C51=C=C53=0,C4 =1, Cf, =%, Cgy = 2°
but since the basis that we are using here is not an orthonormal basis, we will have a Jacobian and thus, we

will have a constant C%, in front of the (Cg7, Cg?) matrix as well (work this out). Determinant of the full
(Cg;» Cg;) matrix with this constant is as follows;

Cii Ci i Ci Ch Ca 1110 0 0
Céé Cé; C’ég Céé C(;; Cé‘z’ a2 2 0 0 0
CY. det Cos Co3 Co3 Ciz Co3 Cg3 —09 det|?t *2 0 0 0
T Cok Goi Coi Cob Coi Coi| T s T[o0 011
G G O 8 G Oy 0.0 0 & B oA
Cos Cos Cos Cos Cos Coe 0 0 0 Zzf =z



= O 212223231245 256 Z64 (6.4.1)

We can deduce a result with b insertions as well. We should have additional insertions for ¢ ghosts if we have
b insertions because we want them to contract with one another. The result is as follows (derive this);

pt3 P z z z
[Te(z) [T0(z0). anti) = C, prLpt? ,pﬂ’ms p+2,’p+3. anti + (permutations) (6.4.2)
i=1 j=1 (=1 _21)~-~(Zp_zp)

We don’t care about the overall sign. (Write the holomorphicity argument and other stuff in the
subsection).

6.4.2 The disc
The doubling trick gives us the following for the disc;
(e(z1)c(22)e(z3)) p2 = 0%2212223231
{c(z1)c(22)é(23)) p2 = (c(21)c(22)e(25)) p2 = Oy z12(22 — 23) (25 — 21)
6.4.3 The projective plane
Similarly, for the projective plane, we can deduce the following (derive these);
(c(z1)c(z2)c(23))rP, = Cf]%p22’122232’31
(c(21)e(22)E(23)) rP, = (c(21)c(22)c(25)) R, = Chp,212(1 + 2173) (1 + 2273)

6.5 The Veneziano amplitude

We calculate the tachyon three function now. The vertex operator for the tachyon is as follows;

gofds iR X (s)
R

where gg is the string coupling. We will use the upper half plane for the calculation with y as the coordinate
on the boundary. Moreover, we can fix three points on the plane by using three CKVs of the plane. The
PSL(2,R) group can’t change the cycling and thus, we have to sum over two possible cyclings. There will be
no b insertions through (Find about the absence of metric factors). The three-point S matrix is thus
given as follows;

Spa(hu ko, ks) = g3 (e (o)t ™ X () el e X (a)3) )+ (e o k)

where the normal ordering is the boundary normal ordering. Using the boundary expectation value for the

disc and (6.4.1)), we get;

Spa(ky, ka, ks) = iCp, (2m)2°6°0 (3 kj)galya] 2 12y |1+20 K2 -hs [yq 20Tk R
J

+iCD2 (27‘(‘)26(526(2 k,j)gg|y12|1+2a'k1.k3|y23|1+2a'k24k3 |y31|1+2a'k1.k2
J

-\CE_CY . "
where Cp, = e P22 Using the massless condition, we have;
1
2_ 3212 _
ki=k3=ks=—
e

because we have tachyons here. Moreover, due to the momentum conservation is as follows;

k1+k2+k320
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Using these two conditions, we derive the following result;
1 2
(k1 +ko)? = k3 = — and (k1 +ko)? = k2 + k2 + 2k1 ko = = +2k1ky = 20’k ky+1=0

and similar results follow for 2a’ko.k3 + 1 and 2a’kq.ks3 + 1. Therefore, the S matrix becomes;

Spez(k1, ko, kz) = 2iCp,g5(2m)*6%° (3" k;) (6.5.1)
J

We calculate the four point tachyon function now. Three points can be fixed and hence, we will have to
integrate over the fourth coordinate. We have to sum over all the orderings but we can do that by just
interchanging ky and ko. We get the following;

Sp2(k1, k2, ks, ky) = z'gé‘CDz(Zw)%é(%)(Z ki) |y12y23Y31] f dya [ ] |yjz|2a,kj'kl + (kg < k3)
j

<l
= igiCpa (2m) 6 (X kplyrzyasyan] [ dya [Tl + (k> h)
J j<l
where we have the following;

20'k1.ko = =2 -2a’s, 20'ka.ks = -2 - 20’ u, 20'k1.k3 = -2 - 20t

20'ko.ky = -2 -2a't, 20'ks. ks = -2 -2a’s, 20'k1. ks = -2 - 20'u
where

4 2
s=(ky+kg)?=(ks+ks)? t=(ki+ks)?>=(ka+ks)? u= (k1 +ks)?=(ko+hks)’=>s+t+u=——, s=——

b
le% le%

and thus,the factors dependent on ys that appear in the amplitude are as follows;
a2l ™yl a2 sl yoal TP a0

=Yg Ty (T =) T (L) P (s — )

where I set y; = 0,y = 1. If we now set y3 = oo, then we see that in the large ys limit, the exponent of y3
is -4 — o/ (s + t +u) which is zero and thus, we can choose this value of y3 which effectively put all the ys
dependent factors to unity. So, the amplitude becomes;

i3 C 2 (2m) ™5 (X kyunewasysr] [ dya [Jyal " (1= ) 2" 4 (> 5)]
J

where the ¢ - u thing has been introduced it effectively interchanges k2 and k3. Now, we split the integral
as follows;

0 ’ ’ 1 ’ ’ o ’ ’
/ dy4|y4|—2—a u(l _ y4)—2—a t + ](; dy4 y;2—a u(l _ y4)—2—a t + ]1‘ dy4 y;2—a u(l _ y4)—2—a t

0 ’ ’ 1 ’ ’ Rl ’ ’
+ [ dy4|y4‘—2—a U(l _ y4)—2—a s 4 ‘/0 dy4 y;Q—a u(l _ y4)72—a s 4 ﬁ dy4 y;2—o¢ u(l _ y4)—2—o¢ s

We can show using Mobius transformations (show this) that the first and fifth integrals give I(u,s), the
third and sixth integrals give I(s,t) and the second and fourth integrals give I(¢,u) where I(s,t) is given as
follows;

1 I’ 77&’
l(s,t):fo dyy > (1-y) >t

So, the four-point tachyon function becomes;

Spy (ki,...ky) = 2igaCp2 (2m) 20520 (X2 ky) [I(s,8) + I(t,u) + I(u, 5)] (6.5.2)
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This integral will converge only if -2—-a’s > -1 = a’s < -1. At a’s+1 =0, we can probe the behavior of this
integral by looking at the behavior of the leading term as follows;

1

a's

160)= [y [y v 0] = 1 w00 ('s))

so we have a simple pole at s = —1a’ which is the mass of the tachyon. If we want the pole to have a small

imaginary part (for convergence), then we have to use the formula for the principle part of the simple poles

as follows;
1 P L +i76( ) = ! P ! +imé(a’s+1)
= imd(x—x = imd(a’s
x —xo FlE T — X0 0 a’'s+1Fie a’'s+1

Using unitarity, we can relate the four-point function to three-point functions (derived in chapter 9, fill
in the details)) as follows;

A2k Sp, (ki ks, k)Sp, (~k, ks, ks)
S0z ki, ka) =1 (27)26 k2 + 1o+ ic (6:5.3)

Using (6.5.1]) and (6.5.2)), we easily get (by collecting terms singular in o’s + 1 from I(s,t) and I(u,s));

Cp,/g=1=Cp, = (6.5.4)

a'gd
The expressions of determinants on different topologies (using renormalization) agree with the results from
unitarity (enter more details about it). Using unitarity and the definition of the beta function, we write

the four-point function as follows;

S (ks ) = %533(%)265(26)(2 ki) [B(=aq(s), = (t)) + B(—an(s), —ao(u)) B(—ao(t), —ao(u))] (6.5.5)
where 1 I'(a)L'(b
ap(z) =1+a'z, B(a,b) = fo dyy*H(1-y)"" = F(((Z)‘*(b))

The Mandelstam variables in terms of center of mass energy F and mass m are easily given as follows (we
take k3, k} negative (find out more));

0 0
s=E?% t=(4m?* - E?)sin? 3 U= (4m? - E?) cos® 3

where 6 is the angle between particle 1 and particle 3. It means that the Regge limit;
Regge limit: s - oo, t is fixed

just sends the energy to infinity and the hard scattering limit

t 0
Hard scattering limit: s — oo, t/s is fixed = - — —sin? B
s

sends energy to infinity at a fixed angle. Using Stirling approximation, (just using the a® factor from the
approximation of I'(x + 1)), we see that in the large s limit, we have;

I(-a's - DI'(—ao(t)) g5l

Fars sy = el Cao() =5 (ap(1) = s T (-ao(0)

(6.5.6)

B(~ag(s),~ao(t)) =

This is the Regge behavior. The hard scattering limit gives (derive this);

Spa(ky,.ka) ~ e @ with £(6) = —sin? g Insin? g - cos? g In cos” g
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6.6 Chan-Paton factors and gauge interactions

In 26 dimensions, closed string theory is the unique closed theory (include argument by Polchinski).
If we want to introduce degrees of freedom on the endpoints of open strings (called Chan Paton degrees of
freedom), then a state becomes;

|N,k;ig), i,5=1,....N

Then, we can define a basis as follows;

N,k a) = 3 IN, k,ij)A

ij

a

ij

where Af;’s are hermitian matrices with the following normalization;
Tr(A*A%) = 6%

These Chan-Paton indices are invariant in Poincare and they don’t change the stress tensor. Moreover, they
don’t change between vertex operator insertions and thus, the adjacent endpoints have to be in the same
Chan-Paton state. Thus, traces of Chan Paton factors are introduced in the amplitudes. They are also
consistent with the unitarity because of the completeness of (* which implies that (check this)

Tr(AN)Tr(BAY) = Tr(AB)

Using this equation, we can show that (6.5.3)) is satisfied.

6.6.1 Gauge interactions

tt

6.6.2 The unoriented string

The unoriented string requires {2 which does the following
QalQ™ = (-1)"a (Open strings)
QalQ™t =ak, QakQ ! = ot (Closed strings)
Q) does the following to the states;
QIN. k) = (1NN, k) = (<) PN R = ww [N )
If we include the Chan Paton indices, we get the following;
QIN, k;ij) = wn|N, k; i)

The interchanging Chan Paton indices arise because the worldsheet parity interchanges the string endpoints.
Now, we require 2% = 1 (include the argument that it is conserved in interactions) and thus, we get
the following possibilities;

am?| N A Gauge
Even | Odd | antisymmetric SO(N)
Odd | Even symmetric Traceless sym.+singleton

(Write about the traceless representation). The more general spacetime parity is given as follows;
Special Case : Q|N, k;ij) = wn|N, k; ji) = wnLjj|N, k; 53" g
General case : Q,|N, k;ij) = wnv;;|N, k; 5" Yy, v e U(N)

Now, we again want Q,Qy =1 (include the argument). For that, we compute Q?Y|N; k;ij) as follows;

D3N ksig) = vy virin v Ns ks d"57) = ((FT) 7 9)aan [N ks 75 ) () 7 )
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Now, imposing Q% =1 will give two possibilities (we will justify this choice later);
() y=2l=9" =2y
Now, to interpret these two possibilities, we get do a U(N) rotation of the Chan Paton factors as follows;
IN; ki) = Uil IN; ks d'§")Uyry U € U(N)
For the transformed states, we have the following worldhseet parity transformation;
QIN; ksig) =7 [N ks 7'8Y ()i = (YU IN" ks /8 YUY )i
= QUIN: ks ') (U7 )50 = ('U)50INk: 58 ) (U~ )ana
= QIN; k;ij) = ((UT) 7' U) 50N "k; ) (U0 )i = ((UT) 79U INk; ) ((UT) 79 U )
So, we see that v matrices can be written as follows;
v=U) YU =+ =UTWU

We can use this transformation to set 4" = 1 (Polchinski says v = 1 but this is equivalent) and we see that for
~" =1, the equation above talks about the symmetric part of the v alone. If we call the symmetric and anti
symmetric parts as 75 and y,, then we have;

Ul U+UTU=1=>UTyU-U,U=1=>U",U=1, U4, U=0

So, if v is symmetric, then we can always solve for v and thus, set 4" = 1. This gives the trivial worldsheet
parity. For v being anti symmetric, we can set v equal to the following (include more arguments for it);

’_ . 0 Ik _
0% —M—Z[_Ik O]’ n =2k

(Write the rest of the section)

6.7 Closed string tree amplitudes
tt

6.7.1 Consistency
tt

6.7.2 Closed strings on D; and RP;
tt

6.8 General results

tt

6.8.1 Mobius invariance

tt

6.8.2 Path integrals and matrix elements

tt

6.8.3 Operator calculations

tt

6.8.4 Relation between inner products

tt

39



7 Chapter 7: One loop amplitudes

7.1 Riemann surfaces

The Euler number for genus g surfaces with b boundaries and ¢ crosscaps is as follows;
xX=2-2g-b-c

If we want y = 0, then the following possibilities occur;

gl|b|c Surface CKVs
1100 Torus 2
01210 Cylinder 1
0| 11| Mobius Strip 1
0| 0] 2| Kelin bottle 1

where we also mentioned the number of CKVs (derive this).

7.1.1 The torus
tt

7.1.2 The cylinder
tt

7.1.3 The Klein bottle
tt

7.2 CFT on the torus
7.2.1 Scalar correlators

The differential equation in (6.2.2)) can be written as follows;
1 -
av2G(a, o) = =27(g(0))26P@ (6 - ') + 2m(Xo)?

Now, we know that;

e[ #nct) -

Area

So, we get the following
21

Area

1 _
—V2G(0,0") = ~2n(9(0)) 6P (0~ o) +
We now write this equation in terms of w,w coordinates. We see that;
w=o'+io®, w=0'-ic? >0, =0+0, 0y =i(0-0) = V=0 +02 =400
Moreover, we see that;
1 1
[ dad(o o) = 3 [ Pws(o-o') = f dPwd(w ') = 6w - w') = 26(0 ~ o) = 80 - 0') = 20(w - )

Lastly, the metric on the torus covering space (w,w) is flat. Using these results, we get;

2

200G (w, w,w',w") = -276@ (w - w') +
af Area

Now, we see that in the covering space, the length of the torus is 27 and height is 2775 an thus, the area is

477y, So, we get;
1

4779

%BgG(w, w,w',w') = =276 (w-w') +
a
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The solution of this equation is (verify, anti-holomorphic part missing?);

/ o 2 I
G(w,w',w,w") = L V1 el A | (lm(w - w'))2 +k(r,7")
2 2 ATy
o w—w' 2w 2 ,
=-——In|t Tl +— (Im(w -w"))” + k(r,7")
2 2 47Ty

This gives us the following expectation value (work out the self contraction factor);

O/ki.k?j
(2
9,91 (0]7) o ATy

i<j

< : ethiX (2i,2) :) = 7507)‘(2 (T)(zw)d(sd (Z kj) X H
i=1 T2 J

7.2.2 The scalar partition function
We now compute the partition function as follows;
= = 1
Z(7) = Tr[exp (2mimy P - 2noH)] where P=Lo— Lo, H=Lo+ Lo — ﬂ(c +¢)

(c+é)

_ Tr(e27ri(‘r1+i72)Lg 67271'1'(71—1'7'2)[‘0)6271'72 51

_Letd) 2miT  ~ —2mT

= Tr(q"°q"°)(qq)" ™ where q=e>™T, q=c

Now, for bosonic string, the ¢ and ¢ can be the number of dimensions d and thus, we get;
2(7) = Tr(q"q") (40) ">

To calculate this trace, we need arbitrary states in the theory. They are labelled by the occupation numbers
of the modes o, and &",, which we will call Nyn and N,,. The levels of the state thus then become;

N=Y nNy, N=3 nN,,

0 n,p

Now, Lg’s are given as follows (they won’t have the zero mode constant now because these are the modes on
the plane -Is this the right explanation? I guess so-).

1.2 /1.2
o'k o'k L miTa k2 /2 nN,
Lo= =+ N ==+ Dl = " =TT H AT g
N, un
1.2 1.2
o'k - ad'k s ~L —mira' k%2 T ~nN,
Ly==—+N= + Y N, =g =e PTT g e
o pn
- qLO(jEO - eﬂid'k2(‘r—‘r~')/2 H qu;m(jn]\"f“n _ e—ﬂ'a’k27'2 anqunNHn

un un

Please notice that the expressions of ¢° and g*° above in terms of the occupation numbers make sense
only when they are sandwiched between a state (and the corresponding bra) of a definite set of occupation
numbers (i.e. states which are eigenstates of the occupation number operator). Since we are going to do
this sandwiching when we take the trace, these expressions are good for us. Now to take the trace, we need
to sum over all possible occupancy numbers and integrate over the center of mass momentum. To keep the
integration measure dimensionless, we multiply the d?k measure with the volume of spacetime V. So, we
get;
Z(T) =V ( —)—d/24 ddk e—fra'krz‘rg H i nNun —n]\?un
= Valqq 7(2@ P : q q

HyTY NunaNun:O

Now, we derive the following results;

1

d
had nN _ n _ = nNn—nNn_ = 1 1 _ W;
PO AR =[ X "™ ‘H(H 1_qn1—qn)_(nll—q”|2)

- 1-qgm = _ _
N=0 q n,n Nyn>Npun=0 n \n=1 n=1
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1
[n(7) >

dk —ra' k% Ty _ ol ® % —(ﬂ'a'm)k?
(2 )de H B e
™ =0 —oo ™

In the above integrals, j = 0 integral is a problem because kZ is negative. For this, we do the Wick rotation
kY - ik? and thus, k° integral will give a factor of i. So, we get;

= (gq)¥*

Moreover,

—ma' k21 _

ik H . 1\°
(27T)d - \/47T20z T2 VAr2a/my

So, the partition function becomes;

1 1

Z(r) =iVa (Zx (7)), Zx(1) = Nir=rATesT:

(Include the other arguments for partition function).

7.2.3 The bc CFT

For the bc ghost system with b having the weight of 2, the Ly mode (as derived in chapter 2), is given as
follows;

)

Lo=- Z n:bpc_y i —1=— i ne_p by + i nb_pcn, —1= i n (b_pcn — copbp) — 1
n=1 n=1 n=1

n=—o0o

Moreover, recall that we have the following anti-commutation relation;

{bru Cm} = 6m+n,0

We can see that Lo+ 1 is nothing but the number operator (or the level N operator). We verify it as follows;

Z N (b_pCn = b)) boy|0) = Z Nb_pCrb_m|0) = mb_,,|0)
n=1 n=1

Z (bonen — c—nbp) c—m|0) = ch_ b Com|0) = me_p,|0)

Each term in Ly + 1 tells us about the level generated by a different ghost field. Let’s call the occupancy
number of b_,, and c_,, be By, and C,, (which can only be 0 or 1 due to anti-commutativity)

qLOHBm}a {Cn}) = qur"ﬁnC"q_lHBm}? {Cn})

So, we see that sandwiching between states of definite B,, and C},, quantum numbers will give us factors like

qum,"'nCn_l a'l,ld qu +TLC
Now, summing over all states, we get;
Lo -L 17 ! B B T c c
Tr(q Oq O) — (qq)_ H Z q"n m qm m H Z qm m qm m
m=lp _ B,.=0 m=0¢,, .C,,=0

=(qq)” 1 H(1+qm)(1+qm) H(1+qm)(1+qm) 4 H [1+¢™

m=0

For ¢, the product was started from m = 0 because ¢y is a creaation operator but by isn’t. For bc ghost
system, we have ¢ = ¢ = =26 and thus, the partition function becomes;

Z(r) =4(g9) """ (q@) " TT 11 +q™* = 4(q@)"™* T 11 +¢™*

m=1 m=1
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We see that if we had calculated i .
(qq—)—(c+c)/48 Tr I:(_l)FqLoqLo]
then due to the ¢y zero modes, we will get a factor of
(1-¢")(1-7%) =0

and thus, this quantity vanishes. (Include the reasoning that this second partition function is
the actual quantity that calculates the partition function for the ghosts. Include the anti-
commutativity argument.) Since the torus has one metric modulus and one complex CKV, we need to
insert one b and one c in the expectation values on the torus. So, the simplest ghost correlation function
that we will need is as follows;

{e(w1)b(ws)é(ws)b(wa))
(Show that only the zero modes contribute). The zero mode piece will project out the states that have
occupancy numbers Cy = Cpy = 1 which is also the state | 11). So, we get;

Tr((—l)FCoboEoquLoqio) = (¢q)"*? ﬁ (I-¢™)(1-q") 10—1(1 g™ (1 -7™) = (¢9)"/*? ﬁ 1-q™*

m=1 m=1

7.2.4 General CFTs

Only one simple result is derived. For a general CFT, the eigenvalue of Ly is the conformal weight. So, the
general partition function is as follows;

Z(T) _ thi—c/24qhi—é/24(_1)Fi
[

Now, let 7 = ¢l and then, we have;

2(i1) = 3 /2 ()

Now, we have;
ToT+l=il->il+1=>10->1-1

and thus, this transformation gives the following phase in the partition function;
exp [2mi (h; + hy — (c+€)/24)]
This shows that to retain modular invariance, we should have;
hi+hi - S8 e zvd
24

However, for the unity operator, we have h; = h; = 0 and thus, ¢ + ¢ should be a multiple of 24.

For the argument that follows, we assume that all the conformal weights are non-negative (i.e. the CFT
is unitary). Now, if [ — 0, then the exponential in the partition function becomes unity and the partition
function is determined by the density of states. Now, usually density of states increases with increasing weight
(this is an underlying assumption for this argument) and thus, the partition function is dominated
by the density of states for high h;. Now, we also have the following constraint;

Z(il) = 2(r) = Z (-%) y (;)
Thus, we have;

Z(il) =z (;) = ;exp [—27” (hi+hi = (c+ a)/24)](—1)Fi

Now, if I - 0, then the exponential in Z(i/l) is dominated by lowest h; + h; which is 0 for the unity operator.
So, we have;

) i w(c+7¢)

lim Z (L) ~ exp| T2

) (z) eXp[ 12] ]

m(c+ c)]
121

So, we can say that;

PH& Z(il) ~ exp [
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7.2.5 Theta Functions

The definition of theta function is as follows;

Iy, 1) = i exp(min®T + 2mwiny)
n=—oo
We can readily derive the following;
I v+1,7)= i exp(min®T + 2mwiny + 2mi) = i exp(min?t + 2winv) = 9(v, )
Moreover, we can derive the following;
Iv+7,7) = i exp(min?r+2miny+2minT) = i exp(min’T+2miny+2minT) = i exp(mi(n?+2n)T+2miny)

= exp(-miT - 2miv) Y, exp(mim?t + 2mimy) = exp(-mit - 2wiv)9(v,7) where m =n+ 1

m=—oo
The transformation under modular transformations is as follows;

(v, 7+1) = i exp (win®r + min® + 2minv)

n=—oo

(complete this proof). The other modular transformation is as follows;

;2 - 2
ﬁ(yv_l):ZeXP(_mn +2mny)=\/—i7'exp[i7r7-(k+y) ]
n T

T T T T

2 2
=V —iTexp (W) > exp [inTk® + 2mivk] = V-iT exp (“w)ﬁl (v, 1)
T )% T

where we used the Poisson resummation formula. The zero of ¥ is as follows;

) (V = T; 1,7) = Zn:exp (7ri7'(n2 +n)+ m'n) = Z exp (7m'7'(n2 + n)) - Z exp (m'T(n2 +n))

n even n odd

oo oo

= ) exp (m'7(4n2 +2n)) - > exp(mit((2n - 1)%+2n - 1))
= i exp (2mit(2n® +n)) - i exp (2772'7'(2712 - n)) =2i i exp (4mitn?®)sin (2miTn) =0

The infinite product representation is easily derived using Jacobi triple product identity;

[T-g™ (@ +g™ ) (1 +gm 2y =) g2 m (7.2.1)

m=1 net
Setting ¢ = €2™7 and z = €2™", the right hand side of (7.2.1)) becomes ¥(v,7). Using the characteristics
definition of theta functions;

19[2] (v,7)= > exp (m’(n+a)27+27ri(n+a)(1/+b))

n=—oo

We obtain, the following (with more notations included);

9 [8] (v, 7) =00 (v, 7) =93(v|7) =9 (v, 7) = Z q"2/2z"

nez

v [1(/)2] (v,7) =901 (v,7) =4 (v|T) = ) exp (m’n27 +2min (V + %)) =3 (_1)nqn2/2zn

nez nez
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19[1(/)2] (v,7) =V10(v,7) =92(V|7) = D exp (m’ (n+ ;)274— 2mi (n+ %) 1/)

nez
= Zq%(n+%)2zn+% = Zq%(n_%)zzn_%
nez nez

where in the last step, we shifted the index from n to n — 1. Lastly, we have;

2
) [%;] (v,7) =011 (v,7) = =01 (v|T) = n%exp (m‘ (n + %) T+ 2mi (n + %) (1/ + ;))
= Z q%(m%)zméeﬂ(m%) =i Z(—l)"q%(m%)zm% - Z(—l)"q%("_%)z"‘%

nez nez el

where we again shifted the index. Now, we derive the modular transformations of these theta functions as
follows;

193(1/|7_+1) _ Z qn /2e7rin 2" = Z qn /2e7rinzn — Z(_l)nqn /2Zn 2194(147_)

nez nez nez

. . . . . . 2 y
where we used the fact that n? is odd iff n is odd and n? is even iff n is even and thus, we have e™" = ™",
Continuing, we have;

2 L2 2 . 2
194(1/|T+ 1) _ Z(_l)nqn /267rzn "= Z(_l)nqn /267rznzn _ Z qn /ZZn :193(V|T)

nez nez nez

192(V|7' + 1) _ Z q%(n—%)zeﬂ'i(n—%)zzn—l/Z _ Z q%(n—%feﬂi(n2fn)+7ri/4zn—1/2

nez nez
=™ty CJ%(H_%)QZ"_U2 = ™95 (vr)
nez
01 (VT +1) =i Z(—1)nq%("_%)26”(”‘%)22”‘1/2 =i Z(—1)nq%(”_%)2e”i("z‘")+ﬂi/4z"‘1/2
nez nez
_ Z-eﬂi/4 Z (_l)nq%(n—%)2zn—l/2 _ eﬂi/4191(l/|7_)
nezs

The S transformations are done as follows;

9 ( Y

.
where we used the Poisson resummation formula. The others can be done similarly (do the others). The
Jacobi identity of the theta functions is as follows;

1 . . 2 . )
- 7) => e~ Ir2minu[T _\/Zin > exp [—im’ (k + 5) ] = ire™ I > g1 =y —iTemyg/Tﬁs(Vh)
T

T neZ neZ keZ

95(0[7) = 95(0|7) +95(0|7) (7.2.2)
(Prove this). Prom the product representation, it can easily be seen that ¥;(0|7) = 0 as follows;
91 (v|T) < sin (nv) = 91 (0|7) =0 (7.2.3)

We again used the fact that n? —n is always even (i.e. for all n € Z). The modular transformation of the eta
function is calculated now. We have the following;

77(7) _ q1/24 H(]- _ qn) - 77(7-"" 1) _ q1/2467ri/12 H(]- _qn627rin) - e'n’i/12,’7(7_)

n=1 n=1

To derive the S transformation, we first do another calculation. We will need the product representations of
the theta functions that can be derived using (7.2.1) (derive them). We proceed as follows;

. 112 1 2
950/ )04 (0 ) Do (0fr) 26T (L= g™ (14 ™) (L™ %) (1+q™7F)

773 (7-) e‘n’i'r/4 H;’:’:l(l _ qn)S
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. \J B3040 _ F (1 4 gmy (1 - 21

2773(7—) n=1

Now, we derive an identity to proceed;

(1 _ q2m—1) (1 _ qu) —1- q2m _ qufl " q4m71 -1— (627ri(2m))T _ (62(2m—1)7ri)7 + (62(4m71)m)7

. 1-
-1- (1)7‘ _ (_1)7' + (_1)7— =1- (1)7‘ =1- (627rzm)T =1 _qm =1 _q2m—1 _ q

So, we get the following;

793(0|7')194(0|T)192(0|T) >0 m 1-q™ > 1 - q2m
= 1 - =1
J 27 (7) e = e

Thus, we readily have the following;

() = i/193(07)194(;)|7)192(o|7)

1\ o [Ci) P50 0 01) 02 (0F)  — s [95(01)0a(0[)02(0)
:”(_)_\/ T _\/?\/ : 2 =V=ir ()

T

This implies the following;
2

7(-2) =V 10 = )P = o (-3)

| T

We also note that;

1 1 /T
TI+IT2 =T > —— = — ; SR S :>7'2—>L2 3\/772*723\/E:|T|v7'2/ (7.2.4)
T T+ 4Ty |72 |2 |7 7|

where 74 is the transformed 7». This means that \/72|n(7)|? is a modular invariant quantity (note that in T
transformation, 7 is invariant).

7.3 The torus amplitude

Since the torus metric is invariant under the transformation
a a — —
o = -0 =wW-—=>-w, w—>-w

The torus has a symmetry group of Zs and thus, we will have a factor of 2 in the denominator of the moduli
integration. Only one CKV is there for the torus and therefore, we insert one c¢ insertion. Because of one
complex modulus, we have one BB insertion where B is given as follows;

1 1
B = 7(()7 87'9) = - f dQwawafgww = 27Tibw'w(0)
47 4

(Include the metric derivative and the argument for b,w being evaluated at zero). So, the torus
amplitude becomes;

S(l,,n)Tzzi/deT(BBcEV(wl,wl)H[dwzdwzvl(w“wl)>
1=2

T2

:27r2/‘d7'd77' (b(O)B(O)céV(wl,wl)Hfdwidwivi(wi,wi)>
=2 T2
We can average over the position w; (include the argument that again, c¢(0) will pop up). It goes as
follows;
doydo o _ dwdw o _
2 c(wy)é(w)V(wy, wy) = ————c(wy )é(wy ) V(wi, 1)

Area of torus 2Area of torus
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dw1 dw1

_c(O)c(O)[2(2 o V()

So, torus amplitude becomes;

Sr2(1,m) = [ d;ff (b(O)B(O)C(O)e(O)ﬁ1 / dwidini(wi,wi)>

T2

We first calculate the amplitude without any vertex operators and include the matter partition function for
26 dimensions, we get;

Zrs = [ S OO0 Vao(2) = e [ T

drdt
=1V f
V26 4T

For a general CFT, we can write down the partition function similarly by integrating over the COM momen-
tum (with d non-compact dimensions and where d > 2 so that ghosts can remove the oscillators corresponding
to these directions) as follows;

(4’ 72) ()|

-48

drdr dk 2 drdr
Zp2 —Vd/ e e’k A T f (47ra T9) "2 Qg (7.3.0)
Fo 47—2 (27T)d zE;l Z;L

The steps are like the torus partition function again. The momenta appear in the integrand because H,
doesn’t include non-compact momenta, ghosts, and p = 0,1 (where p = 0,1 are taken to the non-compact
directions). The field theory result for particles paths with circle topology is (derive this);

d oo y .
Zs,(m?) =Vy d’k dle‘(’“2+m2)l/2 =V f dk ﬂe—k%/ze—m%/z

(2m)d Jo 21 (2n)d Jo 21

e dl 2
:'Vf ( kl/2) —m21/2 _ Vf 721 df2 ,-m1[2
Wa ) o) 22¢ c ' (2ml)”

where again, the factor of i appears because we need to do wick rotation k° — ik® for the k° integral to
converge (k;’s are just integration variables but k* are actual non-compact momenta). Now, we sum this
partition function over the string mass spectrum which is as follows;

m2l

2 _ I _
m?==(h+h-2)=> —=—(h+h-2)
o 2 o

Notice that the formula this time has h instead of the level NV (this seems fine but find more justification
for this). However, we also have the level matching condition i.e. h = h. We can impose this condition as
follows;

T 0 = (- h) = 3y
27T

The last step makes sense only if h — fL is an integer but we saw before that due to modular invariance, this
is the case and thus, there is no problem in the last step. So, we get;

Z Zs (mz) =1iVy [ f (2 )" d/2 Z el (hithi=2)/a’+i(h;=hi)0
€M, i€H
Now we change the variables. The new variables are as follows;
0 il 0 1l

_ _ , _ /
Tt Ty s O=n(r+7), l==i(r-T)mx (7.3.2)

Let’s calculate the range of these new coordinates. The real and imaginary parts of 7 are in the following
ranges;

, 0< T <o



We have called this region R. The Jacobian is calculated as follows;

00/0r 90]07

- _ 2 7 —
aoljor  oljor drdT =27’ drdT

dodl = ‘

Moreover, we can also see that [ = 2ra/7y. Lastly, we see that;

i(r-7T)ma
!

—l(hz + }_lz - 2)/0/ + ’L(h1 — Bl)ﬂ = (hl + }_ll - 2) + iﬂ'(T + ’I_')(h1 — Bi) = 2Z7T(hl — 1)7' - 27TZ(;LZ — ].)7_'
- e—l(h,-+fz,;—2)/a'+z’(hi—ﬁi)0 _ e2i7r(h,-—1)7-—27rz'(ﬁi—1)7’- _ qhi—lqﬁi—l

So, in these new variables, we get;

. drdr _ 1 R
3 Zgi(m]) :szf (4m2a/ )" U? gt (7.3.3)
i€H, R 41y i€H,

The only difference between this partition function and the actual string partition function is in the domain
of 7 integration. Now, let’s study divergences. Firstly, we see that;

=00 (d>2)
0

o dl 2
2 _
Zg, (m”) ~ A Rt T g

Notice that the divergence comes due to the fact that [ = 0 is in the domain. Summing over string spectra
gives a sum of divergent terms (as all of the terms in have the same sign) and thus, it is also divergent.
Notice from that [ = 0 means that 7 = 7 i.e. 7 is on the real axis. This axis is absent from Fjy and
thus, the UV divergent region is absent.

Let’s investigate the 7o — oo region for now. For that, let’s change the variables as follows;

1
[

T=T1+1iTe, T=T1 — Ty = d7dT = 2dT1dTo

We also do the following manipulation;

qh'i‘l(jf“‘l _ eQTri(h,i—}_zi)'rle—27r(hi+7zi,—2)7'2

Now, using these variables, we can write ([7.3.1]) for d = 26 as follows;

iVQﬁf dTldT2 (47‘[’0[’7’2)713 Z eQﬂ-i(hi*ﬁi)Tle*2ﬂ(hi+hi*2)‘r2 :i‘/QG[OO @(47.[.0/7_2)—13 Z 6—471'(hi—1)7'2

27y ieH, T2lower 472 ieH,

where the 7 integration just ensures that h; = hi. Now, we can sum over different h; (which is just level i.e.
N). For h; =0, we have only one state i.e. the tachyon. For h; = 1, we have 24 states because the h; state
contains the following creation operators on the vacuum,;

ol al i jed{l,..,24)

So, the expansion of (7.3.1)) is as follows;

©
iVag f j(47ro/7'2)713 ('™ + (24)* +...)
T2lower

T2

The ﬁI‘St tachyon term diverges. Usmg the fact that;
2 2 7 4 /1,2
m; = —,(hi +h;i-2)= —,(hi -1)=>4(h; - 1) =a'm;

(where the level matching condition is used i.e. h; = h;) we can write down the partition function in the form
above for d # 26 as well. It is as follows;

o
inf 2(47ro/72)’d/2 > exp (-ma'miT)
T2

lower 272 ieH,
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7.3.1 Physics of the vacuum amplitude

Since Zg, (m?) is the vacuum partition function for a circle topology path, the total vaccum amplitude will
comprise of all possible number of such paths (but don’t count a configuration more than once). SO, we get;

Zae(m?) =1+ Zg1 (m?) + % (ZSI(mQ))Q +...=exp [Zsl(mz)]

where 1/n! is added to avoid over counting the contributions. The vaccum amplitude also has another
expression which is as follows;

Zuae(m?) = {017 [0) = (0le™°¥T]0) = {Oe™ 70V 0) = 70V

where pg is the vaccum energy density (which should be a constant to avoid breaking Lorentz invariance),
V' is the volume of the space, T is time and Vj is the volume of spacetime. Now, comparing the above two
expressions for the vaccum amplitude, we get;

. 7
Zs (m2) =—ipoVg = po = VdZSl(m2)

(Include the cut-off discussion). The generalization to particles with different spins is as follows (well
motivated but find more justification);

po = 1 S 25, (md) (7.3.4)

7.4 Open and unoriented one loop graphs
7.4.1 The cylinder

The cylinder partition function is relevant for the open strings. The cylinder has one modulus that we call
t. The height of the cylinder is 27t and the circumference is w. So, we have to calculate;

o dt . N
(27)? Trg [e 2 tLO] =, — Trj [e 2 tLO]

11
Zey = —.=
@799 o 2wt ot

where the first half comes due to the Jacobian of do'do? — dwdw transformation, the second one due to the
7y symmetry of the cylinder, (27)? from the B insertions (although they aren’t here, they were used in torus
case to have b(0) in the expectation value instead of B) and the 27%t comes from the area of the cylinder.
Ly is the open string Hamiltonian and it is given as follows;

Lo=o'p*+ N
Now, we sum over all possible states and integrate over the momentum to get;
dk 2 e dt
VA =V n2 6—27rtoz k / e e—27rtanL
@7 (27)d o a1l 2

o Nyp

By Ny, HE

n=1
= in? /oo @V (87r20/t)7d/2 ﬁ SR in? foo ﬂV (87r20/t)7d/2 n(it)" 4= (7.4.1)
o 2t ¢ 27— ezininn o 2t ¢ o

where in the second line H* means that we sum over transverse excitations. The n? factor comes due to
the Chan Paton degrees of freedom. The d —2 comes because ghosts remove oscillators corresponding to two
non-compact directions. Now, setting d = 26, we have;

. o dt 13 . _
Zey = iVag n? fo o (8772a't) n(it)~**
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We now want to study extreme ¢ limits. ¢ - oo limit is like 79 - oo limit (expand on this). To study the
t - 0 limit, we do a modular transformation. Define s = 7/t, and we get;

(1) =i =(2) 5 ()

Then, the partition function becomes;

.  d(r/s) (8m3a’ o d(r/s) (8m3a’ o2 _
~iVs 0 2(71'/8)( s ) n(imfs)*" = =iVas [ 2(71'/5)( s ) (g) (is/m) ™

iL@Gng bt
B 2m(8m2a/)13 fo dsn(is/)
Using the expansion of n(7) i.e.;
(1) =" (1 -q-¢*+..)

we have;
n(r) 2 =gt (1—q+..) 2 =™ (1424q+...) = n(is/n) 24 = 25 (1+24e™ 2 +...) = e +24+ O(e7 %) (7.4.2)

So, we have divergence from the massless states as well. The massless divergent part is as follows;

24iVogn?
TS [ as (7.4.3)

Include discussion about IR divergence, disk tadpole source term made out of dilaton and
graviton (which modifies field equation), and boundary states.

7.4.2 The Klein bottle
The Klein bottle partition becomes;

oo d -
yr Tr., [Q exp(-2mt(Lgy + LO))]

where 1/2 comes from the Zs symmetry of Ky (think about this) and another 1/2 comes due to the

projection operator (Think about this as well... a problem is here). Using the expression for Ly and

Ly and noticing that the momentum integration is going to be like the torus case, we get;

iVy fom — (4mal't)™? > Qexp [—th(hi+ﬁi—2)]
i€t

We see that we have to sum over the states with a definite value of €); i.e. the diagonal states of 2. The
diagonal states of §2; should have left and right-handed states in the same state (Not totally convinced,
find more), and thus, we won’t be summing over two different occupation numbers now as we did in the
torus case but on one occupation number only (like the cylinder case). The difference from the cylinder case
is that we will have an argument for the exponential appearing in the summation that is double the cylinder
case and thus, we won’t have 7(i6) now but n(2it) (Include steps if you want). So, we would have;

. % dt _ o
7K, :ZVQG[O 4—t(47m/t) B (2it)™4

Include the rise of cross-cap here. For the modular transformations, we do the variable change to
s =m/2t and then =, we get;

_iVae [ ds N1z (T s iV °° L \-24
ZKz—T ; ?(27ra) s 77(?) T _Wfo ds n(is/m)

Z'V'26226

_ = s mlis)m) -2
4w (8ma’)13 /0 sn(is/m)
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where we used the fact;

atinfs) = \/ Znis/m)

We can extract the massless divergent part from this partition function just like the cylinder case by expanding
n(is/m) and we saw from the cylinder case that the relevant term from this expansion is 24 and thus, the

massless divergent part of Zg, is;
24 V6226 [
d 7.4.4

47 (8ma’)13 ° ( )

7.4.3 The Mobius strip

The Mobius strip partition function will have the same form as the cylinder (because all the arguments of
the cylinder apply). However, it will have an additional 1/2 due to the projection operator (problem here
again). So the required partition function is a s follows;

< dt < dt
Zon, :nggf & (sr2a't)? 3 Qe 2D :“/26/ R B D
o 4t =y o 4t =

where N; is the level of i—th state and H} is the transverse Hilbert space for the open strings. Now, recall
that;

QarQt = (-1)"akt
and thus, we can find the trace as follows;

oo 1 oo
27t Nun ,=27tnNyn, _ 27t _ 2omt 27t
" H Z (_1)n e = e 1- (_1)ne—2ﬂtn =" H [1 - (_l)ne " n]

N Nun:o w,N n=1

-24

where Ny, is the occupation number again. (The expression for it not coming to be what Polchinski
writes). This expression can be written in terms of 99 (0,2it) as follows;

it 1_[1 [1 _ (_1)n€—27rtn]’24 _ 1900(072#)—1277—12(2#)

A digression here. All the states are constrained to have Q% = 1 but as we saw in chapter 6, the total
eigenvalue of Q |N,ij) (where ¢, are SO(n) indices) which we call w, is made up of two parts;

W=WNSq, WN = (—1)N

where s, is +1 when A}, is symmetric and -1 when A}; is anti-symmetric. So, at even mass levels, we
should have A{; anti-symmetric and vice versa. However, in the calculation of the partition function above,
we included wy part of w only. We can now include s, part as well. The symmetric matrices contribute
with s, = 1 and vice versa. For the Sp(k) = Sp(n/2) case (where n = 2k and where Sp(k) contains 2k x 2k
matrices), this flips and we have the symmetric matrices contributing with s, = -1 and vice versa. All of this
is discussed in chapter 6.

For n x n matrices, we have n(n + 1)/2 symmetric matrices and n(n - 1)/2 anti-symmetric states. So, the
Chan Paton part of the partition function gives us the following factors;

n(n+1) n(n-1) _

SO(n): 5 5
Sp(k) _n(n2+ 1) . n(n2— 1) _

So, the total partition function becomes;
 dt
Zar, = £inVag f 4—t(87r2a’t)’131900(0,2it)’12n(2it)’12
0

where the upper sign is for SO(n) and lower sign is for Sp(k). We now do the modular transformation of
this partition function. We set s = 7/4¢ and then, we get;

= SRR O R
Zn, = ds "9 —
Mz 4(27T3a’)13 5 5700 "\ 25

o1



Using the modular properties of 9go(v,7) and n(7) by setting v = 0 and 7 = 2is/w, we get the following;

(o 2) o 022) () B2
S T 2s ™ T

and thus, the partition function becomes;

inVsg 2is\ 2 [2is\71? ngg213 2is\ 2 [2is\71?
Zns = 4(271%/)13 212 f ds 1900( ) g (7) =*2 4 (82 )13 f ds 1900( ) 7 (7)

We now calculate the massless divergent part of this partition function. Using the expansion for 7, we have;
n(r) =g’ (1-q-..) =12 (1-¢e™7 - ) = n(2is/m) = e /0 (1-e*-.)
= n(2is/m) P = (1-e? - )12 =2 41272 -
Moreover, from the expansion of 990 (0,7), we have;

Do0(0,7) = S ¢ 2= S e o142 i €T 2 14 2e™T 4 28T 4
n=1

nez nez

= 000(0,2is/7) =1+ 27> + ... => 990(0,2is/m) = (1 + 272 + .) 1% =1 - 247> +

Therefore, we have;
Do0(0, 2is/m) " Pn(2is/m) 2 = (e +12e72° = L) (1-24e™  +..) =€* - 24 + ...

So, the massless divergent part from Zy, is as follows;

24znV262 13
2 TS f ds (7.4.5)

Now, we can add all the massless divergent terms (which are also known as tadpole divergences) from Cy, K
and My (recall that there is no massless divergent term from 72). For the cylinder case, there will be an
additional factor of 1/2 in (7.4.3) because of the projection operator. Adding (7.4.4), (7.4.5) and half of

[T3). we get;

24iVag 241V *

—— | n? w228+ 2% f ds = —— 20 ( 13¥n)2f ds

47T(87T O/) —— S—— —— 47T(8 O/) 0
cylinder Mobius strip Klein bottle

We see that this term doesn’t vanish for the plus sign, which is the lower sign, and if we recall that the lower
sign was for the Sp(k) = Sp(n/2) group, we see that this group isn’t free of tadpole divergences. For the
minus sign, this divergence cancels for n = 213 = 8192. The upper sign is for the SO(n) group; thus, the
divergence vanishes only for SO(8192).
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8 Chapter 8: Toroidal compactification and T-duality

8.1 Toroidal compactification in field theory

We consider a D = d + 1 dimensional theory with one dimension compactified x4 ~ x4 + 2rR. The five-
dimensional metric is G¥; 5 and we adopt a particular convention for the metric as follows;

ds? = GE ydxMda™ = G datda” + Gaa(dz® + A, dzt)? (8.1.1)

Comparing the two-line elements, we have the following correspondences;
D

G L
Gdd = Gﬁia G/Ld = Td; G/LV = ny - Gg)dA/l,Al/
m

All the fields depend on non-compact coordinates only and thus, the metric (8.1.1)) is invariant in 2% trans-
lations and it is also manifestly invariant in z'#(z") reparametrizations. The expanded form of the metric is

as follows;
(G + GagA, A )dxtda” + G gdadz® + 2G 44 A, da da"

This metric is invariant under the reparametrizations of the form (derive this);
% - 2%+ \(zH)

if A,’s transform as follows;
Ay = A, -0
If we include 2% dependence, then the fourier series for a scalar field ¢(z™) is written as follows;
o(a) = 3 dn(at)em /"
nez

and then, the D dimensional wave equation becomes;

M M M “w o nQGdd wy inz?/R
om0 p(z™) = 0= ¢(z™) = > 9,0 pn(a") - 2 Pn(z)e =0
nez
,nQGdd n2

= 8Mau¢n - 7¢n =0= auauﬁbn - Ed)n =0

where in the last step, we set G 44 = 1 for simplicity. Comparing this equation with the Klein-Gordon equation,
we see that ¢,, has the mass of n?/R?. This is called the Kaluza-Klein tower. (Write the massless effective
action and the relations between couplings).

8.2 Toroidal compactification in CFT
tt

8.2.1 Partition function

tt

8.2.2 Vertex operators

tt

8.2.3 A technicality
tt

8.2.4 DDF operators
tt
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8.3 Closed strings and T duality
tt

8.3.1 Enhanced gauge symmetries

tt

8.3.2 Scales and couplings
tt

8.3.3 Higgs mechanism
tt

8.3.4 T duality
tt

8.4 Compactification of several dimensions

If we compactify k£ dimensions, we have;

X"~ X™+27R, 26-k<m<25

8.4.1 The string spectrum

Then the internal metric is G,,,, and we have a B field as B,,,. We also have A, bosons (from Garn) and
B, bosons (from Bysn). We do the analysis for zero modes. We take the zero modes as follows;

an(o_l’oj) _ .’I3m(0'2) + wnzo_l
The worldsheet lagrangian is as follows;

1
L= 27(91117G1nn + i€amen)8aXmabXn
™

1
=5 (5 Crn02 X" 02 X" + g Grin1 X" 01 X" + i€ G i1 X" 0o X" + i€ G2 X" 01 XT)
0

1 - T .
= men(mma:" +w"w™R?) - — Baw™i" R
@ @
The conjugate momentum p,, is given as;
. OL 1 1 Ny
Pm = Za.’iﬁm = Jvm - Eanme = Um = o é" - Bnw"R

where v,,, = iZ,,. Define p,,;, and p,,r as follows;

N w'"R  vpm N w"R  Ugpm
e 6mn - an -, = y PmR= —F — 5mn an =
I YR = (B Ben)

PmrL = o o

where
v =v" +w™R, v =v" - w"R

This gives the following zero Virasoro operators;

1,2

1,2
Lo="PL N, [y=-2R LN
4 4
The zero mode hamiltonian (derive this);
_ 1 m,..n m, np2\ _ 1 m,_.m m_.m
H= 2—a,Gmn(v v +wmw"R) = @Gmn(vL Vi + VRV )
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Therefore, the mass in uncompactified dimensions is (motivated but think more about it);

1 2 ~
2
m- = ﬁGmn(vZn’UT +U%/L’Ug) + &(N+N— 2)

Moreover, from the Ly, Ly modes above, we can compute the difference constraint as follows;
Lo—Lo=0= Gun (v} —vFoR) +40/ (N = N) =0 = n™w,, + N - N =0

(Write about the torus partition function argument). Define the alternative momenta k,.;, and kg
and coordinates X7, X} as follows;

UmL UmR
r T T (s m m Y m Zm
Gon=€ne,, X =€, X" k=€ P krr=e, o

then the mass expression and the difference constraint become;
1 2 - -
m2 = 5(erer + krerR) + 7,(]\/‘ + N - 2), O/(erkTL - k'rerR) + 4(N - N) =0 (841)
o

8.4.2 Narain compactification

For Narain compactifications, define dimensionless momenta as follows;
al
l,r =1/ EkL,R

:eikLXL(Z)-Fik)RXR(Z) " elk/LXL(O)*‘Zk;:{XR(O) n ZO/kLk/L/22a/kRk;%/2 . ei(k+k;/)LXL(0)+i(k}+k’)RXR(O) .

For single valuedness of the OPE;

— ZlLllelRl;% . ei(k}+k‘,)LXL(Z)+i(k?+k,)RXR(Z) .
we need the following phase to be unity;
exp[2mi(Iply, —llR) | = 1=l —lgly e Z=10l"€Z

where a new dot product has been defined with signature (k, k). So, the lattice of I’s i.e. T is in its self dual
lattice I'* i.e.
Fecr™

The partition function for a CFT (with ¢ =€) on the torus is given as follows;

Y (gt Tt i) = Y (ulerr o2 min(Pom i)y
) 1)
and it acquires the following phase under 7 - 7+ 1;

27T’i(L0 - .Zzo)

and thus, for single valuedness, we need Ly — Ly eZ. Using the expressions above, we get;
- 1 -
LO _LO = g(lL’l‘lLT - erer) +N-NeZ=> lLrlLr - lR'rer €27 = 1lole2Z

From this condition, the singlevaluedness of the OPE can be derived,;
(I+1)o(I+1")=lol-1"0l'€2Z =10l"€Z
The partition function for mth direction with possible vaccua |0;1,1,1.g) is as follows;

]_ llm2 ll'”z ]_
Z q2 L qz R

m = W Z exp (7T'L7—lz72 - Wlflgz)
et

B In(7)[? AN
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which means that the partition function for all m directions is as follows;
1

Zp = ——— Y exp (mwitl3 - wiTl%)
[n(7)* z; " "

The S transformation is as follows;

1
= o o fd%za(z—z')exp(mﬂi—mﬂ;):vgl
AN l'el

where we used the following identity (derive this);

S o(-1)=Vg" Y exp(2mil” ol)

l’el 1""el*

1
> f d**lexp (2mil” ol + wiTl3 — miTl%)

Zr — 7
(TP e

Using Poisson resummation formula and the modular transformation of n function, we get;
Zr(7) = Vi Zr« (=17)

Then, I' =T is sufficient to ensure modular invariance. (Why is it necessary if modular invariance is
true for all 7 ?) Thus I has to be an even, self dual lattice. If A € O(k,k,R), then T is still an even, self
dual lattice because the modular invariance conditions depend on o dot product only. But O(k, k,R) is not
a symmetry because the expression for mass and the difference constraint aren’t invariant under it. They
are invariant only in O(k,R) x O(k,R). Thus, the group that generates inequivalent theories (e.g. theories
on lattices of different radii) is as follows;

O(k, k,R)
O(k,R) x O(k,R)

and the dimension of this group is;

2k(2k-1)
2

2

x@:k(%—l)—k(k—l):k?

which is the same as the DOF from G,,, and B,,,. We can start from a lattice (known as T'g) with all
compact dimensions compact and all radii being self dual radii. If we denote the group that maps I'y to itself
as O(k,k,Z), then the following lattices are the same;

NAA"Ty=AT, AcO(k,kR), A" cO(k,k,Z), A e O(k,R)x O(k,R)

Recalling the expressions for 7, and l%;

, = _(§"5+ B
R= g (07 + )a,

we see that Zr is invariant if we do the following T duality transformation (what about n”,w" transfor-
mations?);

n” wsR n” wsR
l'r = — 4+ 6rs _ Brs S lr S
L R ( ) al

Ol,

R+« —
R
We see that if 2™ is periodic with period 27 R then so is the combination;
™ =L"a" L el

but if det L # 1, then the volume of the k£ torus changes and hence, we should have det L = 1. Thus,

LeSL(2,7Z). Another component in the T duality transformations is the following;
o' Nyn
Rz

bmn = bmn + Nown = By = B +

Nopn € Z

This transformation does the following;
/

m m Nmn "
. %+(6mn—an)w”R IR (n—Rw)+(§mn—an)w"R = %”+(5mn—an)w"R7 ! = nm—Npnw" € Z

and similarly, for vZ. So, we see that the partition function doesn’t change because we are still summing
over integer n™ and w™.
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8.4.3 An example
tt

8.5 Orbifolds

Let’s start with a Zy orbifold. The orbifold action is;
X% 5 X% (8.5.1)

which sends all the operators appearing in X2° to their negatives. A compact space is made by an additional
identification;
X2 5 X% X X% 1 21Rm, meZ (8.5.2)

This implies that there is a new sector in the game which is called the twisted sector. It is given as follows;
X? (o +27) ~-X*(0) (8.5.3)
Since X% is anto periodic, we have the following expansion for it;

2%, . A 1 a? az
X(2,2) =1/ 5 > 12 (zm+1/2 i (8.5.4)

meZ

For a compact orbifold, there is another twister sector as follows;
X® (o +21) ~ 2R - X**(0) (8.5.5)
For this sector, we have the following expansion;

2B N . [ 1 a? az
X*°(2,2) = TR + iy /5 > 12 (zm+1/2 A=y (8.5.6)

meZ

Now, we talk about the allowed massless states. For the generic massless states, we have n = w = 0 and thus,
for the states to be invariant under the orbifold action, we should require that the number of 25 direction
creation operators in the state is even. This is violated only by the Kaluza Klein gauge bosons and the gauge
bosons from the anti-symmetric tensor. Thus, those states are ruled out. The zero point energy constant for
the twisted sector is determined as follows now (we have 23 periodic and 1 anti-periodic boson);

23 1 15

wisted = T35, T S5 T T 14 8.5.7
Gewisted =51 U8 T 16 8.5.7)
Then, the mass-shell condition becomes as follows;
1,2 1,2
15 4 15
ap +N+atwisted:%u\f——:o:m?:—(zv——) (8.5.8)
4 16 o' 16

Thus, the lowest mass state is tachyonic (N = 0). The level matching condition requires N = N and due to
the anti periodicity, X2 oscillators make half integral contributions to the number operator. Thus, the next
excited state involves oz%? /2&%‘? /2 and hence, the this state is also tachyonic. There is no way to set N =15/16
and hence, there is no massless state.

Vertex operators for twisted states are hard to find (find more about this). Untwisted external states for
a tree level amplitude only involves untwisted states. This is called the inheritance principle (find more
about this). The partition function for the untwisted sector is given as follows (this is well known and thus,
I won’t give the details);

1+7r p_1 1 _L) 1 n(r)
T 021 g0 ) = — 74 (R, 8.5.9
I‘( 9 q q 9 to( T)+ 192(7_) ( )
where r in the orbifold action and ¥J5 is given as follows;
92(r) = 20 [T +a)? = 3 a2 =921 (0,7) = s (8.5.10)
r>1 nez 0 ’ o
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where I used another name for these functions that comes from a general formula for these functions (given
later). Moreover, the last expression can be derived from the Jacobi triple product identity;

q_2714 H(l + q”%w)(l +qr+%w—1) _ Z q 5 u) (8.5.11)
1 (T) nez

The partition function in (8.5.9) is not modular invariant because it is not invariant in S transformations.
We will have to add the twisted sector. The partition function for the twisted sector is as follows;

L7 poed Lor ) _ | 2(0) | | n(7)
Tr( i) - 93| | 9a()

The factor of 1/48 comes because of the additional 1/16 term (that comes from the weight of the first excited
state in the twisted sector. Find more about this). Moreover, the functions used are defined as follows;

(8.5.12)

9a(r)=a () [[ )= 3 g =ﬂ[8] (0.7) = o (35.13)

nez

94(7) = q‘in(T) f_l(l _ qr+%)2 _ Z(_l)nq% = [1/2] (0,7) =901 (8.5.14)

nez

These functions are related to each other by modular transformations as follows;

n(7) n(7) (1) n(7) n(7) (8.5.15)
D2(7) U2(7) Ja(T) U3(7) I3(7)
The general formula for ¥ functions is as follows;
9 [Z] (277_) _ Z q%(n+a)2627ri(n+a)(z+b) (8516)
nez
for which a product representation can found as follows (derive this);
a mwia(z f—i = mn ll—* Tz n—a—l —27i(z
ﬂ[b] (2,7) = n(r)e?™ =) g7 ~a 1:[ (1+ gz e (14 gnoomzen2mith) (8.5.17)

8.5.1 Twisting
tt

8.5.2 ¢=1CFTs

The moduli space of compact ¢ =1 CFTs contains the torus theories and the orbifold theories. These meet
at a point because of the following; (prove);

Zorb(\/a7 T) = ZtOr(2\/a’ T)

i.e. partition function of the torus theory at twice the self dual radius has the same partition function as the
orbifold theory at the self dual radius. (Write about the Z; and Dy, T,0 and I twists).

8.6 Open strings

Let’s start with a pure gauge Aa5(2™) = 0 which is gauge equivalent to the following (the coupling constant
is not included in there. Find out why);

10225 —ifx?® 0
A My = ! 1o, =——
2(27) ! exp( 2rR ) * exp( 2rR ) 2rR

where 6 is constant. Now, the Wilson line for this potential is as follows;

W =exp (iq 515 da?25A25) = exp (—% % dx25) = exp (—%(QWR)) = exp (—igh) (8.6.1)
T ™
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where ¢ is the coupling constant. Now, suppose that we have a point particle coupled to an electromagnetic
field. The action is as follows (where 7 is the Euclidean time parameter -derive this-);

2
S = f dr (;XMXM + % - iqAMXM)

The conjugate momentum pos is as follows;
25 3L aL 5 q9

— - _ :<X25_‘A25 :<X25+ A25: 25
P a(6)(25/aTMinkowski) ia(aX25/aTEuclidean) Z( ,Lq ) ! ¢ v 2R

where v?> = iX?%. Now, due to the periodicity, p?® = l/R, l € Z. and thus, we have;
2oL, 4
R 27R

The hamiltonian is derived as follows (derive this);
1
H = 5(10“17# + 035 +m?)

Since this hamiltonian annihilates the physical states, the mass-shell condition for the mass that is visible in
non-compact dimensions becomes;
l ¢ \?
—ptp, = m? + v2 =m2+(f+7)
b bu 2 R 2R

we see that if R — oo, then the mass doesn’t get any correction. Now, we talk about the non abelian gauge
gauge theory. Open string has Chan Paton indices for U(n) on its endpoints. If we have a constant A3, T*
where T are generators of U(n), then since T is hermitian, we can use a constant gauge factor (which is
unitary) to diagonalize A3;T* as follows;

1
2rR

AL T = ———diag(61, ..., 00)

For a general Chan paton state;
INikia) = 3 [N ks ig)
ij

the guage field Ass; couples as follows;
IN;kya) = > | Ny k;ig)[Ags, ATy
ij

The required commutator is as follows;
1
[A2s, A"k, = R Z(9i5ij/\jk = 0;ij051) = (0 = Ok )ik = [Aas, A"]ij = (0; = 0;) \ij
J

So, we get see that the state |N;k;ij) has charge +1 in U(1); and charge -1 in U(1);. So, we can deduce
the expression for ves in this case as follows;
I 0,-6;

Ugs = — +
"R 2R

Thus, mass of the string state |[N;k;ij) is as follows;

2 S _0.)2
= Loy 1)y @O 0)
o

472 R?
The lowest non-tachyonic states have the following mass;
2 _ (91‘ - 93‘ )2 _ _
M= g I=0,N=1 (8.6.2)

These states are massive if all the 6’s are different. If 0’s are equal in s sets of size r;, then the massless
states form the following representation;

U(n)=>U(ry) x...xU(rs)

59



8.6.1 T duality
tt

8.7 D Branes

The gauge field in the compact direction dictates the translation of the D brane in the dual compact direction
and thus, it dictates the shape of the D brane. T dualizing a tangent direction reduces the dimension of the
D brane and vice versa. Coincident r branes will give the following massless states;

o [ksif) i, € {1,..,r)

2 2

and thus, we have r* massless vectors and a U(r) symmetry. We also have r* massless scalars as follows;

aZ|k;ig)i,je{1,..,r}

8.7.1 The D-brane action

We now try to guess the low-energy D-brane action. This action is called the DBI action.For a p-brane,
we introduce the coordinates £°,...£P on the brane world volume. The fields to consider on the brane are
the embedding fields X* () and the gauge fields A, () (recall that gauge fields live on the endpoints of the
strings). Now, we define the induced metric G4;(€) and induced B,;(&) field as follows;

o0X* oX" o0X* 0X"

Gap(§) = WﬁGw(X(f)), Bay(§) = IXa 9Xb

B (X(£))

Now, if we look at the Nambu-Goto action, the obvious generalization of the integrand would be \/ —[det (Gap + Bap)]
with an overall factor of -7}, i.e. the brane tension. (show that this determinant will give the factor

of i in the Polyakov type action for D-Branes). However, this is not the whole story. Since we are
trying to guess the open string tree level action, we want to have g,2 in the action. However, g;2 ~ ¢7® in

the lagrangian. Now, we prove that B,; should appear only with F,;. In string worldsheet action, we have

the following combination;

i

2 ab v .
o /M 20\ /Ge 0, X 0, X" B,y +i /(9 axra,

where 6A,, = J,\ is a guage symmetry of this action. The gauge transformation of B,,, is as follows;
Bp,u = 8/1,(1/ - aUC}L

Under this transformation, the action changes as follows;

7
d? 9, X 9, X" 0,(,
2ral’ ./M 7\ b G

1

fM 20\ /Ge ™ 0, X0y XY (DG, — Dy Cy1) =

4o’

1

v v i L v
fM o /G (X 0 X" =X NX) 0,6, = 5 fM 20\ /GO X" 0 X" (9,Cy - D,C)

We now use the following identities;

2ra’

81<p, = au<u81XV7 aQCu = aVC,u82XU

which imply;
01 X" 02 X" (0,Cy = 0,C) = 02 X"01(, — 1 X" 0a(),

and thus, the variation of the action becomes;

1

fM o\ /G (01X 05C, — X" D1C,) (8.7.1)

2ra’

The first term becomes;

) 9 " ) 9 "
P fM d0/g0r (XV0G,) + 5= fM o\ /GX"D105C,
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) )
- 455 (X 06 hnary * 3o [, d20/5X" 01026, (8.7.2)

2ma!
The second term in (8.7.1)) becomes;

! 2 Iz _ ¢ 2 w
2o’ /Md /902 (X"01G4) ool fMd 0+/9X" 0201,

1

fM B0\ /G0, X" D1C, =

2ma’

i

20 /gX" 7.
271_0//1\\4(1 0’\/§ 82814-# (873)

where we used the fact that A, variation vanishes at starting and ending times. We also see that (8.7.3)
cancels the second term in (8.7.2). So, the variation in the B term becomes;

1 1

2
fawf do \/§ (XN62C/L)|boundary =

where we have excluded the boundary label now because it is understood. This term can be canceled if A,
also transforms as 64, = —(,,/2ma’. This will give the following variation;

fa o JgX"0uG,

2ma! 2ra’

i fd | AXPA, =i f fd o\ JGoa X G, =i fd | do®\Jga(XV5A,) - f do?\JGX" 0,5 A,

1

fa o /GX" 0,

where we used the fact that §A4,, vanishes at the initial and final times (i.e. 02). This exactly cancels the
variation of the B action. Now, the variation of F},, = 9,4, -0, A, is as follows;

2ma!

(- S )_ (_Ciu)__i _ b oy
5F,, = au( )0, (52 ) =~ o (Oul = 0uG) =~ 5By = (B + 270 F) = 0

Thus, the only gauge invariant quantity is B,,, +27a’F),, and the induced field on the D-brane is Bqp+2ma’ Fp,.
So, this combination should appear in the action. The DBI action is thus as follows;

SDBI = —Tp [ dp+1§8_¢[— det(Gab + Bab + QWa,Fab)]1/2 (874)

For n separated branes, we have n copies of the action. For n coincident branes, the gauge field A, and X*
become n x n matrices. The gauge field becomes U(n) gauge field and the phenomenon of non-commutative
geometry arises (Find more about it and about the potential of the branes and its relation to the
number of flat directions).

8.7.2 D-Brane tension

We first derive the D-brane tension recursion relation. Since 7}, doesn’t depend on fields, we can derive the
relation for static D-branes and that relationship should be the same for non-static branes. Firstly, consider
a static D-brane i.e. the B field and gauge field is zero, the dilaton is constant and the metric is flat (Is this
description correct?). Then, the action becomes;

S=-T, f AP lged = T ? f e
Now, the action for a static brane has no kinetic energy, and the only potential energy is the mass of the

brane. So, action is negative of the mass of the brane. Therefore, the mass per unit volume of the Dp-brane
is Tpe_d’. Now, consider the case when Dp-brane is wrapped around a p-torus. The volume of that torus is;

D
i=1
and thus, the mass of the Dp-brane is;
P
T,e ?](27R;)

i=1
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Now, let T duality act on p-th direction of the torus. We saw in section 8.3 that ¢ changes as follows under

T-duality;
’ \/ ! ’
Se? = el =e?= a e®

va! R
Under T-duality, mass is invariant and thus, the mass of the brane is still given as;
U p_l
T, —Ve ¢ H(?er =T,Va'e? [](2nR;)
i=1

P

@

e

But, this mass can also be written down as follows (because after T-duality, we have a D(p — 1) brane);

’ p71
Tp-1e”® [](27R;)

i=1
and thus, we get;

Tp-1
2mv/ o’

To acquire the expression of D brane tension, we can calculate the cylinder partition function of an open
string stretched between two D branes. It is like the partition function calculated in chapter 7 but now,
the string’s endpoints can move only on the D branes, and thus, the momentum integration will be on p + 1
directions and we will have V,,; instead of Vas. Moreover, there will be an additional contribution to the
conformal weight h; for the i—th state (which we also called level N before but it would not be the case now)
because the string is stretched between two D branes. Assume that the two D-branes are at X™ = 0 and
X™=y™ form=p+1,...,25. Now, we know that the expansion for X7* and X7 is as follows;

2V ' T, =Ty = T}, = (8.7.5)

X =2l +dplot +.., XEF=af+apho +.

= X"(r,0) =2 +af + ' (P + )T+ (P - pR)o + ...
Imposing X™(0,7) =0 and X™ (7, 7) = y™ gives us the following;

m

Y
2a'w

pr +pR =0, o/ (p7' -pR) =y™ = p' =Pk =

Now, we can deduce that;

y2

4o/

and thus, the additional contribution from stretching between the branes is 3?/4m%a. Now, looking at (7.4.1]),
we see that we have an additional factor;

[ @’I‘I‘, |: —27rtL0] _ f @Tr' [ —27rt(L°1d+y2/47r20¢' :IZ f dt ey 2t)2ma rI\r/ [ —27rtL81d:|
o 2t o 2t 0 2t

So, the cylinder partition function is as follows;

Lo=a'p3 + N=N+——2—

o Vi1 o dt SN
_sz+1f (872a/t) P2 exp (~ty? [2ma ) (it) 2" = (87r2a’1;1’+1)/2 /0 s P (—ty?[2ma (i)~

Now, we need to do this integral and for that, we need to expand n(it) for large ¢ and for that, we do the
following steps;

n(it) = %n(z‘/t) = n(it) 2 =t 2 (ift) 2 = 12 (2 + 24+ )

using this expansion, the amplitude becomes;

v -
= (8;’% f dt +(21-p)/3 exp (—ty2/2770/) (eQTr/t +924 4 )
T 0

We now need to evaluate the second term in this partition function. It is done as follows;

24iVpi1 27a’ P2 o
(87T a/)(p+l)/2 y2

24iVpi1

R o e, 21—p6—,u
(87r2al)(p+1)/2

f dt 1= p)/3exp( —ty /271'@) du

0
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. (23-p)/2
243V, 2o’ 23 —
pHl ( ™ ) F(72 p):ivpﬂ

23 -
_ 1-p(p- 23)/2 p p-23
- (87r2al)(p+l)/2 y2 (4ma’) F( )| |

212 2

where we did the variable change i = ty?/2ma’. Now, we use the result that Green’s function for the laplacian
-v? is (derive this);

1 d-2
G = Tr 8.7.6
d(|y‘) 47Td/2|y|d_2 ( 2 ) ( )
and then, setting d = 25 — p, we get;
1 23-p 23-p
Gas—p(lyl) = 47r(25—p)/2y23—pr( ) ):> AmGas-p(lyl) = A 23)/2F( )| P »

Therefore, we have;
24m "N11-p
A= Vo (dma’) " Gasp(ly))

We can convert this Green’s function to the momentum space picture for the massless particles. Then, the
amplitude becomes (confirm this step);

1 2
Gas—p(lyl) = =>A iVt oo

W(47TO[,)117P (877)

Now, we do the analogous field theory calculation because, from this calculation, we will find an expression
for the required amplitude that will depend on T},. We write the spacetime action for the strings with D = 26
but in the Einstein frame with H,,, o term excluded because the B field doesn’t couple to the D brane (Why?
because of unoriented?). The relevant terms are as follows;

i d%x@(ﬁz_ éauéa%)

where recall that QNS has a zero vev because ¢ = q~5+ @0 where ¢g = (¢) Now, the relevant terms from the D
brane action is (Why no B field and gauge field);

S=-T, f AP Lee N/~ dot Gap = ~Tpe f AP Lee O/~ dot Gy = —7, f d"Lge=%/~det Gap

where 7, = T, pe‘% Now, we recall that the Einstein frame metric éuv and G, are related as follows;

G = e’4$/(D’2)G#V = e*‘;/GGW =G = e‘;/GGW = Gap = €?°G 4 = det G = D6 det G

—detG = e(p”)‘;/m\/ —det@

Therefore, the D Brane action becomes;
5= —Tpfdp+1f (1812, /_ A

In the linear approximation; B
G,uu =N + hyu

while raising the indices by the flat metric, the spacetime action become (derive them);
S=-2s f e (a hyn OB a hoth + a ¢8“¢) (8.7.8)
K

where h = hf;. The D-brane field action becomes;

Sp:—rpfdpﬂgexp(p%lq%) [—det(nab+hab)]:—Tpfdpﬂg(up'11&)(1_1%)

12
+ p—11~ hgq
=—Tpfdp 1§—Tpfd”“€[7l2 -

]+0(h¢3) - —Tpfdf’“g[p%lé— %] +O(h¢)  (8.7.9)
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where we dropped the term that doesn’t have fields in it. We also kept the indices on the trace in compact
directions to differentiate it from h. (Why not this linear term). From (8.7.8]), we can read off the

propagators. Look at the kinetic terms for ¢. We can define a new dilaton as;

and then, the kinetic term for ¢’ becomes;

1

|
_ | I 4l
12/-;28“¢a ¢ 2 n® "¢

i.e. the canonical kinetic term. The propagator for ¢’ is well known from QFT and thus, we have;

1 -~ 1 -~ 6ik?

—@W(ﬁ) T I (p9) = 2

We see that for an arbitrary number of dimensions, we can define a dilaton as follows;

(00 = 5 =

20 -
¥ = —
VD -2
and ¢ will still have the canonical kinetic term. So, for arbitrary number of dimensions, we have the following
result.

i 4 - i - (D-2)ir?
(¢'¢") = 2 —mww T2 (99) = a2 (8.7.10)
The kinetic term for h,, is as follows (derive this);
2ik? 2
(huvhap) = == 5~ (nmma Fluplva =~ 1 munaﬁ) (8.7.11)
The Feynman graph is read to give (derive this);
KT, ~11\? 1 1
=—2V 6(L) +7(2 +1)-— +12)
A=2 p+1[ D 5|2+ ) -5 +1)
iKk2T2 1 1 iKk2r2 1 1
- #Vpﬂ [ﬁ (p-11) 2 +p+1- ﬂ(p+ 1)2] = 71”1/1[,+1 [ﬂ(p2 —22p+121) +p+1- ﬂ(p2 +2p+ 1)]
1 1
62’/@27'5
= 7‘/174.1 (8712)
1
Now, comparing (8.7.7) and (8.7.12)), we get;
6ir>T2 247 2 ™
P . 2 n11- 2 2 11— 2 _1y(11-p)/2
Vo = Vo gy (4n%a) 1 = = ol (4mtal) 1 = = (4l 1Y
= Ty = 16%(47T2a1)(11—p)/2 =T,= e‘j’ow%(llﬂzo/)(“—lﬂ)/? (8.7.13)
Now, we can see that (8.7.13)) satisfies (8.7.5)) as follows;
Tp1

T . 7 _
Tp-1= ¢Oﬁ(47r2a')(11 (=172 2 6¢0ﬁ(47{20¢,)(11 PI2(4720 V2 = T, 20/ 0! = T, = P

(Derive the relation between coupling constants).

8.8 T duality of unoriented string
tt

8.8.1 Open strings
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9 Chapter 9: Higher order amplitudes

9.0.1 General tree level amplitudes

tt

9.0.2 Three point amplitudes
tt

9.0.3 Four point amplitudes and world-sheet duality
tt

9.0.4 Unitarity of the four point amplitude
tt

9.1 Higher genus Riemann surfaces

tt

9.1.1 Schottky groups
tt

9.1.2 Fuchsian groups
tt

9.1.3 The period matrix
tt

9.2 Sewing and cutting worldsheets

tt

9.2.1 A graphical decomposition
tt

9.3 Sewing and cutting CFTs
tt

9.3.1 General amplitudes
tt

9.3.2 String divergences
tt

9.4 String Field Theory
tt
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9.5 Large order behaviour

tt

9.6 High energy and high temperature
tt

9.6.1 Hard scattering
tt

9.6.2 Regge scattering
tt

9.6.3 High temperature
tt

9.7 Low temperature and noncritical strings

tt

9.7.1 Non critical strings

tt
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10 Chapter 10: Type I and type II strings

10.1 The superconformal algebra

In order to add spinors in the game, we need a two-dimensional analogue of the Dirac equation that is given

as follows;
PO =0 (10.1.1)

where a € {7,0} and p® are two dimensional Dirac matrices. Now, the Dirac matrices are supposed to satisfy;
{00} = 20" (10.1.2)

which means that (p°)? = -1, (p°)? =1 and {p°, p'} = 0. This is satisfied if we take;
P’ =—io? p' =o' (10.1.3)

Using the procedure described in the appendix B in volume 2 of Polchinski, we get the expression of the
chiral matrix p as follows;

o+ _(0 0} o _(0 1 _ _(0+0—_1)_ -1 0
p _(1 0)7p _(0 O):p_250_2p p 2]1 1o 1

Since the matrices in (10.1.3)) are real, it is a Majorana representation and we can take the spinors to be real.
We define ¢ (for Majorana spinor) as follows;

b=9tp” =97 p° (10.1.4)

The first equality is true for any spinor.
We can now start with the following action;

1 | L
S = Sbosonic + Sfermionic = ﬁ f dQZaXaX + E f d2Z (’(/}uawu + 1/1M81/)u)

1 2 ~ _ .
L f P2z (faxax Sy, + wawu) (10.1.5)
4 o'
The OPE’s are as follows;
XH(2) XY (0) ~ _%nw In|2[2 (10.1.6)
v 77’“/ 7 TV 77/“/
Y (2)v"(0) ~ ot YH(2)9"(0) ~ - (10.1.7)
which implies that; o
{vo, 46} = {g, w5} =n"" (10.1.8)
Now, we calculate the energy momentum tensor for . We do remind ourselves that;
1 1
92:=92:=0, g2 = gz = %%z =/lg|= — (10.1.9)
2z 22z
which implies that; ) o
0% = g**0; = 2220, 0° = g**0, = 2220 (10.1.10)
Now, we have (not derived yet);
1. oL oL oL oL oL ~
-——T% = ——— 0, X"+ —0,¥" - g, L = ———0X" —— oyt —— oyt
o =T a@axm B T aaxin ™ a@en ™ e
=177 = —i,aX“@XM - %w“awu (10.1.11)
e
1 oL oL ~ oL = oL -
-—T% = ——0: X!+ ——— 09" —gs:L = oX" + — oyt
NG . ) D(0.9H) vy 20(0XH) 20(0yH) v
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| 1~ .~
= Tsz = —EﬁX“ﬁXM - iwazpﬂ (10.1.12)
It can be shown that 7% = T% = 0. We define the stress tensor as follows;
1 1, -~ 1 - 1~ -
Tp(z) =-—0X"0X, - §wl Oy, Tp(Z) = -—0X"0X, - 51#”81% (10.1.13)
o o

The names T and T(z) come from following Polchinski. We will use these names from now on. Now, we
define the (1,1) superconformal transformations as follows;

0X" = \/g(e(zw“(z) +e ()94 (2))

S = —\/ge(z)ﬁX“(z)

St = - %e*(z)é)(”(z) (10.1.14)

It can be checked that the action ([10.1.5)) is invariant under these transformations. We can calculate the
quantity that is conserved in these symmetries by using the Noetherian method.

08 = % [ d’z l@e* (\ / 02/1/;”8Xu) +8e(\ / j/zb“aXM)]

and we define the conserved quantities, known as worldsheet supercurrents (following Polchinski);

Tr(z) = i\/zz/}"@Xu(z), Tr(Z) = i\/EQZJ“@XH(z) (10.1.15)

Using ([10.1.7)), we can check that Tp and Tr close an operator algebra (same is the case for anti-holomorphic
counterparts). We get;

T ()T (0) ~ C212) , 2T5(0) | 0T5(0)

224 22 z
3 a7 (0
T (T (0) = 55T (0) + 2720
D 2T5(0)

Tr(2)Tr(0) ~ 5 + (10.1.16)

which gives us a central charge of ¢ = 3D/2 for the theory. It also shows that T is a primary field of conformal
weight (%70). Written in terms of the central charge, we have;

T (2)Tp(0) ~ - + 2T5(0) |, 9T5(0)
224 2

z z

Tp(2)Tr(0) ~ %TF(O) + (91“%(0)

2c¢  2Tp(0

Tr(2)Tr(0) ~ o= + 5(0)

3z z

This operator algebra is called the (1,1) superconformal algebra. He then gives two examples of SCFTs.
One of them is the superconformal generalization of the bc ghost system given as follows;

(10.1.17)

1 _
She =5 /d2zbac, ho =X, he=1-2A (10.1.18)
s

with the generalization including the fermionic, commuting ghosts named § and . The SCFT action is then
given as follows;

1 = = 1
SbCﬁ'y = % [ dQZ (b8c+587), hﬁ =A- 5, h—y = % - (10.1.19)
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10.2 NS and R sectors

If we start with the theory on the cylinder for the closed string (with coordinates w = o +iT,w =0 —iT = 2 =
e z =" with 0 < 0 <27,—00 <7< 00), then we have the following cases;

Y*(w) (Ramond)
—p*(w) (Neveu Schwarz)

Y (w+2m) = { = " (w + 27) = >V 9p* (w) where {

v =0 (Ramond)

v =1 (Neveu Schwarz)
(10.2.1)

Similarly,

Y*(w) (Ramond)
— (w) (Neveu Schwarz)

U=

P (w +27) = { = M (w + 27) = 2™ (w) where {

7 =0 (Ramond)
1 (Neveu Schwarz)
(10.2.2)
We will take X#(w) to be periodic. Note that in this choice, Tp(w) is periodic in any of the choices in
but Tw(w) has the same periodicity as ¥*(w) (the same thing goes for the anti-holomorphic sector).
For the open string, we take 0 < ¢ < w. The holomorphic fermion field on the cylinder can be expanded as
follows;

7 -—1/2 ru

Yr(w) =i Y gl e (10.2.3)
reZ+v

where the (¢) subscript indicates that these are cylinder modes. Now, since the free fermion is a primary

field with conformal weight 1/2, we can find the fermion field on the plane as follows;

9z \1/2 (—i)~1/2 (—i)~1/2 L R
3771)) vi(w) = 2172 P (w) = 2172 Z éc)re = Z ép)rz 2 (10.2.4)

reZ+v rel+v

v - (

where we defined wé‘p)r = (=) szzé‘c)r as the modes on the plane. We will drop the (p) subscript from now

on. Please note that on the plane, Ramond fermions are anti-periodic and vice versa (which is
the opposite of the cylinder story). Similar expression is obtained for the anti-holomorphic fermionic
field;

PrE) = Y grrE (10.2.5)

rel+v

The modes expansions of the bosonic currents are already known to us i.e.

e ok o e at,
0X"(z) = —iv/ 5 mzez el 0XH(z) =—in/ 5 ,,;Z e (10.2.6)

Using the following identities;
f d=[0X"(2),0X" (w)] = qu oy EERIDXH ()0 ()

§ @t @t @)= R )] (10.2.7)

where R means radial ordering (which gives the OPE of the operators of the in this operator), and the OPE
of 0X*# with itself and OPE of ¢* with itself gives us the following (anti) commutators;

[t ] = (@, an] = mn™ Spmen, {400} = {8, 0L} = 0 6y (10.2.8)

Using the mode expansions of T and Tr

L, G,

TB(Z) = ZZW, TF(Z) = ; ZTJr% (1029)
me €LtV
we can derive the following algebra;
(L, L] =(m—=n)Lpn + %m(m2 = 1)0man
- € (4y2
ry\Is) — r+8 Ta - T+s
{Gr,Gs} =2L, s+ D (47 -1)6.

[Lin,Gy] = (% - 7‘) Gomir (10.2.10)

called the RNS algebra or the Ramond algebra for r,s integers and Neveu-Schwarz algebra for r,s half
integers.
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10.2.1 NS and R spectrum
The NS spectrum is easy to construct. |0)ng is the ground state (and it is unique) such that;
YH|0Ins =0 if >0 (10.2.11)

The R sector has more than one ground state. If [0)g is a ground state, then so is 1{|0)r and due to (10.1.8),
these states form a representation of the Clifford algebra. Seeing the similarity in (21.1.1)) and (10.2.8)), we
identity the following;

TH ~ /20
- iwuuz}“’

Therefore e™2 will take Ramond ground states to Ramond ground states and hence, |0) g can be thought
of having a spinor index and as living in a representation of Clifford algebra. Since a basis for spinors is
given in and a member of this basis is represented by the k-tuple s, we can choose this basis for the
Ramond ground states. So, the basis for R-ground states is as follows;

1
|80, ...y S4) = |8) Sq = 5 (10.2.12)

Because of , we see that half integral values of s, mean that R-ground states are spinors. We now
construct an operator called the fermion number operator denoted as F. Since I'* is identified as the
zero mode of ", and since I' anti commutes with I'*| we can work out a quantity that anticommutes with
the full ¢#. This quantity is e™F where F is the fermion number operator (which is defined only mod 2)
with the following desired property;

Flp) = flp) = F((3* £ 2 )[w)) = (f £ (03" £ i) = (93 i) Fl) = (937 i3 )y)
= [P, (9 2 i) = 2 (9" = 3"™) (10.2.13)
where [¢)) is an arbitrary state and f is just a number. So, " increases F' by one. Using , we get;
e Flp) = ™) = e Fyt|p) = e ITDYH) = e ) = g™ F ) = {eTF g} = 0

So, if we can construct an F that satisfies (10.2.13]), then ™ satisfies our requirements. Before constructing
F, we extend X% and S, as well (like we extended T'* and I'). Here are the extensions;

by ﬂ:_i[r aFB]:_i[w0>¢g]_)_§ Z [wrvwﬁr]:_z Z %wiﬂ
reZ+v reZ+v
Sy = i%05202000 g0 o S gyl G, =i S 2 (a#0) (10.2.14)
reZ+v reZ+v
Now, the claim is that F'is given as follows;
FZS()+51 +SQ+53+S4 (10215)

We now derive some anti-commutation relations. For a = 1,2, 3, 4, we have the following two anti-commutation
relations;

2 . 2 2a+1, /2 - 1 2a+1 -2 2 2a+1
Sa’(,bsa:—Z Z Ta _(;+ wsazz¢sa+ _“/)Sa Z wrad)ra-#

reZ+v reZ+v
. 2a+1 2 2 2 - 2a+1
=i + S = [Sa, 5] = [F 05" = i
2 . 2a,/2 2a+1 -2 - 1 2a+1 2a,/2
Sa¢sa+1 =t Z wraw—ngll/JsaJr = _Y’wsa - ZwsaJr Z wrawra+1

reZ+v rel+v
= —ip3* + 20 = [0, 2] =[R2t ] =~y
The above two relations give the following;
[F, 3 =il ] = ipd 2 i(=ig)l") = £(u7" = i) (10.2.16)
which is consistent with . Moreover, for the remaining spinors, we have the following;

Sovd = Y vl wl=— 3 pludyl == 3 (<0 — vVl

rel+v rel+v rel+v
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=gl +p) S Wl =9l + 908y = [So,40] =t

reZ+v

Sovs = Y el = Y (S —hidl,)

rel+v rel+v
=g 3 Uil = +ugSo = [So, ] = U
reZ+v
Therefore, we get;
[F gy ity] = ¢y ity = (P, Fivhy)
This doesn’t agree with (10.2.13). We will get back to that. An alternative definition of F' (e.g. in
Blumenhagen) is as follows (in NS sector);

F=Y 28: et -1 (10.2.17)

r>0a=2

This implies the following (for b > 2);

8 8 8
(Fl] = S [0, 0] = 30 S (0208l — iy ) = 37 5" 0 (8,4s8h%, = 85 rth?)

>0 a=2 >0 a=2 >0 a=2
b b
= Z (5r+sw—r - 5s—r¢r)
>0
Now, we have the following two cases;

[Fy2] = Y (0rast®y = 0s-rth?) = =400 (5> 0)

>0

[F7 wiJ] = Z(‘Sﬂswér - 55—”/}1;) = Z/J}; (3 < 0)
r>0
which implies the following;
[Fgl]=%¢L, (5>0)

and this in turn implies the following;

Flp) = flY) = F(UL ) = (WL F =yl )lb) = (f 7 1)9L,v)

So, 1/)2 decreases F' by one and z/;fs increases F' by one.

10.2.2 Closed string spectra

In the closed string case, the NS-NS vacuum is [0)ns ® [0)ng and thus, the vacuum has integer spin. In the
R-R sector, the vacuum is [s,s’) = |s) ® |s’). This vacuum lies in 32pjac X 32pirac representation and using

(21.1.35)), we can break it down as follows;
32Dirac x 32Dirac = [0]2 + [1]2 + [2]2 + [3]2 + [4]2 + [5]
F

If the left and right vaccua have a definite chirality (which is the same as e™F on the vaccua), the vaccua
have a definite fermion number on left F' and on the the right F'. For different choices of F, F', the breakdown

of RR vaccua is as follows (using (21.1.37));

F | F|e™ | em | SO(1,9) rep

0|0 1 1 [1]+[3]+[5]+
0|1 1 -1 [0] +[2] + [4]
1o -1 | 1 | [0]+[2]+[4]
11| -1 | 1 | [A]+[3]+[5]-

The NS-R or R-NS vaccua have to be spacetime fermions because they contain one fermion index.
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10.3 Vertex operators and bosonization

Using ([10.2.4]), we see that in the NS sector (with v = 1/2), the fermion is single-valued. Moreover, ((10.1.7)),
we see that ¥ OPE is single value. Hence, the products and derivatives of ¢ in the NS sector must be in
the NS sector. We now calculate the state corresponding to the k—th derivative of ¢ in the NS sector.

ORI W ey

1
rel+z

So, the state corresponding to 9¥yH is as follows;

—r—1y )
0]

k _ 1 k —1i e’
ot =l ot () =l ¥ T,

1
rel+y

Now, 9#]0) have to be zero for r + k > 1/2 for all k. The tightest bound comes from k = 0 and thus;

13
P10y=0, r==,-,...
¢7|) , T 272a

So, we get;

0% ") = KLy, 1 10)

So, we see that for every derivative, we have one state in the NS sector.
For the Ramond vertex operators, we need bosonization. Let H(z) be a holomorphic field (with o = 2). The
OPE’s can be calculated using the following;

a’kLk’L/Qza’kRk;?Q
12

Virkr (21, 21) Vi ke (22, 22) ~ 219 Vi 4k, kntkn (22, 22)

where Vi, jp(2,2) = eFeX2(2)+ikrXr(2) (10.3.1)

The OPE’s are as follows;
GH(2) iH () }’ GHEGHE) | 0(z) ¢ HE) HE) L () (10.3.2)
z

Now, consider two Majorana-Weyl fermions;

—L L) +i? (2 7z=i L) —i?(z
¥(z) = ﬁ(w (z) +iv7(2)), ¥(2) ﬁ(w (z) —iv7(2)) (10.3.3)
and the OPE’s for fermions is calculated using as follows;
P(2)P(z) ~ %(¢1(2)¢1(2)+¢2(2)¢2(2)) = % (2)P(2) ~ (0)(2), ¥(2)1(2) ~ (0)(2) (10.3.4)

We identify ¢ ~ e7(*) and P(z) ~ e~*H(2)  This identification goes to all the operators as they can be built
using these fundamental operators. Using the following OPEs (derive using Taylor’s expansion);

) ) 1
() miH () | 5 HiOH(0) + 2:TH(0) + O(z?)
z

D()(=2) ~ 2712 +(0) + 22T2(0) + O(=?)

So, the stress tensors match and we have Y1p ~ iOH. We can see (derive this) using BCH formula that
e"H(2) anti-commute with each other. Now, if we consider the general periodicity condition for (T0.3.3) (as

compared to (10.2.1)); 4
Y(w+27) = 2™ p(w), veR (10.3.5)

and we define a reference state (is it a general state) as follows (it is not the vacuum);

1pn+1/|0>v = 'l/_}n—u+1|0>u =0 (1036)
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This gives the Laurent series of ¥(z) and v(z) as follows;

i:: /IZJD -n 0(21/2—1/) - 1)[1(2')./41/(0) N 0(21/2—1/)

v-n+l1/2

(=) = i f{j—';ﬁ/g ~O(2712) = h(2) A, (0) ~ O(=1%)

where A, is the corresponding operator for |0),. Using the identifications for ¥(z) and 1 (z) from before, we
deduce the following;

Q/J(Z)AD(O) N 0(21/2—1/) =>€iH(z)AV(0) o O(zl/2—1/) N eiH(z)ei(1/2—u)H(z) :>AV(Z) Nei(l/Z—V)H(z)

’lE(Z)A,/(O) N O(Zu—1/2) - e—iH(z)AV(O) o O(Zu—l/Q) N e—iH(z)ei(l/Q—u)H(z) - AV(Z) N ei(l/2—v)H(z)

So, we get a consistent expression for A4,. The weight of A4, is easily seen to be as follows;

1

h(A) = 5 (v 2)2

The fermionic way to derive this weight. We see that (10.3.5) is the same if v — v + 1 but the state
in (10.3.6)) changes. It the ground state for 0 < v <1 (WHY?). Now, we will show that [0),+1 = 1¥-,]0), b
showing that this satisfies (10.3.6) with v — v + 1.

wn+v+1|0)u+1 = wn+u+17/_}—u|0)u = _&—V¢n,+u+1|0>y =

0 if n+0 (|0),condition)
0ifn=0 (¢Y_,1_, =0)

This phenomenon is called spectral flow. For the Ramond case, we have v = 0 but the state |0)p will flow
into |0);. The corresponding operators for these states are as follows;

/(Zn—l/|0>u+1 = @Z_Jn—u/(zﬂ/|0>v = _7/_}71/1an1/|0>1/ = {

|0)O N eiH(z)/2’ |0>1 N e—z’H(z)/Q

We relabel these states as follows;
1

2

This resembles the ground state of the Ramond sector. However, for Ramond sector, we need five different s
values and thus, five different H’s. These are dual to five different complex fermions. They are constructed
as follows;

|S) N eisH(z)’ 5=

%(m(’(z) +PL(2)) - e

%(i@b%(z) + 2 (2)) v e 021,234

Thus finally, we can come up with the vertex operator for the Ramond ground state (denoted as Og) as
follows;

|s) ~ Og = exp[ ZsaH‘l]

Os is also called a spin field. (Bosonization of the bc ghost system and equivalence to linear
dilaton)
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10.4 The superconformal ghosts

The action of the superconfromal ghost action is as follows;

_ 1 2 15, Ah
S—Efdz(bamﬂav)

and the stress tensor for this theory is as follows (see (2.5.5));

Ty(2) = dbe: (2) = AD:be: (2)+: 0By : (2) - (/\ - %) 9:Bv: (2) (10.4.1)
If we choose A = 2, we get;
T(2) = Obe: (2) 20 < be: (2)+: DBy : () - %a By (2) (10.4.2)
The expression for Tr is (derive this);
Tr(z) =0fc: (z) + g 2B0c:(2)-2:by:(2) (10.4.3)
So, the conformal weights of the fields are as follows;
M) =2, h(e) = =1 h(B) = 23 h() = (10.4.4)

and the mode expansions are thus as follows (using the fact that the periodicities of these ghosts should be
the same as Tr);

bm Cm BT Yr
b(z) = Z Tmia? () = Z o1’ B(z) = Z 327 v(z) = Z sy (10.4.5)
mez # meZ % reZ+v 2 neZ+v %
Now we define the ground state as follows;

1 1

ﬂT|0)NS = Oa T2z, ’YT|O>NS = 07 T2

2 2

Brl0)r=0,7r>0, |0 =0, r>1

bm|0>NS,R =0, m20, Cm|0>NS,R =0,m2>1 (10.4.6)

Notice that in the NS case, /3, with positive r’s are annihilation operators and thus, their conjugates (based
on the commutation relations) ~_,’s are creation operators. The same thing happens with the R case but
they problem of zero modes is there. We choose 5y to be an annihilation operator and thus, its conjugate
o is the creation operator. A similar story happens but b,,’s and ¢,,’s (bp is chosen to be the annihilation
operator).

10.4.1 Vertex operators

We consider the state corresponding to the unit operator. Let’s call it |1). It has to be in the NS sector
because the unit operator doesn’t have a branch. Now, this state has to satisfy the following properties (see

(10.4.4)):
3 1
B.[1) =0, (r > -5), 1) =0, (r > 5), bl1) =0, (m> =2, enl1) =0, (r>1) (10.4.7)

[1) is not |0)ns. We can show that [0)ng = c1]1). It trivially satisfies all the properties of |0)ns as listed in
(10.4.6). We now want to find the vertex operator for |0)ns in terms of . Let’s call it §(y(z)) i.e.

0)ns = 6(7(0))[1)

. We now derive the following results;

Y(2)a(y(0)[1) = 3 %% O)xs = ), ZT% |0)ns = 7-12[0)ns + ...

_
reZ+3 z r<

1z
2
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~ O(2)|0)xs = 7(2)6(7(0)) ~ O(2) (10.4.8)

BESOONI = X Lrrl0hs = X o0 = 26 O)s +

12 1
rel+ s <3

~ O 0)s = B(2)5(3(0)) ~ O(=") (10.4.9)

Now we will bosonize the - system to look it like the bosonisation of bc system. We consider the following
OPE;

B (FO0) = BEHO()BO) - - (10.4.10)

This matches the OPE of d¢ with itself where ¢ is the chiral, free boson. So, we have the following corre-
spondence;

By(z) ~ 09(z) (10.4.11)

Moreover, we can get another correspondence. Firstly, we get the following results;

5(0) 5(0) 7( ) (0)

B(2)7(=)B(0) ~ = 00(2)B(0) ~ —=, B(2)7(2)7(0) = 0¢(2)7(0) ~

and then, we consider the following OPEs

e~ (0 #(0)
00(:)e @~ 2 gy . 0
z

z

Comparing the OPEs in the above two equations, we get the following;
B(z) ~ e P y(z) ~ ) (10.4.12)
This will cause a problem. Consider the following OPEs;
(@00 L 027, P ?O) L O(2) (10.4.13)
this implies that we will have the following OPZEs;

B(2)B(0) ~ O(=""), 7(2)7(0) ~ O(=71), B(2)7(0) ~ O(2)

but these are the wrong OPEs. We can fix this by adding additional fields which are non-singular with
respect to ¢ in order to retain the OPE in (10.4.10f). The new bosonization is as follows;

B(2) ~ e ?PIE(2), 1(2) ~ e?P(2) (10.4.14)
and we need to impose the 8y OPEs to get the OPEs between 0¢ and 7 as follows;
B(2)7(0) ~ e~ g (2)e”Dn(0) = e *@e?Oag(2)n(0) ~ O(=71) = £(2)n(0) ~ O(= ™)
B(2)B(0) ~ e "D (2)e*P9¢(0) = e *Pe D¢ (2)9¢(0) ~ O(1) = 9E(2)4(0) ~ O(2)

Y(2)7(0) ~ e (2)e?@n(0) = ?@e? D (2)n(0) ~ O(1) = 1(z)n(0) ~ O(=)

This makes this theory look like a be theory (although this will imply that 9£(2)0€(0) ~ O(1) but the O(1)
term should vanish due to the anti commutativity). Now, we determine the stress tensor of the ¢ theory.
The stress tensor of S+ theory (with 8 having a weight of A) is as follows (I have excluded the normal order
sign);

T(z) = (1-2)9B(2)7(z) - AB(2)07v(z)
The OPE of this T'(z) can be calculated with v but we will calculate the fully contracted term only. The
calculation is as follows;

—F——— —F—— _
T(2)p(0)(0) ~ (1= N)9B(2)7(2)B(0)7(0) = AB(2)97(2)B(0)7(0) + ... = =—5= = 5+ ... = o

(0]



This can be compared with the following OPE;
1- 2>\ a¢(0) 6%(0)

22 z

—fa¢(z)a¢(z)a¢<0)—fa¢>(z)a¢(z)a¢<0)+ (1 20)026()06(0) =

This gives the conclusion that the stress tensor for the ¢ theory is as follows;

1-2A

T9(2) = —%5‘41)(2)(%)(2) LT (10.4.15)

The weights of the exponentials in ((10.4.14)) are calculated as follows;
PN
1/2-X g (2)e?®

TE(Z)e‘z’(O) 8¢(z)8¢>(z)6 ¢(0) + 82(15( ) #(0) /22 e?(0) L

A
_ 2 o#(0) -1
25 ~ z26 O(z)

06(2)e=0©)

2z
which means that the weights of £(2) and n(z) have to be 0 and 1 respectively. Therefore, the n¢ system is
a A =1 bc system with 7 being like b and ¢ being like ¢. Using , the stress tensor of né theory is as
follows;

T8 ()0 _,a¢(2)8¢(z)e—¢(o> G122 20000 A‘;/Qe—wm_ AL o
z z

TP = — 0o (2) (10.4.16)

We now calculate the central charges of the ¢ theory and the né theory. Observing (10.4.15)), we see that it
is a one-dimensional linear dilaton CFT with o' =2 and V = (1-2))/2. So, the central charge of ¢ theory is
as follows;

1-2X
c¢—1+12V2—1 12( 3 ) =3(1-2))2+1 (10.4.17)
Moreover, since 1y is equivalent to a be system with A =1 we can use (2.5.6]) to get the following;
ey =1-3(2(1) - 1)? = -2 (10.4.18)

So, the central charge of the 87 system is 3(1-2X)%+1-2=3(1-2))? -1 which is the right central charge.
Write about the representation of beta gamma system in terms of the free boson.

For string theory, the relevant value of X is 3/2. Using (10.4.9) and (10.4.8), we can identify d(y(z)) as the
following;

5(7(2)) ~ e (10.4.19)

which has h = 1/2. Now, we can do a similar analysis for the vertex operator of R ground state. Let’s call it
Y. It means that we have;
0} = Vs(0[1) = £(0)O5(0)[1) (10.4.20)

Using ([10.4.6]) and ([10.4.5]), we can derive the following;

B(z)B(0)1) = X ﬂ:g 0)r = IR =1z 20)R + v OTH2) ~ B(2)5(0) ~ O(=712)

reZ % 2 r<0 2
HDZO) = 3 o) - I =702 20} + .. = O(12) ~ 7(2)5(0) ~ O(:112)
reZ 2 r<l

We can compare these OPEs with the following OPEs;
e?(2) g=0(0)/2 (9(21/2)7 e 9(2) o~9(0)/2 0(2*1/2)

Using these OPEs and ((10.4.14]), we can get the following identification;
$(z) ~ e ?)/2 (10.4.21)

The worldsheet fermion number F' is defined to be odd for § and v because {F,Tr} = 0 and we want F
to commute with BRST charge which contains the term 4T (write more about this). This justifies the
negative fermion number of [0)ns. Another way to see F' is that we see it as the charge associated to the
current in and this charge is [ for ¢!?*) (Derive this). Since the NS vaccum has e in its vacuum,
its fermion number is -1 (why R doesn’t have F' = -1/2 then? because of the spin field?).

(Write about cocycles)
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10.5 Physical states
The constraints are applied on the physical states as follows;
L) =0, Go|[¢) =0, n>0,7r>0 (10.5.1)
where we only talk about the matter generators right now. The mass-shell condition is as follows;
Lo) = HJt) = 0 (105.2)

where this generator is the matter+ghost generator. H is derived as follows (derive this);

) {a'pQ + N - 1 (Neveu Schwarz) (10.5.3)

~ |&/p? + N (Ramond)

The NS ground state is |k,0)ns and is labelled by a momentum k. The constraints (10.5.1) are trivially
satisfied for this state. The mass shell condition gives the following;

1 1
Lolk,0)ns = (o/p2 +N - 7) |k,0)ns =0 = k? = —
2 20/

a positive k? indicates a tachyon. We will call the theory built on this vacuum NS- (because e™f = -1).
(Calculate the fermion number by adding ghost contribution). The first excited state is given as
follows;

les k)ns = eutp”; |0; k)ns (10.5.4)

where e, is the polarization vector. The constraints are calculated as follows;

1 v 1 v
Lm|€; k)NS = Z Z (2T - mWﬁ@—ﬂﬁmeyﬂ/_l/ﬂo; k)NS + Z Z(2T + m)¢f¢/tm+reu¢_1/2|0; k)NS
>0 >0

1 1
= Z(l - 3m)¢gm_%eu|0; k)ns + Z(m + 1)1/);eﬂ|0; k)ns =0 (m>0)
So, this constraint is trivially satisfied. The next constraint is imposed as follows;

Gr|€§ k)NS = (O‘gwur + Z agwur—n + Z aun¢ur+n) 6u¢51/2|0; k)NS

n>0 n>0

= ageud,_ileskins + ) alnend, o, _1lesk)ns = afeud,_1lesk)ns
n>0

So, the only non-trivial constraint comes from G%. This constraint implies the following;
abeule;k)yns =0=kte, =0

Finally, the mass shell constraint gives the following;
r.2 1 1.2 1 1 2
a'p +N—§ le; kyns = [ 'k *575 le;k)ns=0=>k*=0

The fermion number for this state has to be +1. We now show that G_1/2|e; k)ns is a null state. It is done
as follows;

(¢|G71/2|€§ k)ns = (e k|G71/2|¢) =0

m+1

LmG_% le; k)ns = G_%Lm|e; k)ns +

Gp-1tlesk)ns =0 (m>0)

1
GrG_slesk)ns =2L,_1le;k)ns =0 (r > 5)
The form of this null state is as follows;

G*% ‘6; k)NS = agwlkye; k)NS =V 2a’k“wu7%|e; k)NS
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Thus, the general first excited state is as follows;
(ep + Ak )Y |esk)ns = e, ~ e, + Ak,

We will refer to the theory built on this vacuum NS+ theory (because e™f =1 on this vacuum). Now, a

general Ramond vacuum can be expanded in terms of the basis states labelled by s as follows;
lus k) r = |85 k) Rus (10.5.5)

The mass shell condition calculation goes as before and we get that k? = 0 for the ground state. The L,, and
G, (for r #0) constraints are again trivially satisfied. The G constraint gives us the following;

Gols; k) pus = afip,0ls; k) pus = Va'ls'; k) rEPT ygrsis = 0 = k.Tgsug = 0

which is the massless Dirac equation. Now, since the state is massless, we can go to the frame where kg = k1.
In that frame, the Dirac equation becomes;

1
(ko + ki T ) = ko (10 = TOTOT ) = ko TO(IOT! = 1)u = —koT° (250 — 1)u = —2koI° (So - 5) u=0

and thus, only the states with sg = 1/2 survive. Now, using (21.1.40)) with k =4 and [ = 0, we get the following
decomposition for SO(9,1) - SO(1,1) x SO(8);

16=(1,8)® (1',8") = (%,8) ® (—%,8’)

16’ =(1,8") @ (1',8) = (%,8’) ® (—%,8)

So the massless Dirac equation allows a vacuum with SO(8) representation of 8 with chirality +1 (which is
the same as €™ on the vacuum) and a vacuum with SO(8) representation of 8 with e™ = ~1. We will call
these sectors R+ and R-. The open string sectors are then as follows;

Sector ‘ em it ‘ m? ‘ SO(8)

NS+ 1 0 8,
NS— | -1 | -1/2¢/ | 1
R+ 1 0 8
R- -1 0 8’

For the closed string vacuum, we need to have the level matching condition (i.e. the mass shell condition
on the left and right movers must give the same mass). It is written as follows (derive by rescaling the
momentum);

O/

Zm2 =N-v=N-7 (10.5.6)

Since the mass of NS— vacuum is different from all the other sectors, it can’t be coupled with any other
sector. So, the only closed string sector that contains NS— is (NS—,NS-). We can make the following table
to help us work out the possible closed string sectors;

Sector | N | v | N-v | o/'m?/4

NS+ | 1/2]1/2] O 0
NS— | 0 |1/2| -1/2 | -1/2
R+ 00 0 0
R- 00 0 0

So it is very clear that the allowed sectors are (we exclude sectors that are reflections of other sectors - i.e.
that can be obtained by flipping left and right sectors -);

(NS-,NS-), (NS+,NS+), (NS+,R+), (NS+,R-), (R+,R+), (R+,R-), (R-,R-)

Among these sectors, (NS—,NS-) has the tachyon. Before writing down the spectrum of the other sectors,
we need to work out the following decompositions. 8, x 8, is a tensor representation but can be broken

78



sector So(8) rep | decomposition | dimensions

(NS—,NS-) 1 - -
(NS+,NS+) | 8,x8, [0] +(2) + [2] 1428435
(NS+,R+) | 8,x8 - 8456
(NS+,R-) | 8,x8 8456’
(R+,R+) 8x8 [0] + [2] +[4]y | 1+28+35,
(R-,R-) 8 x 8 [0]+[2]+[4]- | 1+28+35_
(R+,R-) 8 x 8 [1]+[3] 8+56

Table 1: Spectrum for closed string sectors

down to a traceless symmetric tensor with 8(8 + 1)/2 — 1 = 35 components, an anti-symmetric tensor with
8(8-1)/2 = 28 components and a pure trace with one component (just like the closed bosonic string massless
state). So, we have;

8,x8,=1+28+35 (10.5.7)

From ([21.1.37)), we get the following three decompositions for k = 3,
8x8=[0]+[2]+[4]+=1+28+35,

8 x8 =[0]+[2]+[4]-=1+28+35_
8x8 =[1]+[3]=8+56 (10.5.8)

where we used the fact that the number of independent components in an antisymmetric tensor of rank r
in d dimensions is (fl) We chose d = 8. Lastly, we talk about 8, x 8 We can take a general state in this
representation and label it as |i;s). We can now make eight different linear combinations, labeled by s’ as
follows;

F;’sﬁ; S>

The chirality of this combination is different from |i;s) which can be shown as follows;
Tji;s) = afi;s) = T'(Thgliss)) = -Thglli;s) = —al'glis s)

Under the action of SO(8), this combination maps to a similar combination (derive this). Therefore, there
is an 8 representation on there. The other 56 states make a single representation (derive this). So, we
have the following;

8,x8=8+56

8, x8 =8+56 (10.5.9)

Now, the closed string sectors are as follows; (Write BRST quantization)

10.6 Superstring theories in ten dimensions

Instead of naming the theories with v and F', we adopt the more convenient numbers (o, F') where o = 1-2v.
This gets rid of the fractions in v and makes « defined up to mod 2 only. In the open string case, we have
the following correspondences;

(o, F) | v | sector
(0,1) | 1/2 | NS+
(0,-1) | 1/2 | NS-
(0,1) 0 R+
(0,-1) | 0 R-

For closed string, we label the sectors by four numbers (o, F, @, F)). The correspondences are tabulated as
follows;
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(o, F @, F) sector
(0,0,0,0) (NS+,NS+)
(0,0,0,1) -
(0,0,1,0) (NS+,R+)
(0,0,1,1) (NS+,R-)
(0,1,0,0) -
(0,1,0,1) (NS+,NS-)
(0,1,1,0) -
(0,1,1,1) -
(1,0,0,0) (R+,NS+)
(1,0,0,1) -
(1,0,1,0) (R+,R+)
(1,0,1,1) (R+,R-)
(1,1,0,0) (R-,NS+)
(]-a]-aovl) B
(1,1,1,0) (R-,R+)
(1,171,1) (R—7R—)

Some of the possibilities aren’t connected to an allowed sector because they involve coupling NS— to another
sector. Some sectors are reflections of other sectors. So, we still have only seven possible sectors. Now, we
impose conditions to make consistent theories.

1-

Now,

We want operators to be mutually local (i.e. they don’t pick up phase when one operator circles around
another). All of the operators can’t be mutually local because the vertex operator of Ramond vaccum
has branch cuts. Consider two operators in (al,Fl,dl,Fl) (aQ,FQ,dg,Fg) theories. Then the phase
acquired by this circling is (derive this);

exp [mi(Flas — Foay - Fiay +}~72d1)] (10.6.1)

Note that since o = 0 for NS sector, if all the a’s vanish, then the phase is unity and it makes sense
because there are no branch cuts in the NS sector. So, the first consistency condition is;

Fias — Fyay - Fiag + Foay €27 (10.6.2)

We recall that in the plane, Ramond operators have half-integer modes and NS operators have integer
modes. So, for the operator products in the plane, we have the following;

RxR=NS=1x1=0(=1+1mod 2)

RxNS=R=1x0=1(=1+0mod 2)
NSxNS=NS=0x0=0(=0+0 mod 2)

where we wrote the same thing in terms of corresponding « values. So, we see that in the operator
products, a’s just add up (up to mod 2). It is easier to see that the fermion number also adds up and
thus, F is also conserved mod 2. Now, we can state our second condition. We want the OPEs to close
and thus, if (a1, Fy, a1, Fy) and (o, Fy, dg, Fy), then we should also have the following sector;

(oq +a2,F1 + Fg,dl +O~é2,F1 + FQ) mod 2

When we study modular invariance (which we will study later), we get these modular connections
between NS and R sectors (e.g. partition function connections). This tells us that we should have
at least one left and right moving Ramond sector (a theory with NS sectors alone won’t be modular
invariant).

if we assume that we have at least one NS—R sector, it has to be (R+,NS+) = (1,0,0,0) or (R—,NS+) =

(1,1,0,0) sector or both. The phase in (10.6.1)) for these two sectors is as follows;

exp [mi((0)(1) - (1)(1) = (0)(0) + (0)(0))] = -1
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So, these two sectors can’t co-exist in a theory. We should also have NS—R or R—-R sectors (or both sectors)
according to the third requirement. Since we already have R — NS sector by assumption, we see that if we
have an R — R sector, then the operator product goes as follows;

R-NSxR-R=NS-R

So, we will have an NS sector in any case (i.e. whether or not we have an R sector). So, we have the following
possibilities;
IIB : (R+,NS+) with (NS+,R+) = (1,0,0,0) with (0,0,1,0)

IIA : (R+,NS+) with (NS+,R-) = (1,0,0,0) with (0,0,1,1)
IIA: (R-,NS+) with (NS+,R+) = (1,1,0,0) with (0,0,1,0)
IIB' : (R—,NS+) with (NS+,R-) = (1,1,0,0) with (0,0,1,1)

where we have put labels on these possibilities. Let’s take IIB possibility first. It has (1,0,0,0) and (0,0, 1,0)
possibilities. Condition 2 requires us to have the following sectors as well.

(1,0,0,0) +(1,0,0,0) = (0,0,0,0) (mod 2) = (NS+,NS+)
(1,0,0,0) +(0,0,1,0) = (1,0,1,0) (mod 2) = (R+,R+)
So, the full type IIB possibility is as follows;
IIB: (R+,NS+), (NS+,R+), (NS+,NS+), (R+,R+) (10.6.3)

Let’s take the possibility ITA now. We already have (1,0,0,0) and (0,0,1, 1) there. Closure of OPEs requires
us to have the following sectors;

(1,0,0,0) +(1,0,0,0) = (0,0,0,0) (mod 2) = (NS+, NS+)

(1,0,0,0) +(0,0,1,1) = (1,0,1,1) (mod 2) = (R+,R-)

All the other OPEs close after adding these two sectors ((check mutual localities)). So, the full ITA
possibility is as follows;

IIA: (R+,NS+), (NS+,R-), (NS+,NS+) , (R+,R-) (10.6.4)

Let’s take the possibility IIA’ now. We already have (1,1,0,0) and (0,0, 1,0) there. Closure of OPEs requires
us to have the following sectors;

(1,1,0,0) + (1,1,0,0) = (0,0,0,0) (mod 2) = (NS+,NS+)
(1,1,0,0) +(0,0,1,1) = (1,1,1,0) (mod 2) = (R-,R+)
All the other OPEs close after adding these two sectors. So, the full ITA possibility is as follows;
IMA": (R-,NS+), (NS+,R+), (NS+,NS+), (R-,R+) (10.6.5)

Finally, we consider the possibility IIB’ now. We already have (1,1,0,0) and (0,0,1,1) there. Closure of
OPEs requires us to have the following sectors;

(1,1,0,0) + (1,1,0,0) = (0,0,0,0) (mod 2) = (NS+,NS+)
(1,1,0,0) +(0,0,1,1) = (1,1,1,1) (mod 2) = (R-,R-)
All the other OPEs close after adding these two sectors. So, the full ITA possibility is as follows;
ITA: (R-,NS+), (NS+,R-), (NS+,NS+), (R-,R-) (10.6.6)

If we do a spacetime reflection on an axis e.g. X2 - -X2, 9?2 » —¢? 1,52 — —2. It flips the sign of S
(see (10.2.14)) and thus, it changes the value of F by 1 (see (10.2.15)). Thus, e™* changes the sign as well.
(Why is this argument true for Ramond only?). So, ITA and ITA’ (as well as IIB and IIB’) are re-
lated by a spacetime reflection. (Check that action and constraints are unchanged in this reflection).
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Now, if we assume that we have no R-NS sector, condition 3 requires us to have (R+,R+) = (1,0,1,0),(R+,R-) =
(1,0,1,1) , (R-,R+) = (1,1,1,0) or (R—,R-) = (1,1,1,1) sector. Condition 2 requires us to have (NS+,NS+)
sector as well as shown below.

(1,0,1,0) + (1,0,1,0) = (0,0,0,0) = (NS+, NS+)

(1,0,1,1) +(1,0,1,1) = (0,0,0,0) = (NS+,NS+)
(1,1,1,0) + (1,1,1,0) = (0,0,0,0) = (NS+,NS+)
(1,1,1,1) +(1,1,1,1) = (0,0,0,0) = (NS+,NS+)

Since all a’s and F’s vanish for (NS+,NS+), the mutual locality is trivially satisfied but these possibilities
are not modular invariant (give reasons for it, probably partition function). The modular invariance
is restored if we include (NS—,NS-) sector. Then, the two possibilities are as follows;

0A: (NS+,NS+), (R+,R-), (R—,R+), (NS—, NS-) (10.6.7)

0B: (NS+,NS+), (R+,R+), (R-,R-), (NS-,NS-) (10.6.8)

These theories obviously have tachyons but they are modular invariant. For IIB theory, all chiralities are +1
and thus, we have: )

IB: ™ =™ =1 (10.6.9)
For ITA theory, the left-handed chiralities are positive but the right-handed chiralities are +1 for NS sector

(for which & = 0) and -1 for R sector (for which & = 1). So, the right-handed chiralities are given by (-1)%.
Thus, have the following;

A : e™F =1, emF = (-1)@ (10.6.10)
These projections are known as GSO projections. The 0B theory has same chirality for left and right movers
and it has the same kind of periodicity for left and right movers. So, we get;

0B: ™ =¢™F o =a (10.6.11)

This projection is called the diagonal GSO projection. Usingm table 1, we can write down the spectrum of
ITA and IIB theories.
IIA : [0]+[1]+[2] +[3]+(2) +8 +56 + 8 + 56 (10.6.12)

IIB: [0]*+[2]* + (2) + [4], + 8" + 56 (10.6.13)

(Talk about gravitinos, oriented strings, open strings and other topics) The closed unoriented type
I has the spectrum;
TA (closed): [0]+(2)+[2]+8+56 (10.6.14)

where [2] comes from (R, R) spectrum and not from (NS+,NS+) spectrum. The open string can couple with
unoriented closed string only (because it has one gravitino only include the reason why this matters)
and thus, the spectrum is;

TA (closed, open): [0]+(2)+[2]+8+56+8+56 (10.6.15)
Include chirality reason why the other open string can’t appear. (oriented strings, open strings
and other topics)

10.7 Modular invariance

We can calculate the torus amplitude for superstrings. We have two species i.e. bosons and fermions and
thus, there will be a relative negative sign for the spacetime fermions (find justification as the negative
sign was coming in energy density). So, we put d =10 in (7.3.1) and use the following facts;

qq = 6—471'7'2 - 6—71'7'204’](,‘2 _ (qq_)a'k2/4

Moreover,
4 4 -
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So, using these two facts, (7.3.1]) becomes (for d = 10);

drdt A0k I, 2 r2 2
Foa =V f _1)\Fi g0 (K2+m?)/4 za’ (kK 4m?) /4
T2 10 A 747-2 (27)10 z;} ) q q

We now have to sum over all possible states. The states are labelled by occupancy numbers of the bosonic
modes and fermionic modes. So, we have to add over all possible modes. We also have to do the k integration.
We saw in chapter 7 that the contribution from each X is as follows;

Zx(7) = (4n’a’re) Py (7)*

So, the total bosonic contribution will be Z% (because there are eight transverse directions). However, the
k% and k! directions are still undone, and doing them will give an additional factor of i(47%a’7)™! (i comes
because we need to Wick rotate k% — ik?).
For the fermionic sector, we need to consider general periodicities. We can do the calculation for periodicities
much more general than v = 0 (R sector) or v = 1/2 (NS sector). Such periodicities were considered in
subsection 10.3 when deriving the vertex operators for R vacuum. Recall that a = 1 — 2v and then, the
following facts are relevant.
The ground state is;

[0),, 0<v<l=0<a<l

and the creation operators are as follows;
Q/Jnﬂ,’ &n+1ﬂ/7 n= _17 _27 ... OT ¢—n+(1—a)/2a QZJ—n+1—(1—a)/2 = &—n+(1+o¢)/2, n= ]-a 2,..

The weight of the ground state is as follows;

1 1\2 o2
SRRTP
2 2 8
The contribution of these two fermions to the conformal weight (or the hamiltonian as hamiltonian is Lo+ Lo)
is as follows;

2 00 1- el 1 ~
%+ » (m—Ta)NnH' D (m— ;a)Nm+zero point

m=1 m=1
where N, is the occupancy number of ¥_,,(1-q)/2 and N,, is the occupancy number of 1[)_m+(1+a)/2. Now,

we have to determine the zero-point energy. The combination;

a? .
r} + zero point

should be 2x (-1/48) = —=1/24 when « = 0 because in this case, the fermions will be in the NS sector (i.e. they
are anti-periodic fermions) and since they are two in number, we have a factor of 2. So, zero point should
be —1/24. So, the total contribution to the hamiltonian by these two fermions is;

a? had 1l-« hd 1+a) ~ 1
il -2 %\nN, _ N, - —
8+Z(m 2 ) +Z(m 2 ) 2

m=1

[ _ oo - 2_
:Z(m_l a)Nm+Z(m_1+a)Nm+3a 1
m=1 2 el 2 24

To take the trace, we proceed as follows;

Tra(qH) _ q(3a2—1)/24 IO—OI 21: q(m—1*762)1\7,,,(](m—1+Ta)1\7m _ q(3a2—1)/24 ﬁ (1 + qm—(l—a)/Q) (1 + qm—(1+a)/2)
m=1 N,,L,N,,FO m=1

The occupation numbers are only 0 and 1 because these are fermions. Now we want to define the fermion
number for ¥ and . Since ¥’s and ’s are of the following form in the bosonization;

R
V2

wa _ L (w2a +i¢2a+1)7 1,71& _

\/§ (wQa_inQJrl)a a€{1327334}
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we see using (10.2.16|), we see that F' gives a fermion number +1 for ¢) and -1 for . In the bosonization
picture, it is the momentum for H and the ground state charge is «/2 (derive this). So,  mod 2 should
be F. One derivation might be as follows. Define Q = —i(0H (z))-1 and then, we have;

LiOH (2)[0), = —iOH () exp (z (-y . %) ’H(O))|1) - LiOH(2)exp (—i%?—[(o))u)

2z
where we used the OPE between —i0H and the H exponential. This OPE can be converted to the following

commutation relation;
[0 [ew (5] |5 e (54)]

(There is a problem with the subscripts when calculating the charge. Solve this). Using Q, we
can define a general partition function as follows;

~ 2 exp (—ﬂ’H(O))u) = 0,
2 2z

Zg(T) =Tr, (qumﬂQ)

This partition function will have two differences. Firstly, we will have an additional factor because of the
vacuum charge under ). Secondly, it will have an additional factor in the terms that have a fermion occupancy
number equal to 1. So, we will have the following;

Zg(T) _ q(3a2—1)/2467'rio¢ﬁ/2 H [1 +€ﬂi[3qm—(l—a)/2] [1 +6—7‘rqum—(1+o¢)/2:| (1071)
m=1
We can write this in a compact form. Using the generalized theta functions, we have;

27'871'1’71(a7'+5)

9 |:Oé/§:| (0,7_) — Z eﬂi(n+%)27+ﬂ'i6(n+%) _ eﬂia27/4eﬂ'ia,6’/2 Z eﬂ'in
ﬁ/ nez nez

2 . 2 . 2 i = - mi(aT m— —mi(aT
_ qa /867Tzo¢ﬁ/2 Z qn /2€7Tzn(o¢7'+/3’) _ qa /8677104[3/2 I_I (1 _qm)(l +qm, 1/26 ( +ﬁ))(1 +q 1/26 ( +ﬁ))
nez m=1

2/8- Tl - m— mi(aT m— -mi(aT
= g 312 miaBl2 (1) [1(1+q 12emiar+f)y (1 4 gm=1/2emmilar+h))
m=1

2_ Tio - m—(l-« T m— oY - a
= g DAy (1) TT (14 gm0 2emP) (14 (0 2emm8) = (1) Z5 (1)

m=1

- 250 - 50| a0

Now, the four types of partition functions relevant to superstrings are as follows;
Zg(r) = TrNS(qH), Z?(T) =Trns (e”inH) , Zé(T) = TI"R(qH)7 le(T) =Trgr (equH)
The total partition function for all fermions is thus given as follows;

Zy(r) = 5 [20(n)' = Z0(n)* = Zg () = Z(7)"]

N | —

(These minus signs look dubious. They should have appeared inside the partition functions
and the fourth power should eliminate them. The projection thing also isn’t clear). The + refers
to €™ = +1 projection. In type ITIA theory, e™F in the right handed sector is —1 and thus, we will have
Z7* and in type IIB theory, ™" in the right handed sector is +1 and thus, we will have le*. So, the total

P
partition function becomes;

drdTt )
Zya = V5 / S YAV
r 10 Fy 41 4mia’Ts X597y
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The + sign is for IIB theory and the — sign is for ITA theory. We now check the modular invariance of this
partition function. We see that under T transformation;

9 9 d*r &Pt
d°T > d T, 7'2—>7'2:>72—>72
. .
2 2
Under S transformation, we have;
1 dr 1 dr T To &P Pr
] =5 dl-= Sy 7o 2T T e T T T T3
T T T T 7| 7| TS TS

Thus, the measure is modular invariant. Moreover, Zx is modular invariant as we already know. For Z,,, note
that Z3 is the partition function that arises in the following boundary conditions along the two directions of
the torus (motivate that this is the correct path integral);

Y(w +2m) = —e ™ (w), Y(w +2n7) = —e P (w) (10.7.2)
This implies the following;
Y (w+2m(r+1)) = ¢ (w+ 277 +21) = —e ™% (w + 277) = "Dy () = —e ™Dy (1)
This is just the second boundary condition in with the following changes;
ToT+1l, foa+p-1
So, it seems that the following is true;
Z5(7) = €25, 51 (7 +1)

where £ can be a proportionality constant. We will see that this is a phase and it is not zero (Polchinski says
that naively, £ = 1 but then he proves that & # 1. So, I am inserting £ from the start). Therefore, we see that
sending 7 — 7 + 1 gives us another partition function. We can write the above equation as follows;

Zg(T +1) = 5_1Z§1a+1(7)

which explicitly gives the T transformation of Z3. Now, we turn towards S transformation. Define w' =w/T
and ¢'(w’) = ¥(w). Then in terms of 1)’ the boundary conditions become;

w+ 27T

P'(w' +27m) =’ (% + 277) =’ ( ) = (w+2r7) = —e P (w) = —e Py’ (w')

o (- Z) =0 (B -Z) -0 (BT - wtw - 2m) = e (w) = e ()

T T

These conditions should give us Zg(7) but with 8 » -a,a — 8,7 - -1/7. So, we see that we should have;

Z§(r) = (Z%.(-1/7)

where ( is again a constant. Since ( is independent of 7, we can set 7 =4 and then, 7 = -1/7. Thus, we can
derive the following;

Z5(i) =20 (1) = (225 (1) = (2P (i) = ¢ 25 (i) = ¢* = 1

So, we see that ¢* = 1. We will see that ¢ = 1. It can be seen from the following calculation;

Z8(~1/7) = 7’(_;1/7)19 [_@/22] = \/77177(7) T;Zexp [—T (n+ 5)2 - (n+ g)a]

. . o
= \/TTln(T) exp (—%(62 + 20457)) Z exp [—an - (g + a) n]
- nez
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Ay (o o) B3 (2ol

77(17') exp (—*(5 + 2a57)) Z exp [mrnQ - zwrn(f + a) + ZTTT (é + a)Q]

nez T

(17_) 7% exp |:Z7TT (n2 -na+ 42) 27rm§:| 7](7') nZé:Zexp |:Z7TT (n - 3)2 - 27rin§:|

77( )ZQXP[ZWT(H+(;)2+2’/TZHB:| Zg(7)

nez

where in the last step, we changed the summation variable i.e. n - —n. Also note from this calculation that
Z=5(7) = Z5 (7). Also, we have shown that ¢ = 1. To find £, we need (10.7.1) to calculate Zg, 5, (7 +1). We

establish the following identities first. We will use ¢ for 2™ (71 We start with the following results;

771(,8+o¢ 1) m—(1-a)/2 _ ﬂi(ﬁ+o¢—l)qm—(l—a)/Qe—ﬂi(l—a) _ 677i([5+20¢)qm—(1—a)/2

e—ﬂ'i(6+a—1)q;n—(1+0¢)/2 _ e—wi(ﬂ+a—1) m—(1+a)/26—7ri(1+a) _ e—‘n’i(5+2a)qm—(1+a)/2
(304271)/24 (3a -1)/24 m(3a -1)/12

eﬂ'ia(6+a—1)/2 7rwc,3/2e7rza(a—1)/2 _ eﬂza(ﬁ+2a)/2e—ﬂ'ia(a+1)/2

=€

But this gives;

]Z§+2a(7)

This isn’t the right transformation. We can now show that we can always come to « = 1 if we start from
a =0 (for 8 =0,1 which are present in Z;) and thus, the Ramond sector should be present due to modular
invariance. We use the following two transformations of the partition functions;

2.1 ] 1
ZGipa(T+1) =exp [m’(ga )_7rza(a+ )

12 2

T 5
2§ — 28, 25> 25,
Moreover, we also use the previously noted result that Zg(7) = ZZ§(7). The required transformations are
as follows;
S
Z? — Z&
T 5 -
20— 2% = Zy' = Z,

The second transformation can be done as following as well;
T S 18 s
Zy = 2% = Zy' = 7} > 2,

(What about general beta?). Observe that Z) and Z? are both brought to Z} and since the modular
transformations are invertible, Z3 can be brought to Z? or Z. However, none of ZJ or Z? can be brought
to Z; and thus, we choose at least one Ramond sector to be in the left and right sectors because choosing
one NS sector won’t be enough. We can also see the following;

T 1
424, 4227

=7z =7
So, Z{ transforms into itself under all modular transformations (up to phases). (What if we make a
partition function just out of this?). We now see how Z;, transforms under modular transformations.
Let’s do the T transformation first;

Zi(r+ 1) = 2 [Z0(r+ 1) = Z0(r + 1) = Zg(r + 1)  # Z{ (7 + 1)*]

DN | =

_ 5 [e—wz/dzg(,r)él _ 677”/3220(7')4 _ e27r7,/3Z5(7_)4 T 627”/3211(7')4]
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[—eQ”i/3Z?(T)4 4 627ri/3Z8(T)4 _ 627”/323(7')4 + 62’”/3Z11(7')4]

D | =

) %e%i/?’ [25(n)" = 20(7)" - Z5 ()" 5 Z(7)*]

Now using (10.7.1)), we see that;
Z5o(7) = €™ Z5(T) = L (1) = Z5(7) = Z5(7) = Zg(7)
So, we get the following;
1 . .
Zi(r+1) = 5P Z5(r) = 20 ()t - 25 (r)' = 21 (n)'] = 2P 2 ()

= Zy(T + 1)Z;L(7_' +1) = Zw(T)ZZZ,(?)

for all subscripts of Zy,. For S transformations, we proceed as follows;
231 = S [RCAn) - B - 21 2L (1)
= [A) - 2 () - 2 2 ()]
Now, using the fact that Z5(7) = Z3(7) and Z71(7) =™ 27} (1) = -Z71 (1) = -Z} (1), we get;
2311 = (28" - 2y - 20y % 24y = Z5(0)

So, Zj(7) is invariant under S transformation.
It is much easier to show that the Z; is modular invariant by showing that it vanishes. Firstly, we see that;

223y - 2y = s (o] - o[ ] -0 | o0t)
- ﬁ (95(01)" = 94 (0]r)" ~ 95(0r)") = 0

where we used (7.2.2). Moreover, using (7.2.3), we can deduce that Z{ (1) = 0.

10.7.1 More on c=1 CFT
tt

10.8 Divergences of type I theory
10.8.1 The cylinder

We need to compute the cylinder, Mobius strip, and Klein bottle partition functions and their massless
divergences. For the cylinder partition function, just write the bosonic part, set d = 10, and add an additional
1/2 because of the projection operator. Moreover, for the fermionic part, multiply Z;L. So, we get;

_ % dt 5 ;o8 1 ) . ; .
Zélz = iVion? [0 E(Sﬂ-a,t) S (it) 8.5 [Zg(zt)4 - Z(it)* - Z; (it)* - le(zt)4]

. ° dt 5 - : : . ° dt 5 - : :
=iVion? [0 Q(Sﬂ'a't) n(it)"® [ Z (it)* - Z§ (it)*] +iVign® [0 g(Sﬂ'a't) n(it) B [-Z7 (it)* - Z1 (it)*]
=200+ Zcy

where Z¢, 0 and Zc, 1 equal to the two terms shown above. Since there is no ™ in the definition of

Zc, 0, the fermions appearing in this expression are anti-periodic (this is related to a related problem
in chapter 7. Explain this thing.). So, Z¢, ¢ comes from the NS — NS sector. We now focus on Z¢, o
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because Z¢, o = —Z¢,,1 due to supersymmetry (Add more detail if possible). The modular transformation
of Z¢, 0 is done as follows;

—iV10n2

" il (s

o [ ) >n<@:>‘8[zg<i;r—z%<f>4]
s [ (2) [ () (2]

where we used the modular transformations of n and Z§ and we also used the fact that Zg+2 = Zg = 7% =2¢.
Now, we extract the massless divergence from this partition function. We use the following fact;

n(is/m)® = (675/12)78 (1-e24. )8 =e®B1+8e2+. )= +8e®+ . =P+ 0(e*/?) (10.8.1)

Moreover, we have;

ofis\*  ofis\'_ 1 O /g supna 1 4
Zo ( ™ ) o ( ™ ) - 77(@'5/71')419 [0] (0,4s/m) n(is/m)* [1/2] (0.s/m)
_ 93(0,is/m)* ~ 04(0,is/m)*  02(0,is/m)*

n(is/m)* n(is/m)* n(is/m)*
where we used (7.2.2)). Now, we expand 92(0,7) as follows;

192(077) = Z q% n_%)Q :ql/g + Z q% n_%)z + Z qé(n+% : 1/8+ Z q2(n 2) + Z q2(n_7
nez n=1 n=1

_ 2q1/8 +9 Z q%(m%)?
where we merged the two sums by shifting the index n - n + 1 in the first sum. Continuing, we get;

09(0,7) = 2e™7/* 42 > emiT(n+3)" _ gemit/d 4 g Omir/4 |

n=1
= 99(0,is/m) = 27/ + 2e79 /M 4 = 2e7 M (14 e 4 L)

= 192(0’1.8/77)4 = 16e7 (1 tet '-~)4 =16¢”° (1 +4e7d 4 ) =167 + 64 + ...
Moreover, we have;
nisjm)™ =3 (172 + “.)—4 _ o8/3 4 405513 4
Therefore, we get;
n(is/m)*

Using ((10.8.1)) and (|10.8.2)), we get;

= (e + e 3 + ) (16e7° + 647 + ...) = 16e72/% + O(e78/%) (10.8.2)

) 9(0,is/m)" is/m)?
W(isfm)!

= (2 + 0(e73)) (1672 + O(e7®/3)) =16 + O(e™>*) (10.8.3)

So, the massless divergence from the cylinder partition function becomes;

162‘/1011 /
Z, d
Ca ™ 8w (8m2a’) s

n(is/m) ™ [Zg (is[m)* = 20 (is[m)*] = n(is/m

(Write about the paradox and the Ramond Ramond field resolution).
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10.8.2 The Klein bottle

To do the Klein bottle partition function, we see that we have already the bosonic part. We can convert that
to d = 10 case and then, we have;

) o dt
sz i [ ity oy
0

However, we have to derive the fermionic part. In the torus case, we defined a general partition function Zg

which has €?? = " in the trace. The partition function corresponds to the following boundary conditions
(recall that we are discussing the torus case tight now);

Y(w+27) = —e T (w), Y(w+2n7) = —e T PY(w)

However, in the Klein bottle case, ¥ (w + 27wit) can not be proportional to ¥ (w) because in the Klein bottle
case, we have w + 2mit ~ —w. So, it should be proportional to 15(@) Therefore, we will need to insert
something in the trace that gives such a boundary condition. Moreover, obviously we need to have €2 and
the GSO projection operators in the trace as well. The required object is;

R=Qexp (m’ﬁF + mﬁﬁ‘)
This gives the following boundary conditions (derive these);
(w + 2mit) = —e™BP(D), (@ + 2mit) = —e™Pip(w)

This implies; )
Y(w + Amit) ~ —e" PP (w + Arit) = PPy (w) (10.8.4)
This agrees with the fact that for the Klein bottle,

w + 4mit ~ -0 + 2mit = —(w + 2wit) = —(-w) = w
Since the fundamental region for Klein bottle can be taken to be;
0<ol<m, 0<o?<4rit

The NS - NS sector (write about why NS-NS or R-R are considered) corresponds to the case where
we have anti-periodic boundary conditions in . This corresponds to (8,5) = (0,1) or (1,0), which
means that R = Qe™ or R = Qe™F. R - R sector corresponds to the case where (8,8) = (0,0) or (1,1)
which gives R=Q or R = Qei™F+imF  The NS - NS and R - R partition functions are then (derive these);

NS-NS: Z)(2it), R-R:-Z;
and thus, the full Klein bottle partition function is;
dt

Zi, = iVao fo <amtaty ity (20t - 23 (2]

where the minus sign in again due to the spacetime statistics. (The extra factor of 1/2 is due to GSO
projection?). Now, we do a modular transformation by defining s = 7/2t. We get;

< d(7/2s e AN
Zk, =1Vio . d(/Z)(QS ) n(?) [Z0(im]s)* = Zy (im[s)*]

8(mw/2s)
Mo [ (2) () [28tissm) - 22 Gisfm)

“s@emay o s \n
2%V < s\ o, 0/;
:WA ds/r](;) [ZO(/LS//]T)_Zl(?,S/']T)]

where we again used the fact that Z% = Z¥. Now, we extract the massless divergence from this partition
function. For that, we already have the expansion of the integrand in ((10.8.3)). So, we have;

,L'Zl(]vlo oo _9s
/0 ds (16 +0(e ))

Ty, = —2 710
K> " g (8r2a’)®
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10.8.3 The Mobius strip

Firstly, let’s work out the effect of 2 on fermionic fields. We first review the doubling trick for the open
string fermions. We have ¢ (o' +i0?) = 9" (w) and Y (o' +i0?) = ¢p*(w). Here, we have 0 < o' < 7. Now,
we make an extended fermion that we will call ¥# (o', %) (Polchinski calls this ¢* as well) which is defined

as follows;
Bl g2) = H <ol <
(o, 0%) = wh(w) = { (0N =0 w), Do <m
YH(2r -0t 0%) =Y (2r —w), m<ot < 2w

1 1 2

Now, Q2 sends (o!,0?) to (7 —o',0?) which sends w = 0! +i0? to 7 — o' +io
U depends on w only (include its small proof). Now,  acts as follows;

=7 —w. It is easily shown that

QUA(w)Q ™ = QY (W)t = P (- @) = P(r - ot 0%) = U (ot +m,02) forO<ol <
QUA(w)Q = QP (21 - 0)Q 7 = (- @) = (7 - o', 0%) = U (ot +71,0%) for m<ot <2m

(Complete this. This is so confusing because of multiple domains). In terms of modes, we have
(complete its proof);
Q’(/}“Q_l — e—‘n’irw;t
I T

In the NS sector, 7 € Z + 1/2 and thus, Q2 = —1. For the NS vacuum, Q2 is the same as ™ i.e. both are -1
(check that this is true for arbitrary NS states). Now, the combined Q and GSO projection operators
get the following form in the NS sector;

1+Q1+e™ 1+01+07 1+Q+0%7+Q3
2 2 2 2 4

(Complete this calculation)
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11 Chapter 11: The Heterotic String

11.1 World sheet supersymmetries

We want to classify all the worldsheet symmetry algebras with the following constraints;

e The spins of the holomorphic current are less than or equal to 2. The higher spin currents (called W
algebras) have been used as symmetry currents (find more about this) but the constructions (e.g.
of the BRST operator) are non-trivial because of the non-linear commutators. Some cases turn out to
be special cases of bosonic strings.

e The spin is a multiple of 1/2. If they are not, then the OPE;
N djj
3(204(0) ~ 4

(where dj; is a constant) will be multi-valued. The string theories that relax this condition are frac-
tional strings and it is not clear if these theories exist.

The only spins left then are as follows;
13
h= 07 5 17 5 2
2" 2
We can make algebras with different number of different types of currents. Before proceeding, we need to
calculate the central charge of the ghosts corresponding to a current of spin h (derive this). The formula is

as follows;
¢y = (-1)"1(3(2n-1)" - 1)

=co=-2, cip=-1,c1=-2, ¢c35=11, co =-26 (11.1.1)

The Jacobi identity allows only the following algebras;

No | Ny | N1 | Ny | N2 Cqg

0 0 0 0 1 -26

0 0 0 1 1 -26+11=-15

0 0 1 2 1 -2+2(11)-26=-6

0 1 3 3 1 -1+3(-2)+3(11)-26=0

0 4 7 4 1 4(-1)+7(-2)+4(11)-26=0

1 4 6 4 1 | -2+4(-1)+6(-2)+4(11) -26=0

0 0 3 4 1 3(-2) +4(11) - 26 = 12

The first two possibilities are Virasoro and N = 1 superconformal algebras. The third possibility is called
N =2 superconformal algebra. After the first three, no algebra has a negative ghost central charge and thus,
none of them will have a positive critical dimension. (Write some details about N =2 superconformal
algebra).

11.2 The SO(32) and Eg x Eg heterotic strings

The heterotic string appears when we choose the left and right moving algebra to be different. We will study
(N,N) = (0,1) heterotic. The other possibilities are (N, N) = (0,2) or (N, N) = (1,2) heterotic (the order is
kept ascending because the flipped possibility is realized if we we the flip z - z. To have (N, N) = (0,1), we
need to have bosonic string on the left moving side and fermionic string on the right moving side. To keep
the dimension the same, we need to have the following fields;

XH(z) (p=0,...,9) for left moving side

X5(2), P*(z) (n=0,...,9) for right moving side (11.2.1)

However, if we do this, then the central charges for the ghosts are (cg,éq) = (-26,-15). The central charge
on the right is canceled out by the matter central charge but the central charge on the left will be canceled
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out only if we put some internal CFT with (¢,¢) = (16,0) into the game. One way to do this is to introduce
32 fermion fields on the left moving side as follows;

XM(z) (p=0,..,9), M(z2), (A=1,..32) for left moving side

Xk(2), ¥"(2) (p=0,..,9) for right moving side (11.2.2)

This will give us the following action;
1 2 ~ _ .
5= ] 2z (f,aXHaX# P 4 wawﬂ) (11.2.3)
™ e

Note that there won’t be any Tr(z) field now and thus, no fermion constraint on the right moving side. This
forbids us to choose timelike directions for any A4(z). The theory has SO(1,9) x SO(32) symmetry now
where SO(32) is the internal symmetry. The periodicity of Tp(2) (which will contain A4’s instead of ¥*’s
now) only requires to have the following boundary condition on A (w) (notice the w coordinate and hence
notice that we are imposing this boundary condition on the cylinder field);

M(w +271) = 04BN\ (w), (0eS0(32))

The world sheet current for spacetime symmetry is Vs (derive this). Now, every vertex operator in R sector
has Vs, the OPE of Vs with itself should be single-valued. So, we have the following;

Vs (2)Vs(0) ~ e )/ 2 exp [Z saH‘l(z):|e_¢(0)/2 exp [Z saH“(O)]

4 ] ]
— is. H7 g &) _1 o ’ a
~ 2 1/4] lezst (Z)eszH (2) ~ 7SS ezza(s+s )a H*(0)
J=0

The power of z should be an integer. So, we have the following condition;
, 1
5.8 - ¢ Z (Ramond sector)
In the NS sector, this condition becomes (what does it mean to have these spins in NS sector?);

1
s.s’ - 3¢ Z (NS sector)

the appearance of —1/2 instead of —1/4 can be understood because of the appearance of e~?() in the NS
vertex operators instead of e”?(*)/2. (Problem with recovering GSO projection from it).

(Write about the closure of OPEs and modular invariance).

Now we find the states in the heterotic theory. Let’s start with the left-handed sector. This sector has
SO(8) x SO(32) symmetry (SO(8) coming from the transverse X*’s and SO(32) from the A*’s). The normal
ordering constants in the left-handed sector are as follows;

2 2
NS:——8 32 =1, R:——S L2 =1 (11.2.4)
24 48 24 24

Therefore, the R sector has no massless states. So, the transverse Hamiltonian is as follows;
o/p2
4

1,2
H=22 \N-1 (NS), H:%+N+1 (R) (11.2.5)

Using the mass shell condition, we see that for N = 0, the NS ground state is a tachyon. The first excited
states are as follows;

A2 jl0)Ns

but they are forbidden due to the GSO projection (because F' is odd for this state). So, the actual first
excited states are as follows;
i A B
a’[0)ns, )\71/2>‘71/2|O>NS
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They satisfy the GSO projection and the mass shell condition implies that these are massless states. The
« state lives in (8,,1) representation of SO(8) x SO(32) and X states lives in (1,[2]) representation of
SO(8) x SO(32). The X’s live in the adjoint representation of SO(32) with the dimension of 496. So, the
massless sector lives in (8,,1) + (1,496).

Now, the right-handed sector (because of the GSO projection), has no tachyon. Moreover, the massless states
(like type IIB theory) live in 8, + 8 representation (8, comes from the NS sector and 8 comes from the R
sector). So, the massless states are as follows;

[(8,,1) +(1,496)] x (8, + 8) (11.2.6)

These states can be broken down using the results that we derived before. This breakdown can be divided
into two parts. They are as follows;

(8,,1) x (8, +8)=(1,1) +(28,1) + (35,1) + (56,1) + (8,1) (type I supergravity multiplet) (11.2.7)

(1,496) x (8, + 8) = (8,,496) + (8,496) (SO(32) N=1 gauge multiplet) (11.2.8)

(Write about the similarity of this theory and type I theory).
Another heterotic theory is obtained by having the following boundary conditions;

A (w) A=1,...,16

11.2.9
A (w) A=17,...,32 ( )

M (w+27) = {

where 1 and 1’ can be +1. So, we have four NS - NS’ NS -R/,R - NS’ and R — R’ sectors in the left-moving
theory. In the left sector, the GSO projection is applied to both subsectors separately. (Write about the
closure of OPE and modular invariance).

For the NS — NS’ sector, the normal ordering constant is still ~1 and thus, we still have a tachyon in the left
sector and the first allowed excited states are as follows;

ai1|0)NS—NS'7 >\1_41/2/\?1/2|0>NS—NS’ (11210)

but because of the GSO projection, A and B should be from the same left subsector. So, the left sector has
SO(8) x SO(16) x SO(16) symmetry. The « state lives in (8,,1,1) representation of this symmetry and A
states live in either (1,120,1) representation or (1,1,120) representation. 120 comes from the fact that
SO(16) has an adjoint representation of dimension 16 x 15/2 = 120.

For the R — NS’ sector, we have 16 periodic and 16 anti-periodic fermions and thus, the normal ordering

constant is;
8 16 16

-——+—-—=0
24 24 48

So, there is no tachyon in the left sector now. Since there is a R sector now, we have 16 zero modes i.e. )\64
for A=1,...,16. So, the ground states are degenerate and they live in a 2'%/2 = 28 = 256 dimensional spinor
representation of the first SO(16). The GSO projection retains only one chirality and thus, only 128 is
retained from 256 = 128 + 128’. These ground states thus live in (1,128,1) representation. The same thing
happens with NS - R sector but with SO(16)" instead of SO(16). Thus, the ground state in this sector lives
in (1,1,128) representation. Notice that 120 is the adjoint representation and 128 is a spinor representation
of SO(16). For the R—R’ sector, the normal ordering sector is again 1 and thus, there are no massless states
in the R — R’ spectrum.

The left moving massless spectrum is thus written as follows;

(8,,1,1) + (1,120 +128,1) + (1,1,120 + 128)
Coupling this left spectrum with the right spectrum of 8, x 8, we get the following;
(8, x8,,1,1) +(8,,120+128,1) + (8,,1,120 + 128) + (8 x 8,,1,1) + (8,120 + 128,1) + (8,1,120 + 128)

=(1,1,1) +(28,1,1) +(35,1,1) + (8’,1,1) + (56,1,1)
+(8,,120 + 128,1) + (8,,1,120 + 128) + (8,120 + 128,1) + (8,1,120 + 128)
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Now, if we want the massless vectors to be in the adjoint representation (why do we need it?, I know
a reason but is there a better reason? Spacetime consistency?) then we need to find a group with
120 + 128 = 248 generators such that it has SO(16) as a subgroup and under SO(16), it transforms like
1204128 of SO(16). Es is such a subgroup (Find more about its justification). So, the full symmetry
in the left sector is SO(8) x Eg x Eg. Thus, the full massless spectrum is as follows;

(1,1,1) +(28,1,1) +(35,1,1) + (8',1,1) + (56,1,1)

+(8,,248,1) + (8,,1,248) + (8,248,1) + (8,1,248)

(Talk about bosonisation currents and modular invariance.)

11.3 Other ten-dimensional heterotic strings

11.4 A little lie algebra
Let the Lie algebra G generators be 7. The Lie bracket of the corresponding Lie algebra g is;

[T, 1] =ifT° (11.4.1)
which satisfies the Jacobi identity;
[T, [T°, T + [T¢, [T*, T°]] + [T°, [T, T%]] = 0 (11.4.2)
The finite Lie group element is as follows;
1
T+40,T* + 5(eaT@)2 +...= exp (i0,T) (11.4.3)

For a compact group (why only for this?), the Lie algebra has an inner product (called the Cartan-Killing
form). We define it by defining it for the generators as follows;

d* = (7%,1T°) = Tr (ad(T*)ad(T")) (11.4.4)

where ad(7T*) means T* in the adjoint representation. This product is symmetric due to the cyclic property
of the trace;
(T*,7") = Tr (ad(T*)ad(T")) = Tr (ad(T*)ad(T*)) = (T°,T%) (11.4.5)

This inner product has the following property as well;
([7%, 7", 7°) + (T°,[T°,T°]) = Te (T°T°T°) - Tr (T°T°T°) + Te (T°TT°) - Tr (T°T°T*) =0 (11.4.6)

where we will have to use the cyclic property on the last trace to cancel it with the first trace. This condition
is equivalent to the following;

([T, 7°),7¢) + (T°, [T°,T]) = i f9(T, T°) +if% (T, T%) = 0= f2%d% + fo5d" = 0 (11.4.7)

A subalgebra ) of the Lie algebra g is a subset of g such that if X,Y e b, then [X,Y]ebh. Anideal I of g
is a subalgebra such if X e g and Y €I, then [X,Y] e I.

Now, g has no non-trivial ideals, then g is called a simple Lie algebra. A Lie algebra is g is called semi-
simple if it has no abelian ideals. We can establish a theorem (prove it if possible) that a semi-simple Lie
algebra is a direct sum of simple Lie algebras. For simple Lie algebra, the inner product is unique (prove
this). It can be set to 5% by choosing a basis. We can generalize to arbitrary representations as
follows;

Tr (/40 = T,.d*

where t? is the generator in r representation of g and T, is an r dependent constant. We see from (|11.4.4])
that adjoint representation, 7T, = 1.
We also see that the following is true;

[t0t0dap, t2] = dap [E7, 1E1 0 + dapt? [t0, 5] = idap FE5EHE + iday fO5E0ET

ryrr rylpr
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Renaming the indices in the second term as a - d, d - b, b — a, we get;
[trt0dan, 7] = =i (daa fG + dan fG) t08] = =0 (fq + [a) 1717 = (11.4.8)

where we used the antisymmetry of f¢ _ in the last step. So, t2%d,, commutes with all generators, and thus,
(by Schur’s lemma), it should be a constant but dependent on r. So, we have;

tatb ab = Qr

where @, is a constant called the Casimir invariant of . The well-known Lie groups series and their Lie
algebras are as follows;

e A, =50(n+1) for n > 1. The matrices are unitary matrices with determinant 1. The infinitesimal
U € SO(n) manipulation gives us the following;

Uap = Lap +i0.T5 + O(0%) = Uy = Ul, = 1oy — 0, (T*) X, + O(6?)
=T = (UU’l)ab =1+i0, (T3, - Tpl) + O(0%) = TS, = Ty
Moreover, we have the following;
1=detU =det (I+i0,T* + O(6%)) =1 +i0, Tr (T*) + O(6?) = Tr (T*) =0
So, the generators are traceless Hermitian matrices.

e B, =502n+1), D, =S0(2n) for n>1. The infinitesimal M € SO(2n) or M € SO(2n + 1) is given
as follows;
My = Tap + 0oT% + O(02) = Myt = MY =Ty + 0,(T) 7, +0(92)

=Ty = (MMT)ab =140, (T3 + (TY)) +O0(0*) = TS + T,.* =
So, T is antisymmetric and thus, also traceless. Moreover, we have the following;
L=det M =det (I+0,T%+O(0%)) =1+ 0, Tr (T*) + O(%) = Tr (T*) =0
But this gives us no new information. So, the generators are antisymmetric matrices.

e C,, =USp(k) which consists of 2n x 2n unitary matrices such that if U € USp(n), then;

MUM™ = (UT)™ where M = z[ (1)1 Hg] =M1l=M
m
The infinitesimal version of U is as follows;
U=T+i0,T%+0O(6*) = MUM ™" =1+i0 ,MTM™' + O(6?) (11.4.9)

Since U is unitary, T*’s should be hermitian. Moreover, we have;
UT =T+, (T + 0(0%) = (UT) ™ =1-il,(T*)T + O(6%) (11.4.10)
Comparing (11.4.9) and (11.4.10]), we get;

MTM™ = (T = MTM™ = -TT va (11.4.11)

So, the generators satisfy the condition in (11.4.11]). We now constrain the form of T" by this information.
First of all, we write T in the block form (where all the matrices are n x n matrices);

r-(¢ 7)
Now, using , we have;
0 L.\(A B[O I, AT T D -C -AT -CT
(58 A 86 B)= (5 D) )
This implies;
D=-A" C=0"7, B:BT:T:(g _C ) (11.4.12)
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with B and C being symmetric matrices. Now, we use the fact that 7" is hermitian. Then, we have;

toof
(gT gT):(é g):A:AT,B:CT,C:BT,D:Df (11.4.13)

Therefore, using (11.4.13]) and (11.4.12)) we get;

D=D=(-AT)T = -4~
B=C'=(C"y" =C*=(C=B*
Therefore, we have;

A B :
T:(B* _A*) with AT=A4, BT =B (11.4.14)

(derive the number of independent components and about the non-compact symplectic group).
We divide the set of generators into two sets. Let H be the set of all the generators that commute among
themselves but H is the maximal such set (the elements of this set are called H?). The number of elements
in H is called the rank of . The subspace of that is spanned by the elements of H is called the Cartan
subalgebra. The other set E contains the rest of the generators. The Lie algebra can then be written as
follows;

[H',H’]=0, [H',E*] =a'E* (11.4.15)

We will first show that H7’s can’t appear in [EO‘,Eﬂ] commutator if o + 8 # 0. The most general form of
this commutator is as follows;
@ B1 _ poB gri afB
(B4, E7] = f;"H" + (" E* (11.4.16)

with not all f’s vanishing. Taking commutator with H? gives us the following;
[H',[E*,E°]] = ¢°[H, E"] = (P 1/ E* (11.4.17)
We calculate this commutator using Jacobi identity and as follows;
[H?,[E*, EP]) +[E®,[H, E“]] + [E*,[E®,H]] =0

= (17, (B, BP]] = [[H, B, E°) + [B*[H7, EP]] = (o + ) [B°, BP] = (o + 37) (S H' + ¢ M)
(11.4.18)

Comparing (11.4.18]) with (11.4.17)), we see that if o+ 8 # 0, then all ff‘ﬂ are zero. So, we have proved what
we wanted to show. We also notice that;

Gl + B - ) =0 Vo, B

Therefore, we see that Cﬁ‘ﬁ # 0 only when « + 8 = p where p is a root. If a+ § is a root, then CE‘B =0 for all

1 except pu=a+ . We denote Cgfﬁ as e(a, B).

We might still have H in (T1.4.16) if a + 8 = 0 and thus, we rewrite £ as f® only because f** is non-zero
only if 8 = —a. We see by comparing ((11.4.17) and (11.4.18) that if o+ 8 =0, then (ﬁﬁuj =0 for all . But
all i can’t be zero in general because that will make the whole lie algebra equal to Cartan subalgebra but
we know that this isn’t true in general. So, for 8 = —q, all CE‘B’S vanish. Therefore, we see that;

[E*, E’] = e(o, B)E*™P (a+ B is aroot), [E* E°]=f"H' (a+p=0), [E* E’]=0 (Otherwise)

It is easy to see that e(8,a) = —€(a,8). The possible values of e(«,3) are +1 (derive this). Using a
particular (FEFE) Jacobi identity, we have (with 5 # « and 8 # —a);

(B, [E E°]]+ [EX,[E*, E*]]+ [E™*,[E7,E*]]=0= f78" =0
Similarly, for 8 = a, we get f*a’ =0. At the end, we get (derive this);

a 20 a -«
fi=—=[E"E"]
«

20[1‘
a2

_ 2a.H

H’ - (11.4.19)

(07
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The matrices that represent H%’s are mutually commuting and thus, they have simultaneous eigenvectors.
Let the eigenvalues of the j—th eigenvector under the matrix representing H® be w’:. We can get weight
vectors where the k—th weight vector is;

i
i

(wp, w?, ...,wzank(g)), k=1,2,3,..,dim(r)

The number of weight vectors is equal to the dimension of the representation. For reference, we quote the
a—th root vector as well;

(al,aZ, ...,arank(g)) , a=1,..,dimg
dim g equals dim(r) when r is the adjoint representation. So, it turns out that the weight vectors of adjoint
representation are the same as the root vectors (derive this). Examples of the weights and roots are as
derived now.

e The vector representation of the Cartan subalgebra for SO(2n) consists of the matrices that have all
entries equal to zero but a 2 x 2 submatrix. H7 has the following non-zero 2 x 2 submatrix in (2j -1, 25)
rows and columns;

0 i
-i 0

Hﬁb =1 (0q+1-2j0b-2j = Oa-2;0p+1-25), a,b=1,...,2n

(Show that they commute). The rank of SO(2n) is thus n. The eigenvectors of H’ are such that
they have zeros except in the (25 — 1,25) positions. The eigenvectors are as follows

Therefore, we have;

V7 =(0,...,0,1,%i,..0)

We just manipulate the 2 dimensional spaces to find the eigenvalues;

S REES

So, the eigenvalues of Vij under H* are as follows;
wl =(0,...,+1,...,0)

where the nonzero entry is in the j—th position. So, wi are the weight vectors of the vector represen-
tation.

The adjoint representation is the product of two vector representations (justify this) and the weights
add under the products (justify this). So, there are four possibilities. We can add a w] with wk
which gives us +1 in j—th and k-th positions. Moreover, we can add a w’ with w® which gives us -1 in
j—th and k—th positions. In all of these possibilities, j # k because of the antisymmetry of the tensor
representation (justify). However, we add a w’ with w* which gives us a +1 in j—th position and -1
in k—th position for j # k. However, if j = k, then we get a zero root. There are k such roots. Since
these are zero roots, they obviously correspond to H® for (i = 1,...,n). Therefore, the weight vectors
for the adjoint representation which are also the root vectors are as follows;

(+1,+1,0,...,0) + permutations (11.4.20)
——
n-2
(+1,-1,0,...,0) + permutations (11.4.21)
——
n-2
(-1,-1,0,...,0) + permutations (11.4.22)
—
n-2
(0,...,0) (n of them) (11.4.23)
——

n
The weights for spinor representations are as follows (justify). The entries in the weight vectors are
+1/2. For 2"! representation, the weight vectors have an even number of 1/2 and for 2"~! representa-
tion, the weight vectors have an odd number of 1/2.
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e B, = 50(2n + 1) has the same Cartan generators with an additional row and column of zeros. So,
the weight vectors are the same as SO(2n) case but we also have another eigenvector for H'’s and it
is just the zeros. The eigenvalues for this eigenvector for all H"’s are obviously zeros. So, there is an
additional weight vector i.e.;

The number of generators of SO(2n) and SO(2n + 1) are as follows;

2n(2 1 2 1)(2n +2
@0+ L oni1) = 202 40, SO(2n+1): % = (n+1)(2n+1) =202 +3n+1
So, we have an additional 2n? + 3n + 1 — 2n? — n = 2n + 1 generators in SO(2n + 1) as compared to

SO(2n). The root vectors corresponding to these additional 2n + 1 generators are as follows (justify);

SO(2n):

(£1,0,...,0) + permutations
—
n-1

(One root vector missing. Do the other algebras).

We also define the dual Coexter number h(g) as follows;

=2 F Y = h(g)pPd™ (11.4.24)
b,c

where 9?2 = 1/1i1/1jd1-j. This means that 2d®¢ = wiqudijd“d and thus, the normalization of 1)? doesn’t change
¥?d* and hence, the normalization also doesn’t change h(g). The properties of the Lie algebras are sum-
marized as follows (derive these).

Group Simply-laced | dimension | h(g)
Ap1=SU(Mm)(n>1) Yes n? -1 n
B,=502n+1)(n>1) No 2n(n+1) | 2n-1
C,=USp(n)(n>1) No 2n2 +n n+1
D, =50(2n)(n>1) Yes n(2n+1) | 2n-2

FEg Yes 78 12
FE; Yes 133 18
FEg Yes 248 30
F, ? 52 9
Gs ? 14 4

11.4.1 Other useful facts for grand unification
tt

11.5 Current algebras

Let j*(z) be a field with conformal weights (1,0) (also called a holomorphic current). The OPE of j* with

4? is constrained by conformal invariance (prove this) and it is as follows;

ab ic ab

J0) ~ 5 + o)

where k% and ¢ are constants. Note that both terms have the same conformal weight as they should. The
mode expansion of j%(z) is as follows;

_ nla a_
O R A IRt O

where C'(0) is the contour around 0. The commutation relation can be derived via normal procedure as
follows;

dw dz
-a b _ w™ "% -b — e m
[Jme] - yg(o) 2ms jg‘(o) o 2 ()77 (w) ©(0) omi O (w) 271'2 (‘] ()7 (w))
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d d kb j d
= 95 —w.wm —zz" —_— §£ —w,wm (k:“bnw"_l + icgbjc(w)w”)
c(0) 27 C(w) 271 (z- w)2 c(0) 2mi

d dw
= nk j<1§ 2 pmenet ic® 515 — i (w)w™ " =i+ k8 (11.5.1)
c(0) 271 c(0) 2mi

where R denotes the radial ordering operator which just picks the singular OPE of j%j° (write more about
it). (11.5.1) also implies;
g db] = icetis (115.2)

ab - Let’s call this Lie algebra g. This means that the following is

c *

So, j¢’s span a Lie algebra with fgb =c
satisfied;
Zc ad+cgbccd+cgacbd 0 (11.5.3)

The 57 jg 7€, Jacobi identity gives us the following;
1 . 36 0 + L, 7 o1 + [jg, FRWRIEL
(CZCCad + Cgb cd + C?la bd).]o + kadC + de =0 kadcbc + kcdcab -0
where we used in the last step. Using (11.4.7)) we see that if g is simple, then k%® is proportional to
d® since the inner product is unique for simple g. So, we have;

kab _ ];,dab

where k is a constant. We also see that k is positive if the theory is unitary. If |1) is the state corresponding
to the unit operator, then we have;

K = kd* = [51,5%] =[5, 54 1UL) = (UG5, 5% 011D = (155, 5% 1) = (L5%, 4511) = (155, 5% 1) = [[7% )] > 0

where we used the fact that j; should annihilate |1). Now, for compact Lie algebra, d*® is positive definite
(prove this) and thus, k > 0. Since the weight of j is 1, the vertex operator of j%, is j*(z) and thus, k
vanishes only if j*(z) vanishes.

To show that k is quantized, take any root of g. Denote this root by . Define three generators as follows;

Then, we can derive that;

H i i
72,4 = [ 250 e | = dy S5 7, ) = ey S 2] = w2 <

2aH

[J*,J7] = =2J3

From the SU(2) representation theory, we know that the representations of SU(2) are labeled by the eigen-
value of J? and they are integers or half integers. So, 2.J% is always an integer. So, 2a..H/a? has integer
eigenvalues.

There is another SU(2) subalgebra in the current algebra. For that, let’s call the Cartan generators as Hy
and define the following;

CV.H() + ]Af

J3 = -
Q

, JE=E

The 1 subscript on E denotes that it is made by linear combinations of j¢ and j%,. (Prove that they also
satisfy the SU(2) algebra by writing the exact forms of E®). So, we deduce that 2k/a? is also an
integer for all roots. If this condition is satisfied for long roots, then it is automatically satisfied for short
roots. So, we have;

k=""ez (11.5.4)

where ) is a long root. k is called the level. (Write about different normalizations). From now, we will
take d?® = §%. For g = U(1) x U(1) x ... x U(1), there are no roots (because the generators commute) and
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thus, there is no concept of a level. Moreover, cgb = 0 because the group is abelian (so, there is no 2™ term
in the jj OPE). So, we can normalize the OPE to the following;

b 5ab
74(2)37(0) ~ —
z
This OPE matches the OPE of the free boson current OPE which is as follows;

5ab
2’2

iOH(2)idH"(0) ~

So, we have the equivalence j* ~i0H®. (check the equivalence between stress tensors as well).
An example of currents is the fermion bilinear;

ININE

which lives in the vector x vector representation of SO(n). The z72 term of the OPE of this current is as
follows;
1

(z-w)?

where we used the anti-commutativity of fermions and the OPE of A which is as follows;

——
INMAB(2)idANB (w) = - AMAB()ANE (w) ~ - ANB()MNE (w) =

AN () ~ 2

Z—-w

So, the coefficient of 1/(z — w)? term is 1. So, for this current, we compare this to the result of the general
currents; . A
1= kd® = k6 = k2

d*® appears because we took the OPE of a current with itself (i.e. iINAE with itself). Now, the long roots
of SO(n) have length squared equal to 2 (except n = 3). So, we have;

k=1 for ix*AB (n % 3)

For n = 3, there is no long root and 1? = 1 and thus, k/2 =1 =k =2. (Why rescale diagonal current?).
Another example can be constructed from any real representation r. Take dim(r) real fermions (Why
everything real?) and construct the following current;

1
5)\A)\Btn AB

The 272 term in the OPE is as follows;

1 1 f—{ﬁ—w 1 ) T T 1
ZtT,AEﬂstAA(z)AB(z)AC(w)AD(w) ~ ZtT,ABtT,CDAA(,Z)AB(Z)AC(w)AD(w)+Ztr,ABthAA(Z)AB(,Z)AC(w)AD(w)

1 1 1
= ————toaptyrop (629050 + 6P964P) = ——— (t, Aty pa — traptran) = ——— (Te(tet,) = Te(t,t]
4(z - w)? AB WCD( ) 4(z - w)? (tr.aptrpa ABtr.ap) 4(z - w)? ( r( ) r(trt, ))

Now, using the fact that Tr(t,t,) = - Tr(¢,t1) = T, (justify the second equality), we get;

1 T,
~t, aptrop A ()P (2)AC (W)AP (w) ~ 5

1 2wy (OCT)

Comparing it to the general case, we have;
T,/2 = k% = kd®® = k6% = k = ?k/2 = T, = %k = k = T,./)p?

(Write the other examples)
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11.5.1 Sugawara construction

We now show that : jj : (2) has the same OPE with j°(w) as the stress tensor T(z) which is as follows;

() + —

Tp(2)j(w) ~ mi w

9j¢(w) (11.5.5)

since 7°(w) is a Virasoro primary field and has conformal weight (1,0). Now, : jj : (z) is defined as follows’

1 (2) = lim, (j“(Z)j“(zl) - W) = lim (j“(z)j“(zl) - ’“dim(g))

(z=21)2) =i~z (z—21)?

where the sum over a is implicit. We consider the following OPE such that z; and z, are far;

74(21)3%(22)3%(28) ~ 3%(21)3% (22)3(23) + % (21)5% (22)5°(23)

) ];;]0(22) . Z'facd ];.Jc(zl) . 7;fa,cd
(z21-23)%2 21-23 2 -23)% w23

];3_]6(2 ifaCd “ )
- (=1 —2’32 + 2’1 _Z3J (22)§%(=1) +

§(22)5%(z3) + ( 5%(21)j%(23)
]%jc(zl) . Z'facd ]

Cam)  man Zgja(21)jd(22) + (holomorphic terms in z3)

Now, we expand this expression as a Laurent expansion in (2o — 2z1). We keep terms up to (zz —21)° only. It
is as follows;

l;jc(zl) . ifaCd ]%5(1(1 .\ ,L‘fadeje(zl) .\ I%]C(Zl) . ifaCd ];6ad . ifadeje(ZQ)

(21—23)2 Z1 — X3 (22—21)2 Z9 — 21 (2’2—21 +21—2’3)2 29 —21+21— 23 (21—2’2)2 Z1 — %9
Rif(z) _ felfet(a) | kiS(a) [1 e >] L Joeee () [1 e >]
(21-23) (z1-23)(22-21) (21-23)2 (21— 23) (21— 23)(22 - 21) (21— 23)

];jc(zl) facdfadeje(zl) . ];]C(Zl) .\ facdfadeje(zl) _facdfadeje(zl)

(z1-23)? (z1-2)(z2-21) (21-23)2 (21-23)(22-21) (21— 23)?
N 2]A€jc(2’1) fcadfeadje(zl)
(21— 23)? (21— 23)?

where we made heavy use of antisymmetry of f2¢ and dropped all terms of the order of O(z5 - 2;) or higher.
Using ((11.4.24) (where we have kept all the indices upwards), we have;

fcadfead — 1/}2}1(9)566

Therefore, we have (what about the other term in definition? See that);

g . 2k +2h(g) .. 1, 1.
7 (@05 ) ~ P ey o s ) 02 () ¢ 05(e)
(21 - 23) (21 - 23) 21— 23
where we used the fact 2k = ¥?k. Therefore, we see that;
jii (=) . .
_JJ \7-J 4C ~ c 8 c
er hig)) o2 (23) o) (z3) + po——r (23)
This OPE matches (11.5.5) and we can thus define;
; 1jj(2)
Tp(z)= —=—"— (11.5.6)
i (k+h(g)) >
where s stands for Sugawara. We can also derive the following result;
s . c 1 .
Tp(21)5(23) ~ 355 (23) + 95°(23)
(21— 23) 21— %3
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1 c 1 > 1 >
9j°(=1) - 9j(z1) = ——57(=1)
21 (23—21)

. 1 .
=" (=)Th(a0) ~ myc(zl)Jr Z3 — 21 23~

Now, we derive the following OPE where again z, and z; are far;

34(21) 5 (22)Tg(23) ~ 7 (21) " (22) T (23) + j*(21) 5" (22) T'5(23)
0] ()" (22) + () (22) ¢

Before doing the expansion in 25 — 21, we need the following OPEs;

= (2:3_121)2].“(21)].(1(22)-}- aja(zQ)ja(Zl) (1157)

23 — 22

ar s -a k .~ a —2k " " 2%
74 (21)] (22)”(21_722)233] (21)7 (22)Nma 7“(21)0j (22)Nm

Now, we do the z; — z; Laurent expansion in (11.5.7)) and keep terms up to (22 —2z1)° only, we get (complete
the TT OPE calculation);

c9k 2

(21 - 23)4 " 2(2:1 - 23)

1 k dim
OT5(23), ok = S CER9) (9)
z3

TS TS ~ =
B(21)T5(22) 5 2 - k+h(g)

5 1p(23) +

(Write about the vanishing of normal ordering constant). Since the concept of the level doesn’t
make sense for U(1), we can use (11.5.4]) and the identification j = i0H to write the stress-energy tensor as
follows (recall that we use ' =2 for H CFT);

T3 (2) :—% :0HOH : (2) = % 110Hi0H : (z) = % 1j7: (%)

The total stress tensor Tz is the sum of the Sugawara tensor T3 and the tensor that isn’t made by currents
that we call T and thus, it has non-singular OPE with j*’s. The T'T" OPE is as follows (derive this);

C’ + QTB(ZQ) + 1

(21-22)*  (21-22)%2 21 -

Tp(21)Tp(22) ~ 5 ZQaT,g(ZQ), ¢ =c—cok

If the non-current theory is unitary, then;

c—c9*>0=¢> Ik
For any simply laced algebra, we have (prove this);
dim(g
h(g) = o)
rank(g)
and therefore, we have;
-1
di k di
cI* =k dim(g) | k + im(g) -1 = — im(g)
rank(g) dim(g) + (k — 1)rank(g)
which means that;
¢! = rank(g)

Now, if g = Eg x Eg or g = SO(32), then rank(g) = 16 and thus ¢ = 16 which is the same as the central charge
of a theory of 32 fermions or 16 bosons. For this to happen in detail for the fermionic theory, the Sugawara
tensor should be what we derived while deriving the A part of T in heterotic theory i.e.;

1
Th(2) =5 Mot (2) (11.5.8)
To derive this, we consider the heterotic SO(32) current as follows;

FAB(2) =i \B(2), A,B=1,..,32, A+ B
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We see that A < B gives the same current but with a negative sign. Now, : j(4B)j(4B) 1 (2) is given as
follows;

z—2z1

. : . 1 , . dim(SO(32
:j(A’B)_](A’B) . (Z) = lim ( ](A’B)(Z)j(A’B)(Zl) _ ( ( - )))
2Ath (Z_Zl)

1 32 496
= lim | > AP ()P () - ——;
A (2 A,B:;Ath (z2-21)2

where the factor of 1/2 comes to avoid counting over equivalent currents. Now, we do the following calculation;

FEP (AP (21) = = M (2) NN (1)

r—{:} 1 |
= A\E (2) : MNP 2 (2)-: AAB (2): MNP (2)-: MAB (2): MNP (2) +O(z - 2)
_ 1 . MB()AB(21) . M)A (21)
(z-21)2 z-2 z-2
R
(z—21)?

Now, dropping the O(z; — 22) part, we use this result to get;

+0(z-21)

—APOAB  (2)- AN (2) + O(2 - 21)

:j(A’B)j(AB) :(2) = lim ll % ((1_ :ABONE (2)-: AorA (Z)) M]

=212 4 p T asp \ (2 - 21)° C(z-2)?

The first term in the sum isn’t dependent on A or B and thus, we get 32 x 31 = 992 from the sum but the
factor of 1/2 makes it 496 and thus, it cancels the last term in the limit.

Moreover, the second and third term in the sum gives the same sum but the factor of 1/2 just reduces it to
a single term. Moreover, these terms are independent of z; and thus, the limit is trivial. So, we get;

32
: j(AB) (AB) (2)=- Z S oA (2)=-31: Mot (2)
A,B=1 A#B

where in the last step, sum over A is implicit and the sum over B gives 31. Now, using (11.5.6)) with
¥? =2,k =1,h(g) = 30 (which is relevant for SO(32)), we get;

1

T5(2) = T(1+30)(2)

1
31: 02N (2) = -5 Mot (2)
So, we get (11.5.8)) at the end.
For any Lie algebra g, there are bounds on central changes (derive this);
rank(g) < ¢" < dim(g)

11.5.2 Primary fields
tt

11.6 The bosonic construction and the toroidal compactification

If we have d non compact dimensions, then the [ momenta are as follows;
(I7',1%) d<m<25, d<n<9
Using GSO projection on the right sector, (find out how) we get the same conditions on the lattice T’
=T lole2Z

where o is has signature of (26 — d,10 — d). For d = 10, all the signs in the o inner product are positive,
and thus, we have a FEuclidean lattice. Even, self-dual Euclidean lattices exist only for dimensions that are
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multiples of 8 (Find out its proof). Since we want 16 dimensional lattices, we have the following even,
self-dual lattices;

1 1
F16 = (’rLl, ...’17,16) or (’fll + 5, ..Nig + 5)7 an €27 (1161)
J
1 1
T's x I's where I's = (ny,...ng) or (n1 + 2 ..ng + 5) , an €27 (11.6.2)
J

Now, we investigate the massless spectrum of the heterotic strings. Since we have 26 bosons in the left sector,
just like the bosonic theory and we have at least two non-compact dimensions, the normal ordering constant
in the left sector is —1. So, the massless states have 9X*,X™ and e**2" X~ as the massless vertex operators
which correspond to the following states;

o [k = 0), a™|k3 =0), |k =4/d) (11.6.3)

The first two of them have level 1 and the last one has level zero. Using , we see that if k% = 0 and
m? =0, then N =1 and k‘% =0 gives a massless state. Also, if N =0 and k% =4/a’, then the state is again
massless. If k2 =4/a’ then [2 = o//2 x4/a’ = 2. First state in is in 8, representation of SO(8). The
second set of states has 16 different states and it lives in the Cartan subalgebra of gauge group because 0.X™
are 16 mutually commuting operators (find more about its justification). The OPE of these currents is
as follows;

OX™(2)DX"(0) = =5+ . (11.6.4)
z

[T are roots of the gauge group because they are charges of 0X™ (find its justification as well).

The last state has [2 = 2 where [, is a 16 dimensional vector living in either I''6 or T® x T'®. From the
(n1,...,n16) T1C lattice, we see that the only way that we can have [2 = 2 is by having n? = nf =1 for some
i,j where i # j. So, the possible integer I'' lattices are as follows;

(1,1,0,...,0) + permutations, (1,-1,0,...,0) + permutations, (-1,-1,0,...,0) + permutations
N~—— N—— ~——
14 14 14

These are nothing but the SO(32) root lattices as shown in (11.4.20)),(11.4.21]) and for n =16. The
half-integer I''® lattice doesn’t show up in the massless spectrum of SO(32) theory because in the SO(32)
theory, there are no massless states in the Ramond sector and this half-integer lattice corresponds to the
Ramond sector (find justification).

However, this half-integer lattice is seen to have the following form;

1 1
NiyeeeyNig) + =55 = |5 nzZZZ
2 2 -

———
16

So this lattice is just a sum of a spinor weight corresponding to 2'° spinor representation of SO(32) and an
arbitrary root of SO(32). An arbitrary root means that it is an arbitrary integer-valued linear combination
of the roots of SO(32). Notice that we can replace an even number of 1/2 in the weight above by -1/2 and
replace n;’s in the corresponding positions by n; + 1. Since an even number of 1’s are added, the sum of all
new n;’s is still even, and thus, the root vector with new n;’s is still an arbitrary root of SO(32).

The integer lattices from I'® x I'® that have [ = 2 are as follows;

(1,1,0,...,0) + permutations x (0,...,0), (0,...,0) x(1,1,0,...,0) + permutations
~—— N~—— N~—— —
6 8 8 6

(1,-1,0,...,0) + permutations x (0,...,0), (0,...,0) x (1,-1,0,...,0) + permutations

N~—— N~—— N—— N~——
6 8 8 6
(-1,-1,0,...,0) + permutations x (0, ...,0), (0,...,0) x (-1,-1,0,...,0) + permutations
N~—— N~—— N~—— S~——
6 8 8 6

104



The following lattices;

(1,0,...,0) + permutations x (1,0,...,0) + permutations
N~—— N~——
7 7

(1,0,...,0)+ permutationsx(-1,0,...,0)+ permutations, (-1,0,...,0)+ permutationsx(1,0,...,0)+ permutations

N~—— N~—— N~—— N~——
7 7 7 7
(-1,0,...,0) + permutations x (-1,0,...,0) + permutations
N~—— N~——
7 7

are not allowed because the factor lattices are not allowed I'® lattices as Zle n; should be even in each T'®
lattice (as mentioned in (I1.6.2)). The allowed I'® x I'® are nothing but SO(16) root lattices and thus the
'8 x I'® lattice is SO(16) x SO(16) root lattice. However, that’s not all. We didn’t consider the half-integer
I'® x I'® lattices yet. We can see that in the allowed lattices of this type, we can’t have any n; which isn’t 0
or —1. The reason is that if some n; > 1 then;

but this is already greater than 2 and thus, we can never have l% = 2 because the squares of the other
components of the lattice will only contribute positively. A similar argument tells that n; can’t be less than
—1. So, the allowed I'® lattices are the ones where all n; are zero or an even number of n;’s are —1 (to make
the sum of all n;’s even). These lattices, combined with the integer lattices that we discussed before imply
that the full 16-dimensional I'® x I'® lattice is an Fg x Fg lattice. Since both SO(32) and Eg x Eg have longest
roots of length 2 (a bit ambiguity about Fs x Fg), we have k = k for the current algebras corresponding to
these gauge groups and thus, comparing with , we see that k =1 for both of these current algebras.
The following definitions are useful.

e The root lattice of a Lie algebra g is the set of all the integer-coefficient linear combinations of the
roots of g. This lattice is denoted as I'y.

e Let r be a representation of g and A be a weight vector of the . Then, all vectors of the form A\ + v
where v € I'; comprise what is known as a weight sublattice lattice. This lattice is dependent on
the representation and thus, it is denoted as I',. Can we generate it by a single weight in a
representation?

e The union of I for all representations is called the weight lattice of g. It is denoted as I',.

A useful result says that (derive this) for a simply laced algebra (recall that they don’t include B,, algebras
ie. SO(2n+1) and C,, algebras i.e. USp(n)) we have;

L.cly Vr
Moreover, we have;
*
Ly =Ty

This implies that for Es group, I'y = I') = I';, and thus, the weight and root lattices are the same for E.
This is true for all simply laced Lie algebras whose root lattice is self-dual. (Write about the left and
right moving bosons).

11.6.1 Toroidal compactification

Now, if we have d < 10 non-compact dimensions, then the [ o’ inner product has (26 - d, 10 — d) signature.
Just like the bosonic theory, we see that the inner product is invariant in O(26 - d, 10 — d,R) rotations but
the mass formula and the constraint in are invariant only under O(26 —d,R) x O(10 —d, R) rotations.
Moreover, the compact momenta lattices are invariant under O(26 — d, 10 — d,Z) transformations. In other
words, we can start from a reference lattice I'g such that all compact directions are orthogonal and all radii
are SU(2) x SU(2) radii. Then, the following equality is true among the lattices;

A AAN'Ty = AT
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where we have;
AeO(26-d,10-d,R), A€ O(26-d,R) x O(10-d,R), A" € O(26-d,10-d,7Z)
and therefore, the moduli space of the inequivalent theories is;

0(26 - d, 10 - d,R)
0(26-d,R) x O(10 - d,R) x O(26 - d, 10 - d, Z)

where O(26 — d,10 — d,Z) elements act on elements of O(26 —d, 10 — d,R) from the right. Now, we consider
the massless spectrum of this theory. We can have the following three kinds of massless gauge bosons (write
about the non-gauge boson particles and the Ramond sector gauge boson);

Qi [0), me{d, ..., 25}

a9 pl0), me{d,....9}
eikL.XL,‘;um) me {d7..-’9}7 l2 -9

(Write about the origin of these gauge bosons i.e. commuting currents, Kaluza Klein, and
anti-symmetric tensor). The vertex operators of first type of gauge bosons are X mz/;“, the operators for
second type of bosons are wX“lz)m and the operator for the last one are just e*z-Xr 1[;“. There are 26 — d
bosons of the first type, 10 —d bosons of the second type, and 10— d bosons of the last type. Since all of these
states have level N = 1, we can’t have (% # 0 for a massless state because the mass of such a state would be at
least 1%/2 (derive this). For generic points, [2 # 2 and thus, the gauge group is U (1)26-4+10-d = {7(1)36-24,

11.6.2 Supersymmetry and BPS states
tt
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12 Chapter 12: Superstring interactions

12.1 Low energy supergravity
12.1.1 Type ITA superstring

We will show the connection between 11-dimensional SUGRA and type II A superstrings. The spectrum
(find justification) of 11-dimensional SUGRA (graviton multiplet) is an SO(9) traceless symmetric matrix
(graviton), a three form Az and a gravito-vector representation. Both the fermions and bosons have 128

states as follows;
9x8 9
Bosons: —5 " 1+ (3) =44 +84 =128
———— ——
graviton Az
Fermions: 9x16—- 16 =144-16=128
—— —
indices const.

Find out more about the trace constraint. For the low-energy bosonic action, we have the following
for 11 D SUGRA;

SH:Lfdllz\/—G(R-1|F4|2)— 1 ngAF4AF4 (12.1.1)
K 2 12k2

Now, for dimensional reduction, we choose the standard reduced metric form as follows;
G da’dr” +e* (de' + A,dz"), u=0,1,..9

= (G +€* A A )datdz” +2e* A, dat dz'® + 27 dz'0da'”

where G110 = €27, We now calculate the action that results from (12.1.1)) under the dimensional reduction
quoted above. The 11-dimensional R is calculated to be (fill in details);

1
RYM = RY0 _9e79v%e7 - *4620|F2|2
The block form of the metric is given as follows;

”) where G’,w =G + eZUA#Au

The determinant of a block matrix is given as follows;

~ 20
G €74,

20 20
e“7A, e

A B _
det [C D] = (det A)det(D -CA™'B) = det[

] LG MGG A,
We can calculate G (i.e. the inverse of G,,) by assuming a form;

G" = aGH + BAM A
and we readily get;

20 620

AP = A AF = GM =G - —— S AFAY
(A)7 = A, A% = G = G = e e

(&

:1 =
o= By

Using this expression, the required determinant becomes;

é,u,v 62014 _ 20/~ _ 20 ;J,V_L nAV _ﬂ
det[e%AM e :|—e Gll-e"|& 1+62”(A)2A AT Ay | = 1+e29(A)2

We now evaluate G. C;'l“, is given as follows;

Guv =Gy + €7 A, A, = G (6 + €7 A%A,) = G = Gdet (I+ M) where Mg = €7 A Ag
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Now, we use the following identity;
det(A) = "4 = det(T + M) = *(n (M)

Now, we have;
(In (I+M))§ Z j)ﬁ = tr(In(I+M)) = Z( 1)/

tr M7

Now, we have;
(M7)5 = eP7AY Ay AW A,y A2 A, AP Ag = APOTD A% Ag = tr(M7) = €27 A%
which gives us the following;

o (In (T + M)) = Z( 1y 20 AY

=In(1+e* A%) = det (I+ M) =1+ A% = G = G(1 + 27 A?)
Therefore, we get (I loved this calculation);

_ e2a'G

e 20 20 20 2
det[G e AH]:e G(1+€2(A)?)

20’A 620 1 +€20(A)2

Since all the fields are independent of 2'° direction, the z'° integral just gives 2R and thus, the Ricci term

in (12.1.1)) becomes;
2 1
fdn /"GR - WR[dm [Ge” (R %7y _Ze2U|F2|2)

22
1.
fdlox /_( 2, _1630|F2|2)

(where would this sigma term go?) where x2 = k?/27R. Now, we do the |Fy* term in (12.1.1). The
term is hard to manipulate. It goes as follows;

2 2

oMy Ny My N.
—4'4!%[&% TG e GMIN GMNsFy B,

1
= Qfdlox ~G e GMNr  GMaNapy o Fne N,
96k

Now, the dot product is evaluated as follows;

nivi Hava p1d Hava
G G FMl---M4FV1--~V4 +8GH .G FH1~»-H4Fd~»-V4

+4GM . GFYIEy L Fa o, +6GMI GG QR Ry B dusa (12.1.2)

Consider the second term above. One kind of general term for this is;

Hivi wjid HaV4
G G 7 G FHI NI H4Fl/1...d...l/4

Interchange the indices p; and p;, also rename the index v1 to v;. Now, we can do some permutations to
interchange the first and jth index on both F’s, and thus, we get a factor of unity by doing this. So, we
can transform such general terms for any j to the form written above. There are four terms like this (as
j=1,2,3,4). Another kind of general term is as follows;

GMYLGMI LGM e paFor sy

In this term, we do interchange p, <> vy for k # j and set v; = p;. Moreover, by using the symmetry of G,
we can get this kind of term to be like the general term of the first kind. Again, we have four terms like this.
So, we have eight terms in total. Now, we can consider the case where one of p;’s is d and one of v}’s is d.
One case arises when j = k. There are four terms like this. Again, we can show that all of these terms are
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equal. That gives us the third term in (12.1.2). The last case arises when j # k. The general term, in this
case, is as follows;
GMY LG LG LGP F e By

We interchange d and pp indices in the first £’ and similarly, we will interchange d and v in the second F.
This may give us a power of —1. This power is 2j —3 + 2(k — 1) — 3 which is even and thus, no minus factors
appear. Then, rename two indices as p1 — p;, v2 = v, and interchange the indices v; < v1, v < vo. After
that, we interchange the indices in the /s again. This time, interchange d with ;o and v; with v4. This may
again give us a power of —1. This power is 2(k — 1) — 3 + 25 — 3 which is again even. So, after this procedure,
this general term becomes;

Gingrigrss gras Fd#zualh; Fo dvgv,

Moreover, there are (;1) =6 terms like this and thus we have a factor of 6 in the last term of ((12.1.2)).
The first term in (12.1.2)) gives us a term proportional to |Fy|? and thus, we get the term;

1
4K

1

1
10 o v v.
/ d%z2v-Ge IGM VLGP EL o Fu g = _47%;%

/ A2V -G e |Fy?
The third term in (12.1.2)) gives us the following term;

1 4
_@ / dlox -G 601(6720 + A2)GM2V2GungGH4V4Fd#2#3#4FdU2V3u4
0 !

1 1
- _Ffdlox —-G e |F* - 2 fdlox —G e A?|F35)?
ko Ko

(what about this extra term?). The expression for G is found from the expression given below. Now,

we consider the second term in . For that, we will need the value of G*. To do this, we will need

the formula for the inverse of a matrix in block form. We won’t need the general formula but just a special

case as follows;

[A b]_l . [A-l FRATTAT AT
1

bT C —EbTA_l -

] where k =c-bT A7
k

We won’t need the full matrix but just G%. We do it as follows;

20 -1 20
izl o - o arar| A, 1) (e - S arar) A, | = - A
(e [ 1+e20A2 a 1+e2042
We can also calculate 1/k as follows;
1 —e 27+ A%
k

Now, the second term in (12.1.2]) is as follows;
-8GHM T ..GHa (F4)M1~~M4AV1 (F3)V2V3V4 = =2GM .Gt (F4)M1~~H4(A A FS)V1V2V2V3

where in the last line, we used the fact that only the antisymmetric part of AF3 factor will survive this
summation. The last term in (12.1.2)) is as follows;

6GH T GrGreTe G#4V4A#1 (F3)#2#3#4AV1 (F3)V2V3V4

(This contains the A% term and find out the anti-symmetric argument). The Chern Simons terms
are done as follows;

1 11!

—— F
1252 31(41)2

Hapes 6 7]

F

M8 Mo 104411 ]

fdm“l...dxullA[[

H1p2 3

Now, we concentrate on the index which is d. This can be in A (3 cases) or in F' (8 cases). The dz? integration
gives 2rR. Thus, we get the following;

2rR 11! 2!(4!)2 4!(3!)2
_1%23!(4!)2[3 10! fA“F‘*AF“& 101 fA3AF4AF3
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11

:_7[fA2/\F4/\F4+2fA3/\F4/\F3]
12k2

We prove that all of these three terms are equal which is shown as follows;

0:fd(Ag/\F4/\A3):f(Az/\F4/\dA3+dA2/\F4/\A3)=f(AQAF4AF4+F3AF4AA3)

:>/AQ/\F4/\F4:—fF3/\F4/\A3:ngAF4AF3
where I used the following identities;
d?=0=d(F,))=d*4,1=0
wp Awg = (1) wg Aw,
where w), is any p form. So, the Chern Simons terms become term becomes;

11 11

:—m/AgAF4AF4:—@/A3/\F4/\F3
0 0

(Why is this 11 term appearing?). So, the action in ten dimensions is as follows;
S=5+5+8;
where i )
S1=— [ dzv/-G (eUR - 1630‘F2|2)

5.2
2k§

1 ~
Sp=—1z [ V=G (IR 7| )
0

1 1
S:——fA /\FAF:——/A/\F/\F
3 41%(2) 2 4 4 4!‘433 3 3 4

where Fy = dFs — A, A F5. We now show that the Chern-Simons term is gauge invariant;
A3 A F3 A F4 — (A3 + d)\g) A F3 A F4 = Ag A F3 A F4 + d()\g N F3 A F4) = A3 A Fg A F4 + total derivative

Now, we talk about gauge invariance term dependent on F. We see that it is gauge invariant under the
following transformation;

0Fy =d(d)3) =0
However, in the transformation of A, we have;
6F, = —dXo A F3 = —d(\o A F3)

which isn’t zero generally. To treat this, we need A3 to be transformed in this gauge transformation as well.
The required transformation is as follows;
(5143 = )\0 A F3

This additional transformation comes from the reparametrization of 2% (motivated but justify more).
We see that Fy satisfies a non-trivial Bianchi identity as follows;

dFy = —d(Ay A Fs) = ~dAy A F3 = =Fy A Fy
We want to find the relation between o and the dilaton ¢ now. We redefine the metric as follows;
old _ -0 new
G/w =e le
The old and new superscripts will be removed now. This changes G and R as follows;

G-e G = V-G ->ePV-G

9 .
R—-e’R- 565”V#V”e’20
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Now, the R becomes as follows in this transformation;
V-Ge’R - V/-Ge™°R

However, we want this to be as follows;
V-Ge**R=0= %

Now, can expand the R transformation as follows;
e’R- geg (40,000 -2V ,0"0] =€’ R - g (6€70,00"0 -2V, (e70"0)) = €’ R - 270,00" 0 + derivative

=e 23R - 12€°0,,¢0" ¢ + derivative
(Extra factor of 3 and a minus sign!!!). In addition, we have the following;
|2 = G LGP E B, = TG LGP E o, = 7| Fy 2
So, the actions in new metric become as follows;
Sy = 2;2) f 402/ e72¢ (R+ 48,606 - ie2¢|F2|2)
b
4k32

The Chern Simons term doesn’t change because it is independent of metric. Now, in type II A theory, the
bosonic spectrum is as follows;

S, = f dO0/"G 2 (| + 2| )

(NS+,NS+): [0]+[2]+(2)
(R+,R-): [1]+[3]
So, in the (NS+,NS+) sector, we have a dilaton, a graviton and a two form field (which we will now call Bs
and its field strength is called H3). In (R+,R~) sector, we have a one-form field and a three-form field which
we will call C7,C3 and their corresponding field strengths are Fy, F;. So, we can arrange the three actions
above as NS sector action and R sector action as follows;

Sns = L f APV -Ge?? (R+ 40,00" ¢ - %|H3|2¢) (12.1.3)
K

1 _
Sk = —fdl%\/—G(|F2|2+|F4|2) (12.1.4)

_411(2)
1
Scsz—mf By AFy AT, (12.1.5)

(Write the rest of massless IT A section).

12.1.2 Massive type ITA supergravity
The bosonic field content of the massless ITA theory is as follows;

Gy, H3=dBy, ¢ Fy=dCy, Fy=dCs Fg=dCs, Fy=dCy

Qv

(NS+,NS+) sector (R+,R-) sector Poincare duals

Following the pattern, we may guess that there might be a Fjg field strength (talk more about it). If it is
there, then the EOM for this field strength is;

d* g =0 = %Fo = constant

where the last step follows because *F is a scalar. The action that involves this new field is as follows (try
to justify it);

: ~ 1 1
SiTa e =Sra - / dxV/-GM? + / M Fig (12.1.6)

2 2
4K7, 4K7,

where S;74 is the sum of (12.1.3), (12.1.4) and (12.1.5) but with the following changes;

1 ~ -1
F2—>F2+MBQ, F4_)F4+§MB2/\BQ:>F4_)F4+§MB2/\BQ

We see that M is just an auxiliary field as it has no derivatives in ((12.1.6)).
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12.1.3 Type 1IB supergravity
The field content of type IIB is as follows;

Guv, H3(=dB3), ¢ Fi1=dCy ,F3=dCy, F5=dCy F5=dCy ,Fr=dCs, Fy=dCsg

(NS+,NS+) sector (R+,R+) sectors Poincare duals
Since we are working in ten dimensions which is 2 mod 4, we can impose one of the following conditions;
*F5 = :l:F5

as we saw in Appendix B. Moreover, since |F5|> = 0, we can’t have this in the action. The following actions
can give us a low energy theory for IIB (justify this);

stzz—; [ @0ev=Ger? (R+40,00"0 - o) (12.1.7)

L 2fdl%\/ G(IFL? + |Fy[? + | s [?) (12.1.8)
Ko
1
SCS:——Qf CunHsAFy (12.1.9)
4rKg
where we have;
. . 1 1
F3:F3—C()/\H3, F5:F5_§CQ/\H3+§B2/\F3

From these definitions, we can deduce the EOM and Bianchi identity for F5 as follows;
- 1 1 1 1
d*F5:d*F5—§d*(CQ/\H3)+id*(BQ/\Fzg) :—ad*(CQ/\Hg)-l-id*(Bg/\Fg):H3/\F3

justify the last step. Therefore, dF5 = d * Fs and thus, Fy = xF} is consistent with the EOM and Bianchi
identity but it isn’t implied by them (as Fy and =F5 might differ by an exact form). If we impose this
condition on the action, the EOM of Fy won’t change but the EOMs for other fields will change. So, we
impose this self-duality condition on the solutions.

We now investigate the symmetry of the low-energy action. Define the following;

_ _ 1 2 R i [H:
Grpw =€ PGy 7= Corie®, M = Im(7) [‘ILLTe(T) i(T)]’ F3 = ( 3)

This implies that;
Re(7) = Cp, Im(7) =

We now derive a couple of results. The first on is as follows;

1 1
SCSZ—ﬁfC4AH3AF3=— /(C4AH3/\F3—C4/\F3/\H3)———/(C4/\F31/\F32—C’4AF32/\F31)
KTo k3,
S f(C4AF§AFg) (12.1.10)
4K,

The second one is as follows;

1 1, - 1 ) i
3, [ 400VGe ({IBP) =g [ a0 G (R)

(Fs)ﬂ 5 Ga1ﬁ1 ) G%sﬁs

«1...05

L [T (R), (), O G gt

8&10

1 ~ . 1 1 -~
e [ V=G (F jou :——fdlo \/—G(fF 2) 12.1.11
8%%()/ T ( 5)a1___a5( )51,__[35 45%0 x 2| 5] ( )
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where the last |l:“5|2 uses G, instead of Gg,, to contract the indices. Now, we derive another result.

1 W, A Mij i 1
2/<;§Ofd v _GE(_ 2 F3'F§):_4 2

fdl%e*d)@Mw (i) o, (FD), , GOPr Goofe oo

v M, (), (F), |, G Gos

/ dPze?/ —G/\/l”F3 FJ
4/{10 4riy
where in the last step, G metric is used instead of Gg to contract the indices. We manipulate this final

expression as follows;

2
! fdl%e‘¢\/—GM”F3 Fi = 12 fdl%e‘¢\/—G( I |H3|* + Lo 2R )H3 F3)

|F5|” -
4'%10 4"’310 Im(7) Im(7) Im(7)
1 o 1
=-— \/d10$67¢v—GM1jF§.Fg =7 TV —G((Cg +672¢)|H3|2 + |F3‘2 —2COH3.F3)
4&10 4K7,
fdlo e 2/-G (—7|H3|2)+— fd“’ G (C3|Hs|? + |F3* - 2Co Hs.F)
2’flo 10

1 1
:72/d10 e 2/-G ( ~|Hs |2)+——fd1°x\/—G|F3—COAH3|2

2K%, 4/@10

f P are (—7|H3|2) =G| Fy[?

2;@10

Therefore, we have;

%/dlom /_—GE(—M”F;.F?{): 1 fdw -2¢ /_( 2 \Hy |2)

2K7, 2 2K%,

1 -
—Qfdlox\/—G|F3|2 (12.1.12)
4k

Another result is derived as follows;

f 10 \/_a 7—8/ 1 f le _5¢/2me¢/2le (auOO + ia}t¢6_¢) (auCO - i6u¢€_¢)

4/@10 (ImT)2 - 4/{1 e2¢

S f a0z e—5¢/2\/ze¢/2|F 1 +e720,60¢¢

4K3, e-2¢
o V-G|F > + 251%0 f dz /-Ge > (—%8@6%) (12.1.13)
Before deriving the last result, we use the fact that in n # 2 dimensions, if two metrics are related as
g=€e*g

then the Ricci tensors are related as follows;

n-—2

fo o2 (R An-1) _(n-2)02 GV, 2>¢/2)

also, recall that for a scalar ¢, V,¢ = 0,¢. Plugging in n = 10 and rescaling ¢ as ¢ - —¢/4 (to match the
relation between G and G that we have);

Ry = %2 (R— ge¢G“VV#VVe_¢) _ 2R 3¢/2G’“’v Ve
Now, we do the following manipulation;
G"' YV, Ve =GV, (-0,0e7?) = =G* (0,0,0 - T,0a0) €™ + G 0,60, pe™*

= —G" (V, V) e +0,00" pe?
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Thus, the expression of Rg becomes;
_ o2y O om 99 4om
Rp=e®*|R+ 5G VuVuo - 58;@8 ¢
Now, we derive the last result that we need;

O A TS
10

2/{10

1 9 9
- [ e‘2¢\/—G[R—28M¢8”¢5]+% [ @ GG, 9,0

2K7,

The integrand of the last term can be written as follows;
G"V, (e729V,0) = G" (-20,0e2°0,¢) + e GV, V, ¢
= e 20GMY,Vh =GV, (e720V,0) + 2G" (Oude 70, 0) = V" (e729V,8) + 2G" (Dupe 20, ¢)

The first term in this expression will give a surface term and thus, we omit this term. Therefore, we get;

/ 'z \/TERE_ - [ e V=G [R—faﬂqsaw] s [ 40 e PVEGGE0,60,0

2“10

10 10

L f dl%aw\/—a[mgaﬂww] (12.1.14)

B 2K,
Note that the dilaton kinetic term from the sum of (12.1.13)) and (12.1.14)) is;

1
o [ 4 VG (10,00 0)
2K7,

which is exactly the term in (12.1.7). Now, using (12.1.10) to (12.1.14]), it is easily seen that the following
action gives the same action as the sum of ((12.1.7)), (12.1.8]) and (12.1.9));

5H7'8“T Mij
~Gr (RE 2(Im 7)2 2

Sup =

] . i A .
Fi.F] - = |F52) - = f CinFInFl  (12.1.15)
4 8K10
We will now show that this action is invariant under the following SL(2,R) transformations;

d
b

b
T»T’J” (ad-be=1), Fy— Fi =ALF] A—[
ct+d

Z] ¢ SL(2,R) (12.1.16)

with the other fields not changing. We show the invariance by showing the invariance of individual terms.
We start with the following;

= - F(ad - 1 FOH
0,7 ' = ), (a7’+ b)@“ (a7+b) _ (ad - bc)0,7(ad - be)ot'r 0,701

cT+d et +d ler +d|* Cer +dJf

Moreover, we have;

T2 ler + df? T 2er+dP et +dJ?

Im(T')— (T _T,)_i(a7'+b a7_'+b)_l(ad—bc)7'—(ad—bc)f 1 7-7  Im(7)

ct+d cT+d
Im(7))”
I \\2 — (7
= ()" =
Therefore, we have;
o,7'orr 0,7

(Im(7))?  (Im(7))>

We now see how M;; transforms. For this purpose, we first calculate the following;

d c 1 a -c 1 a -b
A:[b a]:‘A :[—b d]:(A )T:[—c d]
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Ty-1 1 _|a =b[|Mi1 Mif|la -c
GRS I (i | K]

_ a2M11 — 2abM12 + b2M22 —acM11 + ((ld + bC)M12 - bdM22
- —acM11 + (ad + bC)M12 - bdMQQ 02M11 - 2CdM12 + d2M22

where we used the fact that My = M. We see that (A’l)T/\/lA’1 is symmetric too. We now claim that M
transforms as follows;

M = (AT MAT

We now prove this claim. For this purpose, we see the following;

Re (') 1 (a7'+b . a7"+b) 2ac|t|? + (ad + be) (1 +7) +2bd  (ad +bc)Re (1) + ac|r|* + bd
T = — = =
2\er+d  cT+d 2|er + dJ? ler +dJ?
Re 7/ (ad+bc)Re (1) + adr? +bd ~(ad + be) Re(7) I7|? 1

Im (7) _aCIm (1) ' m (1)
= M{Q = (ad + bC)Mlg —acMi1 — bdMss

“Im 7 Im (7)

This is consistent with our claim but the claim is not proven completely. We continue by calculating the
transformations of the other components of M. We see that;

|T,|2_(a7+b)(a?+b) a2|7'|2+2abRe7'+b2:> 7> a®|7]* + 2ab Re T + b?

ct+d/ \cT+d ler +d|? Im 7/ Im 7

= Mlll = 0,2M11 - 2abM12 + b2M22

Finally, we also see that;

1 d|? 2171% + 2¢d d?
M, :|CT+ | :c|7'| +2cd Re 7+ = My - 2edMyy + d* Moy

Im 7/ Im 7 Im 7

Therefore, our claim was correct. Now, we can see that the following term is invariant;
M F3F] = FsMi F] > N Fy () TMATY) A Fy = Fy (AT (AT MATIA), Fy = Fy My Fy = M F5Fy
Moreover, we see that;
eiij’4/\F§/\Fg eeijAfAifQ;/\Fé/\sz :elkdet(A)[C’;;/\Fé/\Fé€ :lefC4AFéAF§
So, we see that is invariant under .

12.1.4 Type I superstring
tt

12.1.5 Heterotic strings
tt

12.2 Anomalies

12.2.1 Type II anomalies

12.2.2 Type I and heterotic anomalies

12.2.3 Relation to string theory

12.3 Superspace and superfields

A general coordinate transformation z - 2’ will transform the derivative 9 as follows;

0, 07
a—aa +£3
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A conformal transformation is one for which 9 is proportional to d’. Define superderivatives as follows;
Dg =0y +00., Dg=05+00;
Then the general transformation for Dy is as follows;
Do = (090" Opr + 092’0, + 00’ O + 0pZ' Ozr ) + 0" (00" Opr + 02'0,, + 00" 0, + 0Z' 01

= D(;G’ag/ + Dgzl L+ Dgé’@g, + Dezlay

Now, we can say that the superconformal transformation is a transformation that sends Dy to a multiple of
itself. This implies that; -
Db’ = Doz’ = 0, Dy’ = 0" Dgt’

We now write 2z’ and 6’ in terms of z and 6. Now, we can expand both of them as a Taylor expansion in
0 and it will give us two terms. Both of these terms will depend on z. These functions will be of different
Grassmannian characters to preserve the Grassmannian character of the field. So, we have;

#(2,0) = f(2) + 0m(2), 0'(2,0) = g(z) + Oh(z)

where f(2),h(z) are grassman even functions and m(z), g(z) are grassman odd functions. We can constrain
these fields by using the condition Dyz’ = 6" Dyf’. We proceed as follows;

0' Dot = (g(2) +0h(2))(h(2) +00:9(2)) = g(2)h(2) + 0(h*(2) = 9(2)0:9(2)), Dp2" =m(2) +00.f(2)

= m(z) = g(2)h(2), h(2) = £\/g(2)0:9(2) + 0. f ()

Thus, we have the following;

2(2,0) = f(2) +09(2)h(2), 0'(2,0) = g(2) + Oh(2), h(z)=£V/9(2)D.9(2) + 0. f () (12.3.1)

For the infinitesimal transformations, we consider f(z) =1+ ev(z), g(z) = —ien(z). This gives us;

h(z)=1+ %51}(7;), G()(2) = —ien(z), = 5z = e(v(2) - in(2)), 50 = € (—in(z) N %931)(2))

(Check that it satisfies superconformal algebra) A tensor superfield of weight (h,?z) transforms as
follows;

(Dot')" (D509 (2,2') = (2. 2)
where z = (z,0). For the transformation

0z =¢ebn(z), 80 =en(z)

We see that; - -
Dgb' =1+ 0ed,n, Dzb' =1+ 0ed:n

and thus, we have;
(1+0ed.n)>" (1+ ée@;ﬁ)% (¢'(2,2) +0end.¢' + OeijO=¢" + endpd’ + €ii0ye") = ¢(z,2z)
= 0¢(2,2) = —¢ (2h00.1 + 1Qo + 21h00:7 + 71Qg) ¢' (2,2) = —¢ (2100.1 + NQg + 2h00:7 + 71Qg) d(2,Z) + O(€?)
(12.3.2)

where I used binomial theorem and where Qg = 9p — 00,,Q5 = 05 — 80;. The holomorphic part of ¢ called
@(z) is expanded as follows;

6(z) = O(2) + 0T (2) = 5¢(z) = 5O(2) + 05U(2)
But from the result in (12:3.2), we see that;
6¢(z) = —€ (2h00.19(z) + n0p$(2) — n00.P(z)) = —€ (2h00.1O(2) + n¥(2) - nfI.O(z))
= —enU(z) - €0 (2000 () + 0. O(2))
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Comparing these two results for the variation of the field, we get;
00 = —enV, 6V = —€(2h0,n0O(2) + n0,0(z))

A general superconfromal variation of a field A(z, z) is given as follows;

oo 1 . ~ B
B 7) = =€ 3 (9'0(2) G + (970(2)) i) A 2) (12:3.3)
Comparing ((12.3.3) with the variations above, we get;

G0 =1, G,0=0 (r > %)

G_12¥ = 0.0, G1;2¥ =200, G, ¥ =0 (r > g)
Now, we consider purely conformal transformations i.e.
Z=ztev(z), 2 =z+ev(2), 0 =0+ 698 v(2), 0 =60+ *608 v(z)
Then, the variation in the tensor field is given as follows;
56(2,7) = —c (hazv + 0.5+ v0, + 00 + %aazvag . %éag@ag) 6(2,2) + O(e)
Now, again we consider the holomorphic part of ¢(z,z) and then, the variation becomes;

0¢(z) = —€ (h0,vO +v9,0) — b [(h + %) 0,vV + v@z\ll]

= 50 = —¢ (h9.00 + v0,0), U = —c [(h . %) 0,00 + vazq/]

A general conformal transformation of an operator is given as follows;
= — 1 n n * T =
SA(z,2) =€) — (6 0(2) L1+ (0™0(2))* Ln-1) A(2, 2) (12.3.4)
=on!

Comparing ([12.3.4) with the variations above, we see that;
L10=0,0, LiO=h0O, L,O0=0 (n>0)

L4V =0V, LyV¥= (h+ )\IJ L, =0 (n>0)
So, we see that O and ¥ have conformal dimensions h and h +1/2. (Show that the generator of world
sheet rigid transformation is G_1/2).
12.3.1 Actions and backgrounds
We now calculate the superjacobian of the superconformal transformation given in ((12.3.1f) as follows;

9.f +00.(gh) gh

dg + 00h b | = (0=F + 90:9)(h+00.g) = h2(2) Dot

02'[0z 02'[06| _
00'10>  00'/90| ~

(Why this extra factor?). The measure transforms as follows;
dz' d8' = Dpb' dz d

The weight of this measure is (=1/2,0) because the weight of 6 is (1/2,0). Including the measure dzdf, we see
that the total measure has the weight (-1/2,-1/2). Thus, the weight of the lagrangian density is (1/2,1/2).
An example of such a lagrangian density is;

DgXM(Z, E)DQX#(Z, 5)
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because the weight of DyX"(z,2) is (1/2,0). Here, X"(z,2) is a superfield. Its Taylor expansion can be
done as follows; o -
XH(2,2) = X*(2,2) +i0y"(2) + 0" (2) + 00F (2, 2)

Here, the first three terms are easily understood. The fourth term is a possible term that can appear in
Taylor’s expansion but we will see that the F field is an auxiliary field. To write the action in terms of the
components, we need the following small calculations;

DeX"(z,2) = (99 + 00.) (X" (2, 2) + 100" (2) + 109" (2) + 00F (2,2)) = (i" + OF") + 0 (9. X" +i00,")
= ip" + 00, X" + OF" +i000, " (12.3.5)
Similarly,
DgX"(2,2) = (05 + 00:) (X" (2,2) + 00" (2) + i0y*(2) + 00F (2,2)) = (ip" = OF*) + 0 (0: X" + i00:")
= ip" + 00 X" — OF* — 000" (12.3.6)

Now, we calculate DyX" DyX,, with retain only the terms that contain 00 because the other terms vanish
under d?¢ integration. This gives us;

DyX"(2,2) DX, (2,2) = 00 (0" 0.1, + 0. X"9.X,, + F*F, +"9:¢,,) + (non 60 terms) (12.3.7)

and thus, we get (after doing the d?¢ integration);

5= ﬁ f 022020 00 (010.0, + 0. X1 0, X,, + FVE, + 0,10,

- ﬁ f d*z (V104 + 0. X109, X, + F*F,, + " 0:¢,) (12.3.8)

The vanishing of the variation of this action w.r.t F* gives;
1
= f d22F,0F" =0 = F, =0 (12.3.9)

The superfield action gives the following equation of motion (derive this while being cautious about
the minus signs);
DyDs X" =0 (12.3.10)

To derive the OPE of the superfield that is invariant under rigid supersymmetry (i.e. when 7 is not de-
pendent on z), we first derive the combinations that are invariant under rigid supersymmetry. The rigid
supersymmetry is given as follows;

0z = —iefn, 00 = —ien (12.3.11)

Now, we calculate the transformation of the following quantities under supersymmetry;

21— 29 > (21 —i€01n) — (22 —i€lan) = 21 — 20 —ic (01 — 02)

91 - 6‘2 g (91 - ien) - (92 - ’i677) = 91 - 92 (12312)
9192 —> ((91 - i677) (92 - iE’I?) = 9192 — 1€ (91 - 92) n
321—22—9192 —>Zl—22—0192 (12313)

So, we see that the quantities that are invariant under rigid supersymmetry are 61 —6s and z; — 20 — 61605 (and
their conjugates). So, the OPE can depend on these quantities only. The OPE can be calculated as follows
(we set o’ = 2 in this section);

X*(z1,21)X" (22,22) = (X" (21,21) + 019" (21) + i019" (21) ) (X" (22, Z2) + i620" (22) +i6200" (22))

g g
v 2 n aa N
N—’I]M ln|z1—z2| —9192 —9192_ —
21— k2 R1 — %2

(12.3.14)
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where we didn’t write the auxiliary field. It can be written but that doesn’t change the result (Find more
justification). Now, we expand the following function as Taylor’s expansion in 6; and 61;

_ 0 0, —
ln|(z1—22—9192)|2:ln[(zl—22—9192)(21—22—9192)]:1n|z1—zg\2+ 2 0, + 2 0
A Z1 — 22
6,0 60
=ln|zy - 2 + =+ 20 (12.3.15)
Z1 — k2 Z1 — k2
Using the above two equations, we have;

XM(Zl,Zl)XV(Z2722) ~ —77’“/ 111|Zl —Z9 — 6‘192|2 (12316)

We now write the ghost action in terms of two superfields i.e. B and C with weights (A-1/2,0) and (1-X,0).
This means that the weight of BDzC is

(/\—%,O)+(1—A,O)+(O,%):(%é) (12.3.17)

Therefore, the following action has superconformal invariance;
Spe = % f d22d%0 BD;C (12.3.18)
The equations of motion are easily seen to be;
D;B = D;C =0 (12.3.19)
Now, we see that;
DgB=0= DZB=0= (05+00:) (95 +00:) B=0:B-00:05B +00:0;B =0:B=0=0;B=0 (12.3.20)
The last equality follows because DgB = 0; B = 0. Similarly, we can show that;
0;C=0:C=0 (12.3.21)
Therefore, the Taylor expansion of B(z) and C(z) are as follows;
B(z) =8(2) +0b(2), C(z)=c(z)+0v(z) (12.3.22)

We see that the weights of all these components are exactly the weights that we find in be ghost system and
57 ghost system. The OPE is as follows;

B(21)C(z2) = (B(21) + 01b(21)) (c(22) + 027(22)) = 028(21)7v(22) + 01b(21)c(22)
1 1 01-6

21— 22 21— k2 21— %2

(12.3.23)

We can now do the following manipulation to show that this OPE is invariant under rigid supersymmetry;

01-0, 010, (1_91—92)1_91—92 (1_91+92)_91—eg

- 12.3.24
21 —22 = 0102 21— 29 ( )

21— %2 21— %2 Z1— %2 21— 22

Therefore, we have;

6, -0
B(z1)C(z2) ~ m

So we see that the OPE is written in terms of the quantities which are invariant under rigid supersymmetry.

Now, we write down the sigma model action using superfields. We see that the following is true (derive
this);

1
S=1 f d22d20[G 0, (X) + B,y (X)] Dy X" Dy X" (12.3.25)

= ﬁfdQZ[(GlW(X)+B/W(X))azXM82XM+G,W (w’LDzw”JrWDle”% %wawwu&%g] (12.3.26)

119



where the covariant derivatives are defined as follows;

Day = 0:0" + [0, (X) + S HL, (0] 0:X70° (12.3.27)
Do =00+ [0, (X) - L1, ()| .75 (123.28)

(Talk about the R-R sector and the appearance of dilaton in the action).
In the heterotic string case, we have ¥* in the left sector but no * in the right sector. But there are A4
fields in the left sector. So, the superfields required in this case are as follows;

XH"(2,2) = X*(2,2) + 00", A(z) = A + 0G4
(Write more about the heterotic case and anomalies)

12.3.2 Vertex operators

A naive idea of pictures is as follows. Positions of vertex operators in bosonic strings can be fixed but they
come with an additional ¢(z)é(Z) factor. The positions of the vertex operators can be unfixed and they will
have an d?z integral with them. In the superstring case, we call these different categories of vertex operators
to be in different pictures. The analogue of ¢(z)¢(Z) in the NS sector case is (find more about this);

- (2)-0(2)

which is the NS vacuum vertex operator. In the superstring case, we integrate over (6,6) in addition to
(z,%). Integrating over d?6 takes out the 0 component. Let’s call this component W. This component can
also be taken out by applying G_; /Qé,l /2 on the lowest weight component (which we can refer to as O). So,
we have; ~

G_1)2G_10=V

So, the d?# integration can be replaced with G_; /gé_l /2 acting on lowest weight components of the superfield.

However, in the unfixed operators, we won’t have e~?()=¢() factor, just like the bosonic case where ¢(2)é(Z)
is absent from the vertex operators whose position aren’t fixed. So, we see that the (zj),g?)) charges of the
unfixed operators is (0,0) and it is (—1,-1) for the fixed operators. This fact is referred to by saying that
unfixed operators are in the (0,0) picture and the fixed operators are in the (~1,-1) picture. In other words,
having (¢, ¢) charge equal to (g¢,q) is defined as being in the (¢, q) picture.

As an example, we derive the (0,0) and (-1,-1) picture vertex operators for the following massless states in
the NS — NS sector;

W) 0% 2105 ) xs (12.3.29)

The unfixed vertex operators for these states are as follows;
P11 2 gceik.Xe—d)—gZ;?/},u,J}u

where g is the closed string coupling constant. To find the vertex operators in the (0,0) picture, we apply

the G_l/gé_l/g operator on this vertex operators and get rid of the e~ factor. For that, we will need the
following;

Gr=> 0fthyrn = Gypp= Y. &by 1jon =abthy 12+ . (0hth, 120 + " 1/20n) (12.3.30)
n=1

nez nez

where the commas have been placed to differentiate between Lorentz indices and Fourier indices. For the
state in , no term in the first term in the sum in contributes because all the «a’s in that
term are annihilation operators. From the second term in the sum, only n = 1 term contributes because all
the other 1) modes annihilate the state in . Similar arguments also apply for G_, /2 Lastly, the zero
mode term in G_; /5 also contributes. So, effectively, we have;

G71/2éf1/21/)?1/21;£31/2|0; k)ns = (0451%,71/2 + O/_Llw#,l/z) (5481;1/,71/2 + 54311/31/,1/2) ¢g1/27;_'61/2|0§ k)ns
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Now, using the anticommutation relations for the fermionic modes, we have;
(@6 V120 + 0y67) (80001207, + 62167 |05 K)
Qo Wp,-1/2%_172 T Q10 ) QoWr,-1/2%_1 jp T @10, ) [U; K)NS

= — (a0 W10 5 + 02) (ao.@z_lmz?ip + dfl) 10; k) ns (12.3.31)

where the overall minus sign comes because ¥ travels through the zﬁ bracket and both of the terms in the
bracket contain a single spinor mode. Now, the vertex operators corresponding to these states are as follows;

VOO = —g. (kapyp® +i0.X*) (kapp” +i0:X7) X

This vertex operator is in the (0,0) picture because there is no (¢, @) charge. This expression is in o’ = 2
convention. Similarly for open strings, we have the following massless state;

¢51/2|0; k; a’>NS
where @ is the Chan Paton index. Now, the vertex operator in the —1 picture corresponding to this state is;
VL= goe Pyprtteth X (12.3.32)

with ¢ being the gauge group generator and with d?zd?# integrations suppressed. Now, the picture 0 vertex
operator is derived just like the calculation above. We get;

G_1/29"|0; k;a) = (ao.w_l/Qw’_‘l/Q + afl) |0; ks a)ns = VO = got® (0. X" + 2k.apapH)

= go(2a") 2O (i X P + 20" kappH et X (12.3.33)

(Restore o factors and the issue of the dot derivative. Talk about heterotic vertex operators
and couplings).

12.4 Tree level amplitudes

In this section, we quote and motivate some of the results that will be derived carefully later. While studying
bosonic theory on the sphere, we fixed the (z,Z) positions of three vertex operators and got factors of
¢(2)é(z). The positions of three vertex operators are fixed because there are three complex killing vectors
on the sphere.

In the superstring theory, we need to determine the number of vertex operators whose (6, ) coordinates can
be fixed. To know the answer to this, we need to study superconformal killing vectors. Polchinski casts these
results in terms of the zero modes of ¢ and 7 fields. However, we can just quote here that (#,0) coordinates of

two vertex operators should be fixed on the sphere and we get factors of e”?~? whenever we fix one operator.
In other words, we need two operators in (-1, -1) picture, and all other operators are in (0,0) picture. (Talk
about the ¢ anomaly argument). For open strings on the disc, we similarly need two vertex operators
in the —1 picture and the rest in 0 picture.

The vertex operator of the R ground state is

Vs = e 20, (12.4.1)

and thus, it has a ¢ charge of —=1/2. Due to the conservation of ¢ charge (where does this come from?),
we know that the total ¢ charge is —2. We just quote the interpretation here and leave the justification for
later. The ¢ charge for the fermions is —1/2 such that the total ¢ charge is —=2. In the case of two fermions,
we have ¢ charge equal to —1/2 for fermions and -1 for bosons.

12.4.1 Three point amplitudes

Type I disc amplitude: Type I disc amplitude for three bosons is as follows;
1

1,42
' go

(VHa1)eV H(z2)eV0 (23)) + (1 < 2) (12.4.2)
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where we fixed the (6,%) coordinates of two operators and the (z,Zz) coordinates of all three of them. The
overall normalization is taken to be the same as Cp2 in . This normalization was derived using
unitarity. The 1 <> 2 term comes due to summing over the other ordering. For calculating this amplitude,
we need the following expectation values;

(c(z1)e(z2)c(x3)) = 12023731, <€7¢/2($1)67¢/2($2)) =17y (12.4.3)

The ¢ expectation value was calculated in chapter 6 while the ¢ expectation value was calculated in (10.4.13]).
We have chosen a normalization for this OPE. Using (12.3.32)) and (12.3.33), we see that we also need the
following expectation value;

(wpeikl.X(xl)¢ueik2.X($2) (ZXP + QOzlk.wwpeik'X(l'ig)))

This expectation value is as follows (derive this);

. ) . . HY [P HY [P VP K _ phP LY
(wuelkl'X(xl)wyezh'X(ﬂiz)(Z'XP‘FQOLIIC.?/N/JPEM'X(‘T;;))) =—2i0/(2ﬂ')105 (Zkz)( n 1 + n 2 + n 31N 3)

12713 T12723 T13723

12.4.2 Four point amplitudes
tt

12.5 General amplitudes
tt

12.5.1 Pictures
tt

12.5.2 Super-Riemann surfaces

tt

12.5.3 The measure on supermoduli space

tt

12.6 One-loop amplitudes
tt

12.6.1 Non-renormalization theorems
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13 Chapter 13: D Branes

We do know that under T duality (in the 9—th direction say), we have to do the following change;
Xg (2) = —Xg(2)

This implies sending all the Fourier components of Xy to negative of themselves. This will send Ty to
negative of itself and it won’t change any other stress tensor. This will disrupt the superconformal algebra.
Since Tf contains Y*0X}, we can also do the following change;

V(2) = ~°(2)

to save the superconformal algebra. Using the definition of F, we see that F contains Sy and 5’4 contains
1/32. Thus, the value of Sy changes on its eigenstates by its negative. Since the possible values of Sy are +1/2,
Sy going negative to itself means that there is a difference of +1 and thus, there is a difference of +1 in F.

Hence, ™ (which is just chirality on the ground state) gets reversed on the Ramond right-handed ground
state. So, we see that type ITA and type IIB are T duals of each other (where T duality is done on an odd
number of dimensions). Now, we relate R —R fields in T dual theories. Consider the vertex operators of R-R
ground states;

) e T T, 1

So, we need to ask that how do V, transform under T duality in 9 direction. Since V, has a spinor index,
it should transform like a spinor under parity in the 9 direction. The corresponding operator is Bgﬁ. This
operator anti commutes with I' but commutes with all the other I'’s (include justification). So, we have
an obvious solution of the following;

B =TT = 1% =TIT? = -198°, " =T"B =9

So, we now see that under T duality, if p = 9 is present in the R vertex operator, then it gets absorbed by
the extra I'Y coming from the transformation of V and if there is no p = 9 present in the vertex operator,
then it get a u =9 index. This transforms between type ITA and type IIB R - R fields. For more than one T
dualized direction, the parity operators get multiplied;

g=118"
m
We derive a couple of identities now. Firstly, we see that;
gmpt =T"TT"T =T"T"™IT = -I'"T'T™T =-5"8", (m#+n)

So, T dualities in different directions don’t commute. (derive the presence of fermion number there).

13.1 T duality of type II strings
tt

13.2 T duality of type I string

(Include the supersymmetry charges thing and the worldsheet supercurrent thing). D-p branes
naturally couple to p+ 1 form fields. They can couple to R — R fields;

[ G

(Do they couple to the B field as well i.e. D1 brane?). Type IT A has 1,3,5,7 and 9 form potentials
and thus, it has D-p branes with p even. Type II B has 0,2,4,6,8 and 10 form fields and thus, it has D-p
branes with p odd.
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13.2.1 New connections between string theories

The susy algebra for extended objects is as follows (find justification for this);

A 11\\1/[S M i Qlj\\I/IS oM
{Qa,Qﬂ}I—Q |:P]W+ 27Ta,:|1—‘a5:>{QCHQB}:2|:P]\/[+27TO/:|(F Tr )aﬂ (13.2.1)

4 A A | A Ot QN oM
{Qa,Qs} =-2 [PM - Qﬂa/]raﬂ = {Qa,Qp} =2 [PM - 27@,] (T°T™)ap (13.2.2)

Q0 Qo) =23 2Q, g, (8 5™) 1, = (Qu Q1) =2 T 2,y (8Y18%0T0),, (1323)
p : p :

where QN and QR are NS and R charges. Recall that charges carried by extended objects have multiple
indices.

(Include the arguments from type I divergence, Include the arguments for the supersym-
metry algebra, D instanton example)

13.3 D Branes action and charges

We need to calculate the D brane tension in superstrings. For that, we need to calculate the cylinder
amplitude and extract the massless divergence from it for an open string stretched between two branes.
There are contributions from NS and R sectors. The NS amplitude was already calculated in section 10.8
and the only change is the integration happening on a different number of dimensions and the extra factor
due to stretched string between two branes. The intervening steps are exactly like the steps in section 8.7
while calculating the D-brane tension. We get;

8iVp+1 ° dt _y2paral 4 8iVp+1 ® L (5-p)/2 —ty?[2ma
Ansns = (872a/) (D)2 fo (p+3[2 v = (872a/) (D)2 fo dt ¢ e T
2 o , o
_ 8%iVps1 wﬂ(87r2a’t)(971’)/267’5‘1’2/2“"" _ 4 x 167 Vpia w@(87r20/t)(9*”)/26492/2”“'
8w (8w2a’)® Jo  t2 8m(8m2a/)5 Jo 12

The steps in the last line are done to bring the expression into the standard form (that resembles other
expressions that we derived before). Now, we do this integral but for that, we use a simplified form of this
massless divergence. So, we have;

. . (7-p)/2
__ 8iVpn g 1602ty f2ma’ __ 8Vpe1 2ma’ 7 dupP2n
Ans-Ns = W fo dtt e = (87T2a/)(p+1)/2 Y2 ./0‘ dpp e

~ 8iVps1 AN r ( 7- p)
- (87T2a/)(p+1)/2 y2 9

Now, we use (8.7.6) with d =9 —p to get;

_ 1 Tp TP\ _ 4 (0-p)/2), TP
GQ—P(y) - 47T(97p)/2|y|77pr( 2 ) = F(?) - 47T |y| GQ—P(y)

Putting this equation into the expression of Ang_ns, we get;
Ans-ns = 271V, (4770 ) PGy, (y) (13.3.1)

Now, for the field theory calculation, the expectation values become the following by putting D = 10 in
(8.7.10) and (8.7.11));

S 2iK?
(o0) = 2
(Do the graviton expectation and the field theory calculation). The field theory result is given as
follows;
22',%27'3 9 9
TEV;H =207, Vpr1Go—p () (13.3.2)
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Equality of (13.3.1]) and (13.3.2]), we get;

o m(4m*a)?P 2
e

m(4r%a’)3 ) r(4n2a)3P
B 2

Ana’ = 4w’ = 1, =20V 7, = T)p1 = 27V T
2 - P P P P p

So, we see that the recursion relation (8.7.5) is still satisfied (recall that 7, and T, are related linearly by the
exponential of dilaton expectation value). To guess the low energy R — R exchange action is easy. We have
two D —p branes (with couple to Cp,; field and the action for this field is);

1
f 42/ ~G|F, o)

-——
4K7,

Moreover, the branes are sources for Cp,; fields and thus, the action of the coupling of branes to C,; field
is (with coupling constant fi);
Hp / Cp+1

1
- f d*v _G|Fp+2|2 + Up / Cps1

2
4K7,

So, the total action is;

The propagator for the Cp.q field is easy to read as the normalization is canonical. One can redefine a
new Cpiq field as (\/5510)‘101”1 and then, the normalization and propagator are the standard photon
normalization and propagator i.e. i/k?. Be careful about the different signature of the metric used usually
in QFT. This is the reason there is no minus sign in the propagator here. The propagator is as follows;

;.2
2ik1g

2k3, (standard propagator) = 12

The field theory amplitude is (derive this and there should be a factor of Vp+1);
_21"5%0#;2;G97p(3/)vp+1
Since this should be negative of the NS — NS field theory result, using (13.3.1) we have;
2
= 20312 G-y (1) Ve = ~2iVper (4520 )2 P2Go  (y) = i = —5-(4ma!)PP = S72 = 20072 = T2 (13.3.3)
K10 K10
(Find justification of second last step. Probably from chapter 12).(Write about orientifolds
and pictures).

13.3.1 Dirac quantization condition

We first review the Dirac condition for normal electrodynamics. Since the electrical charge is carried by
point particles (or 0 branes), the field strength should be Fy and since normal electrodynamics is in four
dimensions, the dual field strength is also a two-form which in turn implies that magnetic sources should also
be 0 branes or point particles.

Consider a magnetic monopole with magnetic charge i, and a sphere S? around it. The flux through S? is
calculated as follows;

1
Mm = [5'2 Bszl = /53:‘2 ieijk:ijdAi (1334)
Now, we do the following manipulation;
dA; = (dz' x dx?); = eilmdxlldxfn
= €;,dA; = eijkeilmdgclldgciT = (015 0mpk — §lk6mj)dxlldx72n = dx;dxi - dwidm? = 2d:1c} A dxi (13.3.5)

Using ((13.3.5)) in (13.3.4)), we get;

[5'2 Giijjde?]l» A da}i = /f;’? F2 = Um (1336)
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NS

Figure 1: The path on which integration is performed

Including an electrically charged particle in this field with charge p., we get the following phase (include
an explanation) (the path is shown in the figure below);

eXP(iue jiAl) =eXp(iue ngFz) = exp (iflefm)

To ensure the single-valuedness of this quantity, we need to ensure that;

ellm = 27N

Now, we generalize this discussion to p—branes. If the source is a p—brane, then the field strength is F};2, the
dual strength is Fyg_p—2 = Fs—, and thus, the source of such a field is a 8 - p—2 = (6 — p) brane. We call this
brane a magnetic brane and p brane an electric brane. Now, in 3 space dimensions, a point is surrounded
by S? (two dimensions), and a line is surrounded by S' (one dimension). The dimension of the sphere S*
surrounding an extended entity of p dimensions in a d dimensional space is given by the formula;

k=d-p-1 (13.3.7)

which reproduces the results quoted above. Now, for 9 space dimensions, a 6 —p magnetic brane is surrounded
by a sphere of dimension
9-(6-p)-1=p+2

which makes sense as it is the number of indices on Fj.2 and we expected the generalization of ({13.3.6]
to be something like F,,o integrated over SP*2. So, the generalization of (13.3.6) is confirmed to be (find
justification for the factor);

5,2
_[sz Fpr2 = 2670 H6-p
An argument like before gives us the following condition;
0

exp (i,up 5531)” Fp+2) = exp (2infoup,u6_p) is single-valued = Q/ifoup,ug_p =21 = lplle—p = KTn (13.3.8)
10

Using ([13.3.3]) we get the following;

VT _ NS _ s
Hp = 7(47"0/)(3 p)/27 He-p = ?(470/)(1) 2= Mple—p = PR
10 10 10

So, the charges in ((13.3.3]) satisfy (13.3.8) for n = 1.

13.3.2 D-brane actions

The massless (NS+,NS+) spectrum is the same as the bosonic massless spectrum, and the arguments from
section 8.7 apply. So, the coupling of the D-brane with NS — NS sector fields is like the DBI action. We
replace T}, with 1, because they are equal as shown above and to include the case of multiple branes, we
include a trace because the fields become gauge fields. So, the NS — NS action becomes;

Snsns = —fip f A" Te[- det (Gap + Bap + 270" Fup) ] (13.3.9)

126



(Include the discussion about flat directions). The coupling to R—R fields is derived as follows (derive
this);

SR-R =iy / Tr [exp [27a’Fy + Ba]| A Z Cq] (13.3.10)
p+1 q

(Find about spacetime curvature couplings, the fermionic part of the action and the full non-
linear action). To find the YM coupling on the brane,

13.3.3 Coupling constants

We now calculate the ratio 71 to 7p; i.e. the ration of tension of fundamental string to the tension in D1
brane. It is as follows;
TF1 e~% 2o’ K

N C D R
Now, as shown in chapter 6 (do it in chapter 12 too), g. is proportional to k£ and thus;

TF1

TD1

Although we fixed the normalization between g, and g. in chapter 8 (do it for superstrings as well), we
didn’t fix the normalization of g, o< e?. So, we define g. to be the ratio above;

TF1

TD1

9e
Then, using the expression for 71 /7p1, we get;
1 1
K =8gem 20 = k2 = 527927r7a'4 = 593(27)70/4

The string tension can then be written in terms of g. as follows;

VT " (3-p)/2 Va(dra)BP2/2 —p -(14+p)/2 -1
i 7(47Ta )= g.(2m) 720" = (2m) P P, (13.3.11)
Notice that this is dimensionless only if p = -1 (for instanton) (Find more about this). To derive the

Yang-Mills coupling on the D-brane, we expand ([13.3.9)) for Gap = Map, Bapy = 0 and ¢ = ¢g. We also use the
following identity;

det(=I+M) = ~1+Tr(M)+O(M?) = det(nap+2ma’ Fop) = =142710/ Fop F**+O(F?) ~ =121/ Fy F° = -1-21a/ F?
So, the expansion of (13.3.9) is as follows;
Ly f dP e Tr [e_%(l + 2770/F2)] =~y f dPHeTr [e_%] -2ma [ dPeTr [e_¢“F2]

(Trace on the dilaton is giving a problem. If we ignore the dilaton trace, then it can be taken
out and mu becomes tau then. The action then becomes);

8ra'T, 1 (27a’)?
—27ra'7—pfdp+1§Tr[F2]:4pfdp+1§Tr[F2]:—4(7m,/; m [ a e [P

(The extra factor of ma’/2 is coming in denominator. How to deal with this?). Now, if we read
g% Mo We get;
L (27 ), = g3y = b 2m) 22 = (27) 202 (2m)Pa (P2 g, = (27)P 20 (P2,
o P (2ran), ’

We see that this coupling is dimensionless only for p = 3 i.e. three-dimensional space case which we already
know is true.

(The relation between gy )/, < and o' requires some orientifold based reasoning. Do that.), The
result is;

2
M _ 2(27)"2a’ (Type I)
K

(Talk about the Born-Infeld action for type-I)
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13.4 D-brane interactions: statics

We consider two branes of possibly different dimensions i.e. a D —p brane and a D - p’ brane. Let’s call
the set of coordinates that have Dirichlet boundary conditions on the first and second brane be Sp and Sp,
respectively. The corresponding sets for Neumann directions are Sy and S%. Then the DD directions are
Sp NS, and so on. The unbroken supersymmetries due to the first and second D brane are as follows;

Qo+ (F*Q)ar Qo+ (6*Q)a = Qa+(B47'54Q)a (13.4.1)

and thus, the supersymmetries unbroken by both D-branes are the ones which are generated by @, such
that;

B84 Q0 = Qa (13.4.2)

because if this happens, then the spinors unbroken by the second one and the first one are the same as can
be seen from . So, we need to find the number of solutions of . Now, 5l’15’l is a reflection
is DN and ND directions (Find some justification of this). The total number of DN and ND directions
is denoted as #nyp. Now, we prove that #np is even. The number of elements of different relevant sets is
as follows;

n(SD) =D -P n(SN) =P n(SID) =D _p,a TL(S;\/) :p,

Now, we make a Venn diagram of the involved sets and the number of elements in each section of the diagram.
The Venn diagram is as follows (where we wrote #yp simply as #);

D—#-¢ "

where we used the fact that the number of elements in Sp n Sy and S7, NSy is #xp and the total number
of elements in all sets is D. £ and p are undetermined coefficients but they should be non-negative integers
because n(Sy n Sy) = p and n(Sy n Sp) = & Now, we apply the constraints that n(Sp) = D - p and
n(Sn) = p, Both of these constraints give the same condition i.e.;

p+&=D-p
Now, applying the constraints that n(S7,) = D —p’ and n(S%) =p’ give the same result i.e.;
#ND-p+E=D-p' =&~ p=D-p' ~#np
So, we get two simultaneous equations for £ and p. They are easily solved to give the following;

_ (p+p)+#~np  (p-p')+#n~bD
g=p-LIETIND -y P T IND

Now, p and p’ are both even or odd because they are in type II A theory or type II B theory which have
even and odd branes respectively. So, p+p’ and p—p’ are both even. Therefore, from the expression of u we
deduce that p — p’ + #nyp is a non-negative even integer (because p is a non-negative integer). Since p — p’
is even, # np is even as well. # xyp is non-negative because it is the number of DN and ND directions. The
expression of ¢ tells the same story. So, we can write #xyp = 27 where j is a non-negative integer.

Since p*+7! ﬁ! is the reflection in ND and DN directions, we can pair these directions to give j pairs (since
they are even in number) and since a reflection of the coordinate axis of a two-dimensional plane is a rotation

’7
by 7 degrees, we can write f*713% as;

B1BY = exp [im (Jy + ... + J)]
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For the spinor representation, J;’s have to be half-integers, and thus e™ has eigenvalues equal to +i. Now,
if j is odd, then we can never have Ji +... + J; equal to an even number (and we need this sum to be an even
number to make B3 equal to €2 = 1). Does j being even imply that B1BY =1 iee. is j being
even is a necessary condition for Bl’lﬂﬂ =1 but not a sufficient condition?.

So, #np is a multiple of 4 i.e. #yp € {0,4,8}. We now count the unbroken supersymmetries corresponding
to each case. First take the #yp = 8 case. So, we have;

BBY = exp[mi (Jy + Jo + J5 + J4)]

where J;’s are £1/2. Different supersymmetries are counted by counting different Qo’s and different Q,’s
are counted by counting different (Jy,Jo, J3,Jy) tuples such that Jy + J + J3 + Jy is even. This sum is even
when all J;’s are 1/2 or —1/2 which gives us two tuples. This sum is also even when any two J;’s are 1/2 and
the other two J;’s are —1/2. This second possibility can happen in (3) = 6 ways and thus, we have 6 more
tuples. So, we have 2 + 6 = 8 unbroken supersymmetries (What about the supersymmetries breaking
due to first brane?)

Let’s do the #np = 4 case now. In this case, we have;

ﬁl_lﬂl’ =exp [mi (J1 + J2)]

So, we need (J1,.J2) tuples such that J; + J2 is even. This can only happen when (Ji,J2) = (1/2,-1/2)
or (Jy,J2) = (-1/2,1/2). This gives only two cases. How many spinors does it correspond to? It should
correspond to 8 spinors and thus, 8 unbroken supersymmetries. (How does the factor of 4 appear?
Because two other eigenvalues don’t matter and we have a factor of 22?7 or some other reason?
and again, what about the other brane equation?)

The #np =0 case is trivial. In this case, ,BL‘lﬂL’ =1, there is no condition that comes from the second brane.
Therefore, the supersymmetries allowed by the first brane are unbroken. This is 16 in number because this
case is T-dual to type-I case (find more justification).

Do the other proof of #xyp being a multiple of 4 by calculating NS zero point energy.

13.4.1 Branes at general angles

We start with the example of two D —4 branes. They are taken to be in (2,4, 6,8) directions with separation
in 1 direction. To imagine this scenario, the reader can take the y—axis to represent (2,4,6,8) collectively
and r-axis to represent 1 direction. The z—axis can be taken to represent 3,5,7 or 9 direction depending
on the requirement. Now, we rotate one brane with rotation ¢, in the (2,3) plane, ¢ in (4,5) plane, ¢3
in (6,7) plane and ¢4 in (8,9) plane. There is no rotation in any plane involving 1 direction because that
will make the separation between the branes position dependent. All of these rotations are collectively called
p. Then, the unbroken supersymmetry is the one unbroken by the the unrotated brane and the unbroken
supersymmetry unbroken by second brane which is (find justification for this);

Qo + (p_lﬁpo)oz =Qa+ (/BLﬂl_lp_lﬁpo)a
So, the unbroken supersymmetry is generated by spinors that is left invariant by the following operator;
5l—lp—1ﬁip _ ﬂl_lﬂlp2 — p2
(Find justification of the first step. Is it due to some kind of commutation relation of parity
and rotation?). In the spinor representation, this rotation p is represented as follows;
4 4
p =exp (z > sagba) = p* = exp (Qi > saqﬁa) where s, € {-1/2,1/2} (13.4.3)
a=1 a=1

So, we want this phase to be 1. In other words, we want;
2511 + 2822 + 25303 + 2544 =0 (mod 27)

where 2s;’s can take the values equal to +1. We see that if this condition is satisfied for a (2sq, ..., 2s4) tuple,
then it is also satisfied for (-2s1,...,-2s4) tuple. So, we can focus our attention to the cases where 2s1 = 1
so that we don’t consider equivalent tuples more than once. We can tabulate all the inequivalent conditions
as follows;
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S1 | So | S3 | sa Condition

U [ =1 [ -1 [ -1 | 1623 —oa =0 (mod 2)
1 -1 -1 1 ¢1 - (bg - ¢3 + ¢4 =0 (mod 271')
1 -1 1 -1 d)l - gbg + ¢3 - ¢4 =0 (mod 271')
1| -1] 1] 1] ¢1-cs+cds+es=0(mod2r)
1 1 -1 -1 ¢1+¢2—¢3—¢4:0(m0d 271')
1| 1| -1] 1| é1+¢o—cs+es=0(mod 2r)
1 1 1 -1 d)1+¢2+¢3—¢)4=0(m0d2ﬂ')
1 1 1 1 ¢1+¢2+¢3+¢4:0(m0d2ﬂ')

Some possibilities are considered as follows;

Now,

The last condition allows the (2s1,2s2,2s3,2s4) = (1,1,1,1) and (2s1,2s2,2s3,284) = (-1,-1,-1,-1)
tuples and thus, two supersymmetries are allowed out of the original 16. So, this case breaks seven-
eights of supersymmetry.

If we want ¢1 + ¢2 + ¢3 = ¢4 = 0 (mod 27) then this is satisfied by last two rows in the table and thus,
we have 2x 2 = 4 unbroken supersymmetries (a factor of two arises because we also count the equivalent
tuples that have s; = -1).

If we want ¢1 + ¢o = ¢d3 + ¢4 = 0 (mod 27) then this is satisfied by the last row and the fifth row in the
table and thus, we have 2 x 2 = 4 unbroken supersymmetries.

If we want ¢1 + ¢2 = ¢3 = ¢4 = 0 (mod 27), then this condition is satisfied by the last four rows in the
table. Thus, we have 2 x 4 = 8 unbroken supersymmetries.

We now consider the case when k of ¢;’s are 7/2 and the rest of them are zeros. If k = 0 then all the
cases in the table are satisfied and thus, 2 x 8 = 16 supersymmetries are unbroken. This is the same as

#np =0 case.

If k=1 or k =3, then none of the conditions in the table can be satisfied and thus, all the supersym-
metries are broken. These can be taken to be the same as #nyp =2 or #xnp = 6 cases because this case
isn’t supersymmetric at all. (Is it enough to take them as these cases?).

If k = 2, then there are four rows in the table above which are satisfied. (Write the details here.
You know them. Just write them). So, we have 2 x 4 = 8 supersymmetries unbroken. This is the
same as the case #nyp =4.

The k = 4 case is satisfied for rows 2,3,5,8. This case also has 2 x 4 = 8 unbroken supersymmetries. It
can be taken to be the same case # yp = 8 case.

we define the following complex coordinates to make sense of the rotations;

ZV=X?4+iX3, Z2=X*+iX®, Z22=XC+iX", Zz*= X% +iX®

We will denote the conjugate of these complex numbers as Z = Z2. So, out of the full SO(8) rotation group
in eight dimensions, only the U(4) subgroup retains the complex structure. The rotation p in particular is;

Now,

p= diag(ewl , ei¢2’ eiqﬁs’ ei¢4) = detp= i (B1+¢2+3+04)
we consider the various cases that we discussed before.

If ¢1 + o + 3 + P4 = 0 (mod 27) then detp = 1 an thus, p € SU(4). This case has 2 unbroken
supersymmetries.

If ¢1 + o+ 3 = ¢4 = 0 (mod 27) then detp = 1 an thus, p € SU(3) (¢4 = 0 (mod 27) and thus, it
doesn’t give any factor in the group). This case has 8 unbroken supersymmetries.

If ¢1 + P2 = 3 + p4 = 0 (mod 27) then det p =1 an thus, p € SU(2) x SU(2). This case has 8 unbroken
supersymmetries.

If ¢1 + P2 = g3 = ¢4 = 0 (mod 27) then det p = 1 an thus, p € SU(2) (¢3 = ¢4 = 0 (mod 27) and thus,
they don’t give any factor in the group). This case has 8 unbroken supersymmetries.
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We now write the boundary conditions in terms of the Z%’s. In the unrotated brane version, the brane
extends in the following directions;

(2,4,6,8) = (Re(Z"),Re(Z?),Re(Z%),Re(Z*))
and thus the following is true;
X3 =Im(Z" =0, X°=Im(Z%) =0, X" =Im(Z%*) =0, X =Im(Z*) =0
The Neumann boundary conditions for directions parallel to the D-brane are thus, as follows;
O1Re(Z') =0, 9,Re(Z?) =0, O Re(Z%) =0, 01Re(Z*) =0
So, the boundary conditions are as follows;
O Re(Z%) =Im(Z%) =0, a€c{l,...,4}

In the rotated brane version, Z% changes to e®sZ% and thus, if we undo these rotations i.e. if we consider
e%2 7% the boundary conditions then become the boundary conditions for the unrotated brane. So, the
boundary conditions for the rotated brane are as follows;

ORe(e®Z%) =Im(e ®*Z%) =0, ae{l,..,4}

If we let 0! = 0 endpoint on the unrotated brane and ¢! = 7 endpoint on the rotated brane, then we have
the following boundary conditions;

o'=0: 9 Re(Z%) =Im(Z*) =0, ae{l,..,4}

ol =m: ORe(e™®Z%) =Im(e 2% =0, ac{l,...,4}

These boundary conditions give the following mod expansion (derive this using the doubling trick);

29w, @) = Z2%(w) + Ze(w) where Z%(w) = i % S Ergire

(&
Z+v, r

where v, = ¢o/m. It also gives the following partition function for a single Z scalar (derive this, the E
power of q is a bit unclear);

s -1 = /w1 1 1 1\?
ZZ,rotated = qu H (1 _ qm+¢/‘n') (1 —q 1+1-¢/ ) where Ey = ﬁ — 5 (% — 5) (13_4_4)

m=0

Note that if ¢ =0, then Ey = —1/12 which one would expect for a Z scalar (because one Z contains two X'’s
and the partition function for one X has the power ¢~/ 24). We can write this partition function in terms of
9 functions as well. For this purpose, consider the definition of 911 (v, 7) with 7 =it. We get the following;

V11 (v, it) = =2 sin (7v/) [TA-¢™)(1-2¢")(1-2""¢™)

m=1

= —2e™ g2 gin (1) n(it) [TA-2¢™)(1- 27 1¢™) where g = e 2™ z =¥

m=1

To match this expression with the expression in (13.4.4)), we should choose z = ¢®/™ and thus, v = ipt|m. So,
we consider the following;

O (igt/m,it) = =274 sin (igt)n(it) TT (1 - g™ /™) (1 - ¢™ /™)

m=1
1 1 >
= -9 1/8-1/24 * ( _—¢t _ Pt it 1— m+o/m 1- m+l-¢/m
q 51 (¢ et T 5 TTG-g™") 0 -q )
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_iq1/8—1/24—¢/27r+E0,’7(Z-t)

ZZ rotated
where in the last step, we used (13.4.4). Now, let’s calculate the power of ¢ that is appearing;
1 1 ¢ 11¢11(¢1)211¢1¢21¢¢2
——— -+ ===+ ===z == - — - e
8 24 2w 8 24 2m 24 2\m 2 8 24 27 24 272 8 2« 272

and thus, the ¢ factor can be written as follows;

q1/8—1/24—¢/27r+E’0 _ q—¢2/27r2 _ e¢2t/ﬂ

Therefore, we get;

1 —7 ¢2t/‘ﬂ' t
O (it )7, it) = —ie? U n(it) = = 2y rorated = —— n(it)

e MR 13.4.5
ZZ rotated 1911 (Z(bt/ﬂ-7 7’t) ( )

Similarly, the fermionic partition function becomes (derive this and elaborate on the footnote that
requires pictures);

Yap(idt/m, it)
exp (¢*t/m)n(it)
Since we are talking about the open string only, we have only one fermionic sector and thus, right now, we
only need the generalized Zj (it) right now. It is as follows;

Z5(p,it) = (13.4.6)

4 4 4 4
ZW¢M=;(EZ&%JU—EZH%Jﬂ—qZM%Jﬂ—HZH%Jﬂ)

Now, we prove the following generalization of (7.2.2)) (prove it);

4

4 4 4 4
;(H Z3(¢a,it) = [T 2 (¢, it) - [1 24 (dasit) - 1'[ %zt)) = [1%i(¢5.it)
1 a=1 a=1 a=1

where;

B = (01 + 2+ 03+ 0n), By = L (61462 05— 62)

:%(¢1—¢2+¢3—¢4)7 ¢’2:%(¢1—¢2—¢3+¢4)

Notice using previous analysis that if ¢} = 0, then there are only two unbroken supersymmetries but if ¢5,¢%
or ¢} is zero, then there might be four or eight unbroken supersymmetries. So, we see that the total partition
function coming from all bosonic and fermionic excitations is as follows;

4 _jeta trp(it) A 4 'e¢2t/7T (it) O11 (it /7, it)
U V11 (ipat/m,it) 52 H 1(¢a,2t) H 1 V11 (igat/m,it) o H 1 exp (¢2t/m)n(it)

—HGXP(W(QZSQ ¢a))}jl Y11 (igat/m,it)

(What to do with this exponential factor? Also, derive the potential which agrees with this
expression if we set p =8 in the parallel brane expression. See Mumford for theta identities).
The potential is as follows;

o dt t? \ & Vi1 (id,t/m,it)
V:—[ — (8ma/t)"1/? - alz 13.4.7
0 (8ma’t)™ " exp 2’ | o1 V11 (iggt/m, it) ( )

The dominant contribution comes when y; is minimum i.e. when strings are near the point of closest approach
of the branes. The sign of the potential is not definite as the following quantity doesn’t have a definite sign;

~ 4 sin(qﬁ;t)
a=1 Sin(¢at)
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sin functions comes the definition of ¥1;. Everything else in the integrand is positive definite. In the definition
of ¥11(v,it), sending v — —v keeps the product part invariant but sends sin7v to —sinzwv. Thus, 911 (v, it)
is an odd function of v and thus, it is zero at v = 0. Now, we investigate the cases when ¢,’s or ¢,’s are zero
because the 917 functions vanish in these cases.

If ¢, = 0 for some a, then the branes become parallel in some direction. For example, if ¢4 = 0, then the
branes become parallel in the 8th direction. The strings can now move in this direction. Since ¢4 is the
rotation angle in the 8 — 9 plane, the 8 and 9 directions become like directions when the branes are parallel
with the branes extending in the 8th direction and the 9th direction being perpendicular to the brane. If we
look at the partition function of the parallel branes for p = 4, the contribution of the 8 - 9 directions should
be;

L(it)~2(87%a/t)"1/?

where L is the length of the noncompact 8th direction However, for ¢4 # 0, the contribution of 8 -9 directions
to the partition function is in (13.4.5). So, we need to do the following replacement;

~ie iy con(it) _ —init)
1911(’i¢4t/7‘(,it) 1911(’i¢4t/7‘(,it)

In order to generalize this picture to branes with some other number of dimensions, we use T duality. If we
T dualize in the 8th direction, then the branes loose a dimension and we have 3-branes that are rotated in
2-3,4-5 and 6 — 7 directions. These branes might have separations in the 8th and 9th directions. The
fermion partition number is unaffected by it (prove this). The contribution due to 8th and 9th direction to
the partition function will now be (prove that the 87/t factor won’t come);

H2 + 12
n(it)Zexp | - (ys +v3)
2ma’

- Ln(it) 2872/ t) Y% = 9y, (igat/m,it) ™t — iLn(it) "> (82a't) /2

and thus, we have to do the following replacement;

et : in(i
e : |¢74=077-(Zt) _ "“7(“) __ n(it)_z exp [_
1911(7/(b4t/71',’tt) 1911(7/(b4t/71',’tt)

t(vz +v3)
2ma’

2,2
= 011 (idat/m,it) " - in(it) > exp [_t(ys il yg)]

2ma’
T dualizing in the 9th direction will cause the brane to extend in the 9th direction as well. This will obviously
give a factor of Lg i.e length of the 9th direction. It will also give a factor of (872a’t)™*/? because we get
such a factor for all brane directions (Why don’t we get n? See that). So, by T dualizing, we can get
the potential for branes of different directions (what about rotated branes of different dimensions?
Does ’rotated’ mean any sense in this context?).
The potential in vanishes if some ¢, vanishes. Now, we see what phases in that are labeled
by the tuple (2s1,2s2,2s83,2s4) are unity when any of the ¢/ phases vanish. If ¢] =0, then (£1,+1,+1,+1)
are unity and two supersymmetries are unbroken. If ¢4 = 0, then (£1,+1,¥1,F1) phase is unity and again,
two supersymmetries are unbroken. Similarly, for vanishing ¢4 and ¢}, the phases (+1,¥1,+1,¥1) and
(£1,¥1,F1,+1) respectively phases are unity. Again, two supersymmetries are unbroken. However, we see
that these phases are only eight in number but in total, there are sixteen (2s1,2s2,2s3,254) phases. There
are some phases i.e. when we have an odd number of —1’s (4 of them have a single —1 and 4 of them have
three —1’s) such that if any of these phases are unity, we will have two unbroken supersymmetries (because
if (2s1,2s9,2s83,2s4) is unity then (-2s1,-2s9,—-2s3,-2s4) is also unity) but none of ¢/ phases are zero and
thus, the potential in is non-zero. (Do the expansion large separation part and the tachyon
part).

13.5 D-brane interactions: dynamics

13.5.1 D-brane scattering

The relative motion of D Branes is described by analytically continuing the angle variable to the rapidity
variable. If only ¢, is nonzero so that the rotation is in the X2 - X3 plane, the following equation is satisfied;

X3 = tan ¢ X2

133



we define;
X3 5 iXY, ¢ =-iu

where u is the rapidity. So, the following is satisfied;
X3 = tan(—iu) (iX?) = —itanh(u)(:.X") = tanh(u) X"

The amplitude of interaction for for general p is given as follows (derive this);

, o (i _ ty? V11 (ut/2m,it)?
=iV, f — (87%a't)P/? - ’ 13.5.1
A=-ily ot (8m7a’t) ™ exp 2rad’ | n(it)2911 (ut/m,it) ( )

Using modular transformation, we have;
ut AT o
911 (77%) _ it 2 Ay (_7, 7) M2y (77 7)
2 27t 27t
Moreover,

1911 (l ’Lt) it_l/Qe_u2t2/ﬂ’L911 (ﬂ, E)
Tt

and, .
. _ 2
tit) =+ 5)

Using these transformed quantities, we can write the amplitude as follows;

. o dt _ ty? \ .- e‘“Qtz/”ﬁll(iu/Qﬂ i/t)*
A:—Vf —(87%a't)P/? - 72 :
Wo Jo g Bmat e | ) oy iy (i) Ve Fry, (iufm i)

_ Vo /°° @t(G—p)/Q exp [ - ty? O (iuf2m,ift)*
(8w2a’)P/2 t 2ra’ ) n(ift)9911 (iu/m,i/t)
We can write this amplitude as an integral over a worldline. For that purpose, we manipulate this amplitude
as follows;

[ 2 . . 4
Vp [ dtt(6—p)/2exp(_ ty ) (ﬁll(lu/Qﬂal/t)

B (8m2a’)p/2 t 2rad’ | p(ift)2911 (iu/m,ift)

__2m/2a'V, foo At s P2 xp (- ty? V11 (fu/2m,i/t)*
(872a/)(P+1)/2 Jo  1/2 2ra! ) n(ift)?011 (tu/m,ift)

o ' AV 2
2V, [ gt 152 tanhu ¥11 (du/27,i/t) (exp (_ ty ) ™ 2a’)
0

B (8m2a/)(p+1)/2 n(i/t)°011 (Gu/m,i]t) 2ra’ ) tanhu t

Now, the factor in the last parenthesis can be written as follows;

. ty? v 2a/ o [ dre tT tanh2 f dre t(y? + 72 tanh” u)
xp | - =ex Tex Tex
P\ 27’ ) tanhu t P 27ra P P 2ma!

f dTeXp( (y o ) / dTeXp( )

v=tanhu, r*(7)=y?+0v?r?

where

So, we get;

oo 4
_ 2V, [ gt 152 tanh u Y11 (fu/27,i/t) / dr exp
(8m2a)(P+1)/2 o n(i/t)?011 (iu/m,ift)

oo ; oo ; - 4 2
_ f dr 2iV, f gt P2 tanbu 011(zy/2ﬂ, z/t) exp - tr
—oo  (8m2a/) (P12 Jo n(i/t)2V11 (iu/m,i[t) 2ra’
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:—ifoodTV(r,T)

where v (iu/ iy )
. 2 oo B tanh v V11 (du/27, i/t tr
V(r7)=i———t f dt tO-P)/2 i - 13.5.2
(n7) = i 2y iz 1(i/)°01, (iuf, i]t) el (13.5:2)
Now, the expansion of ¥11(v,7) is done as follows;
011 (v, 7) = =2e™sin(mv) TT(1-¢™)(1-2¢™)(1-27"¢™)
m=1
‘ 3,8 o
= —2¢™/4 (wy et ) [T(-¢™)(1-¢™-2mivg™ +..)(1 - ¢™ + 2mivg™ + ...)
m=1
miT/4 7V 2 - - m . m m . m 2
=-2e vr|1+ +0(v%) H(l—q H[(l q¢™)? + (1 -¢™)2mivg™ - (1 - ¢™)2mivg™ + O(v )]
m=1 m=1
= 2ume™ A8 ()2 + O(V2) = —2mun(7)? + O(V?)
This result implies; o
11 (;ﬂ %) = ~2mn(ift)’ 3 + O(u) = —iu (i) + O(?)
T
Similarly, we have; _
I (Z: %) = —2m(ift)* 2+ O(u) = 2iun(ift)* + O(?)
Since v = tanhu = u + O(u?), we have v ~ u for small u. So, we have;
011 (5o 1) = =iv (i + 00
2t
Similarly, we have; o
o (2,5) = —2ivnGle)* + 0(?)
T
Using these expansions, ((13.5.2)) becomes;
Vo
_ .4 P (5- P)/Q —tr?/2ma’ 6
V(r,v) = (8772 N2 f dt t +0(°)
(7-p)/2
v, 2ra’ oo
= —pt p (5-p)/2 —1 6
v (8720w D2 ( " ) /(: du p et +0W°)
7-p
Vv, 2ra’\ 2 _(T-p vtV T-p
_ 4 P 6 P_92-2p_(5-3p)/2 6
v (872a/) (P D)/2 ( 2 ) F( ) )+O(U ) = P — =2 F( 5 )+O(v ) (13.5.3)

Using these results, we see that the leading v term in is proportional to v*. (Do the argument
about v? term). Now, we investigate the small r limit. Smce we have —t7‘2/27ra in the exponential in
7 the dominant contribution comes when t ~ 27a’/r?. So, small r corresponds to large ¢ i.e. from the
light open states (see more about this). To see the small r behavior, we expand in large t i.e. in
powers of 1/t but don’t expand in v (I think it is for small v) (derive this). We get;

sin ut

% dt tr? \ tanh usin® ut/2
V7))~ -2V fo (8ma/t)(P+1)/2 eXp(_27ra’)

As we saw in 7 the structure of the v* term is v*/r7P. The higher terms will have higher powers of v
and higher powers of 7 in the denominator (check this). So, no matter how small v is, at small enough r,
the dominant term will not be v* term. The integrand is smoothed at ut ~ 1 (find justification for this).
Since u ~ v for small v, and since the dominant contribution comes when t ~ 2wa//r?, we have;

2 !/ !
utv 1= Tl B s e Vel = 1/ (13.5.4)
T r
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So, the slow-moving D brane is relevant for probing distances small than the string length /5. The time that

it takes to scatter dt is;
!

r [0
St~y [
v v

We will denote the uncertainty in distance as dz. For a D brane with velocity v, it should be of the order
Va'v as found previously. So, we have the following;

520t ~\ | Lol = o
V v

In general, the uncertainty can’t be smaller than dx and thus, the value of §zdt calculated is a lower bound.
Thus, we have (Look into it more);
Szt > o’ (13.5.5)

This uncertainty relation between coordinates hints at non-commutative geometry.
We can find a minimum distance that a D0 brane can probe. Since it is a particle, the wavepacket that
minimizes the uncertainty in the Heisenberg uncertainty relation is the Gaussian wavepacket. For the gaussian
wavepacket, we have the following;

dxdp~h=1=dxdp~1

But, for small v, we have dp = mdv and thus, we have;

1
mov

Now, we use (|13.3.11)) with p =0 to get the mass of the DO brane. We get;
1721 gvao!

Sa ~
= 0 61}

moxdv ~1 =0z ~

m=7)=«

So, the uncertainty relation for the DO brane should be;
oz dv > gvVa! (13.5.6)

Since v is small, we can take dv ~ v (Is this assumption right?) and thus, we have;

gva!
v

ox >

Moreover, we have an inequality from ([13.5.4]) which reads;
ox > Va'v

Imposing these two inequalities gives us a region and the lowest possible value of dx in this region is found
when we have;
/
gV« - Valy = 3? :g:H}:gz/d
v

Using this value of v in the inequality corresponding to (13.5.4)), we get;

ox > a'M2gt3 (13.5.7)

13.5.2 DO brane quantum mechanics

tt

13.5.3 #np =4 system
tt
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13.6 D-brane interactions: bound states
13.6.1 FD bound states

We start with p F strings and ¢ D strings. We assume that all of them are extended in the 1 direction and
are in rest. In this case, we have Py; = -Mdp 0, QJ\I\/IIS =pLidp,1 and QJIEI = qL1dp,1 where Ly is the length
of the system. The susy algebra in (13.2.1)) to (13.2.2) becomes;

2pL1 2pL1

(Qu @1} = -2M ()25 + ZEL 000y = 90+ 2221 (1001,
(Qu. QL) = —2M ()2, 2le(FOP Jap = 2M6aa—iﬂ(r° Yas
(Qu @l =272 L1a(8'T )5 = 2—L1q<ﬂlro)a o o (1T

(justify the last step by calculating 3'I'°). These results can be summarized as follows;

;{(gz)(% Qg)}:Méaﬁ(é ?)*;1 B(p q/g) (13.6.1)

alg  -p
The left side of the equation has non-negative eigenvalues (write more about it) and thus, the eigenvalues
of the right side must also be non-negative. We now notice that;

1 1 1 1 1 1
:FOJr]_—\Of_i:il—\O 1—\1 _1—\0 1—\1 _Z=2(2 1‘\01—\1_1—\11—\0 _7:7]?01—\1
5 Ll - oo RS

Since we know that the eigenvalues of Sy are +1/2 and thus, the eigenvalues of T'°T'! are +1. Therefore, the
eigenvalues of the right-hand side of (13.6.1)) are as follows;

L
M+ [p2+L
2ma’ g2
(Address the issue of eigenvalues of block diagonal matrix). Since these eigenvalues should be
non-negative, we get a bound (i.e. the BPS bound) on the mass from the negative sign case. We have;
M1 [

2, 1
+ 2

> 13.6.2
L1 2w’ p g ( )

The mass per unit length for p F strings and ¢ D strings can be denoted as M (p,q) and it is given as follows;

q
M —
(p,a) = 27ra 27ra’g
We have the following cases;
1 1
M(1,0) = >
2o’ 2ma!’
1 1
M(0,1) =

>
2nalg — 2mwalg
1 -2
M(1,1) = 1 . 1 1+g \/ +g
ora!  2malg 2w 2ma’

M(1,1) case exceeds the BPS bound and the BPS bound is saturated only if g — oo.
(Complete the section)
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13.6.2 D0- Dp BPS bound

We again derive the BPS bound for this system. Let Dp brane be extending in (1,...,p) directions. In the
DO and Dp system, QN = 0 and there are two Ramond charges. We thus have the following susy algebra;

{Qa, QL) = —2M(T°)2 5 = 2M g
{Qa, QLY = —2M ()25 = 2M 4,5
~ T,
Qo QB =2 (s + Bl g, (87 BT ) = 2 (0T + 7, QE (AT )as)
where in the last step, we summed over M;...M, indices (include some explanation of this). Moreover,

B = B*...8P. We can wrap the Dp brane on p torus with volume V,. So, we have Qf:'___’p =V, (confusion
about the charge getting smaller). Therefore, we get;

{Qom Q;} =2 (TOFg,B + TPVP(BFO)a,B) = QZa'yF?yﬂ
where Zoy = 7000y + TpVpPary. We also get the following (include its derivation);
{Qav Qg} = _QZl'yrgB
The susy algebra can be written as follows;
1[{Qa + oA 10 0 Zay\ 0
(i ) S O R R B e

The eigenvalues of the right-hand side should again be non-negative and thus, we get;

10 0 Za\oo 10 0 Zay) o
M(o 1)5““(—2(27 O)F”BzojMo 1)0as2=\_z1 o )T

ay
51 0 0 Za\wo [ 0 Zoa)wo
:>M (O 1 50{,32 —ZL,Y O I‘,ya —Zl)\ 0 F)\ﬁ
~Zan 1%, 21,18, 0 )
= oo (13.6.4)
( 0 -Z5 19, Z\T%

Now, we do the following manipulation;

(Z'T%)ap = 70T 5 + 7V (BT ap = 7l05 + 7 Vi (B8 T ap = 1l0s + 7,V (B7...8'T%) 0

=700 + T Vp(TOBP...8"ap = 1ol 0g + 7 Vo (TOBTP...8M ) ag = (1027 ) g (13.6.5)

where T used the following results in the manipulation above (is the first identity true for all p?);
g™ = (rr™)t = rmirt = pormrord = rem = g™ (13.6.6)
ATV =110 = 1°Tr"™ = 108™ (13.6.7)

Similarly, we can also derive the following;

(ZT%)ap = (T°Z)ap (13.6.8)

Using ([13.6.5)) and (13.6.8]) in (13.6.4)), we get;

10 (ZZ) o 0
M2(0 1)50‘52( 0o (ZTZ)QB)

where we can easily see that;

Z=10+7,VoB3, ZV =m0+, VBl = ZZT =75 + 7o,V (B + BY) + 7V, 3BT (13.6.9)
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Now, we notice the following result;
Bt =(B'..p7)" = gr.. g1t = gp. gt = (1) D281 g (13.6.10)
where in the last step, I used the fact that;
gmpt =TT™IT" = -IT™IT" =-8"F™ for m +n

and I also used the following fact;
p(p-1)
2
From , we can see that 3 is hermitian is p is a multiple of 4. Moreover, we also note that;

(B™)? =TT™IT™ = -IT™I™I = -1 = g2 = g..BPBL..BP = (~1)PP~D/2gp_ glgt  gP
= (-1)PP=DR2(_1)P = (—1)P(P+D/2
We see that if p is a multiple of 4, then 52 = 1. So, we see that for p a multiple of 4, (13.6.9)) becomes;
272" =717 = 1§ + 2101,V B+ T2V = (70 + 7,V 8)°

1+2+..+(p-1)=

This implies that the BPS bound is as follows (the beta factor problem);
M > 1y +7,V), (13.6.11)

We note that a DO and Dp state saturates this BPS bound and thus, some supersymmetry is unbroken.
To make sense of this result, we note that for a DO — Dp system, the only Dirichlet directions can be the p
directions on the Dp brane and all of these directions have to be Neumann directions on the D0 brane. So,
in this case, #xp = p. We saw that if #yp is a multiple of 4, then some supersymmetry is unbroken. This
is exactly what we are seeing here i.e. for p a multiple of 4, the BPS bound is saturated.

Similarly, we can easily see that if p is even but not a multiple of 4 (i.e. if p = 4k + 2), then we have;

Bt=-p, B7=-1

In this case, (13.6.9) becomes;
27" =217 =15 + 2V

and thus, the BPS bound is easily seen to be;

2 2 27,2 [ 2, 212
M ZTO+Tpr:>MZ TO+Tpr

This bound is not saturated by a D0 - Dp system and it is consistent with the fact that for #yp = 4k + 2,
the system is not supersymmetric.

13.6.3 D0 - D0 bound states
tt

13.6.4 D0 - D2 bound states
tt

13.6.5 D0 - D4 bound states
tt

13.6.6 D-branes as instantons

tt

13.6.7 D0 - D6 bound states
tt

13.6.8 D0 - D8 bound states
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14 Chapter 14: Strings at strong coupling

14.1 Type IIB string and SL(2,Z) duality

To see the SL(2,Z) duality of type IIB theory, we consider a D string. Its worldsheet is two-dimensional.
Like the case for D branes, the excitations longitudinal to the D brane world volume correspond to the
gauge field. However, in two dimensions, the gauge field has no dynamics (expand on this). So, the only
excitations are transverse excitations. The Dirac equation for these excitations is (make sense of this);

(M9 +T'01)u=0 (14.1.1)
Multiplying from the left by I'', we have;
(D199 + (I')?01 ) u =0 =TT dou = d1u (14.1.2)
For left and right-handed spinors, we have the following;

(803F81)u:0:>81u:i(’)0u (14.1.3)

Using (14.1.3) in (14.1.2)), we have;

T gu = +8pu = T u = +u

(Think of the constant of integration here.) From appendix B, we know that 25y = T°T'!. Therefore, we
see that the sg eigenvalue of u has to be +1/2. Therefore, the Majorana Weyl fermion living in 16 decomposes

as follows;
1 1
16 —» (7,8) ® (—7,8’)
2 2
Infinite string has the same decomposition (complete).

14.1.1 SL(2,Z) duality
tt

14.1.2 The IIB NS5 brane
tt

14.1.3 D3 branes and Montonen Olive duality
tt

14.2 U-duality
tt

14.2.1 U-duality and bound states
tt

14.3 SO(32) type I-heterotic duality
tt

14.3.1 Quantitative tests
tt

14.3.2 Type I D5 branes
tt
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14.4 Type IIA string and M theory
tt

14.4.1 U duality and F theory
tt

14.4.2 ITIA branes from 11 dimensions

tt

14.5 Ejy x Eg heterotic string
tt

14.6 What is string theory
14.7 Is M for matrix?

tt

14.7.1 The M-theory membrane

tt

14.7.2 Finite n and compactification

tt

14.8 Black Hole quantum mechanics

tt

14.8.1 A correspondence principle

tt

14.8.2 The information paradox
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15 Chapter 15: Advanced CFT

15.1 Representations of Virasoro algebra

tt

15.2 The conformal bootstrap

tt

15.3 Minimal models

tt

15.3.1 Feigin-Fuchs representation

tt

15.4 Current algebras

tt

15.4.1 Modular invariance

tt

15.4.2 Strings on group manifolds

tt

15.5 Coset models

tt

15.6 Representations of the N =1 superconformal algebra

tt

15.7 Rational CFT

tt

15.8 Renormalization group flows

tt

15.8.1 Scale invariance and renormalization group flows

tt

15.8.2 The Zamolodchikov ¢ theorem

tt

15.8.3 Conformal perturbation theory

tt
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15.9 Statistical Mechanics

tt

15.9.1 Landau-Ginzburg models

tt
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16 Chapter 16: Orbifolds

16.1 Orbifolds of the heterotic string

tt

16.1.1 Modular invariance

tt

16.1.2 Other free CFTs

tt

16.2 Spacetime supersymmetry

tt

16.3 Examples

tt

16.3.1 Connection with grand unification

tt

16.3.2 Generalizations

tt

16.3.3 World sheet supersymmetries

tt

16.4 Low energy field theory

tt

16.4.1 Untwisted states

tt

16.4.2 T duality

tt

16.4.3 Twisted states

tt

16.4.4 Threshold corrections

tt
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17 Chapter 17: Calabi-Yau compactification

17.1 Conditions of N =1 supersymmetry
17.2 Calabi-Yau manifolds

tt

17.2.1 Real manifolds

tt

17.2.2 Complex manifolds

tt

17.2.3 Kahler manifolds

tt

17.2.4 Manifolds of SU(3) holonomy

tt

17.2.5 Examples

tt

17.2.6 Worldsheet supersymmetry

tt

17.3 DMassless spectrum

tt

17.4 Low energy field theory

tt

17.5 Higher corrections

tt

17.5.1 Instanton corrections

tt

17.6 Generalizations
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18 Chapter 18: Physics in four dimensions

18.1 Continuous and discrete symmetries

tt

18.1.1 P,C,T and all that

tt

18.1.2 The strong CP problem

tt

18.2 Gauge symmetries

tt

18.2.1 Gauge and gravitational couplings

tt

18.2.2 Gauge quantum numbers

tt

18.2.3 Right moving gauge symmetries

tt

18.2.4 Gauge symmetries of type II strings

tt

18.3 Mass scales

tt

18.4 More on unification

tt

18.4.1 Conditions for spacetime supersymmetry

tt

18.5 Low energy actions

tt

18.6 Supersymmetry breaking in perturbation theory

tt

18.6.1 Supersymmetry breaking at tree level

tt
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18.6.2 Supersymmetry breaking in the loop expansion

tt

18.7 Supersymmetry beyond perturbation theory

tt

18.7.1 An example

tt

18.7.2 Another example

tt

18.7.3 Discussion
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19 Chapter 19: Advanced Topics

19.1 The N =2 superconformal algebra

tt

19.1.1 Heterotic string vertex operators

tt

19.1.2 Chiral primary fields

tt

19.1.3 Spectral flow

tt

19.2 Type II strings on Calabi-Yau manifolds

tt

19.2.1 Low energy actions

tt

19.2.2 Chiral rings

tt

19.2.3 Topological string theory

tt

19.3 Heterotic string theories with (2,2) SCFT

tt

19.3.1 More on the low energy action

tt

19.4 N =2 minimal models

tt

19.4.1 Landau Ginzburg models

tt

19.5 Gepner models

tt

19.5.1 Connection to Calabi-Yau compactification

tt

148



19.6 Mirror symmetry and applications

tt

19.6.1 Moduli spaces

tt

19.6.2 The flop

tt

19.7 The conifold

tt

19.7.1 The conifold transition

tt

19.8 String theories on K3

tt

19.9 String duality below 10 dimensions

tt

19.9.1 Heterotic strings in 7<d<9

tt

19.9.2 Heterotic-type II A duality in six dimensions

tt

19.9.3 Heterotic S-duality in four dimensions

tt

19.10 Conclusion

It was fun.
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20 Appendix A: A short course on path integrals

20.1 Bosonic fields

tt

20.1.1 Relation to Hilbert space formalism

tt

20.1.2 Euclidean path integrals

tt

20.1.3 Diagrams and determinants

tt

20.1.4 An example

tt

20.2 Fermionic fields

tt
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21 Appendix B: Spinors and supersymmetry in various dimen-
sions

21.1 Spinors in various dimensions

Suppose that we are working in even dimensions i.e. d=2k+2 (where ke{0,1,2,...}. Let I'*
be the gamma matrices in d dimensions. Then, the Clifford algebra is satisfied;

{0, TV} = 2 (21.1.1)

Now, we can make creation and annihilation operators from these matrices as follows;
1
= i(iFO +Th)

1
o* = 5(1“2“ +i%"*)  yhere a=1,...k (21.1.2)

where I'** satisfy the following anti commutation relations;
{Fa+’rb+} _ i {an 4 iT2a+1 2y iF2b+1} -0
{Fa—,l—wb—} _ i {an _jT2e+l P2 _ iF2b+1} -0
{l—wa+7rb—} _ i{rza 4720+l 126 _ iF2b+1} _ gab (21.1.3)
The anti-commutation relations involving I'%% are as follows;
{1—10:{:’1—\0,+} _ {1—10:(:’1—\0,—} _ {F0+,I‘O+} _ {FO—IO—} -0
{r%* 1) = i{r°+r1,-ro+rl}:1+%ror1 (21.1.4)

(T.1.3) implies that (I'%*)? = (I'*7)? = (I'"*)2 = (I'°")2=0. Now, let & be a spinor that doesn’t
contain any factor of I'’" in its expression, then we can make a spinor ( as follows;

¢ =Tk ptk-D- 1o (21.1.5)

So, ¢ is a spinor annihilated by all I'*”. We can now make a spinor basis by applying I'** on
¢ (one I'** is applied at most once). A member of this spinor basis is written as follows;

gs _ (l—wk+)sk+l/2””(FO+)30+1/2C (2116)

where s, =—1/2 means that the corresponding I'** has been applied and s, =1/2 means that the
corresponding I'** is applied. Moreover, s is the following k-tuple;

s = (80,5 Sk)
Lorentz generators in the spinor representation are given as follows;
HY = —E[F“,F”] (21.1.7)
which satisfy the Lorentz algebra;
[z, Eo‘ﬁ] = 77”‘“2”5 - 77“52”“ - 7]”‘12“5 + 7]”52“0‘ (21.1.8)

We can take out a set of mutually commuting X»’s as follows;

[22a72a+1722b,2b+1] _ Z»n2a72b22a+1,2b+1 _ jo2a,2by2a+1,2b+1 _
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These Y’s are calculated as follows;

20,1 — _1’[1—\071—\1] — _EFOFl =— (F0+FO_ _ 1)
4 2 2

22(1,2(14—1 _ _i[FQa F2a+1] _ _EFQ‘II‘QG‘H _ I—\(Za)+r(2a+1)— _ 1
4 ’ 2 2

So, we can define the following convenient operator;

}2’2 1for a=1,... k 0v2a,2a+1 T _1
a,2a+ R .a, , (2a)+7(2a+1)
Sa {iS]O,l £ = @y mAatt plee @ - (21.1.9)

Now, we calculate S,(° as follows;
Su<3 _ (Fa+Fa— _ %) (Fk+)sk+1/2“.(Fa+)sa+1/2“.(1—10+)50+1/2<s

s %gs (21.1.10)

Now, we need to evaluate ' (I'**)%«*1/2 for different values of s,. Here it is;

_ (Fk+)sk+1/2...ra+l_‘a_(Fa+)sa+1/2...(FO+)SO+1/2<

e (re+ sa+1/2 _ e §if __1
() - S X (21.1.11)
Pa (Fa+)5a+ / — ]-—‘a ]-—‘(I‘F - 1 _ Fa+ra lf sa - 5
Using (21.1.11) in (21.1.10), we have;
_Llrs 5t 0= _1
SaCs = ZC 1 : 81 > 1 = Sacs = sags
S TSR TSIt

where we used the fact that I'°¢( = 0. So, (° is a simultaneous eigenstate of S,. It also
means that (° with even/odd number of non-zero s,’s don’t mix.
We now define the chirality matrix I' as follows;

=0, et (21.1.12)
This matrix has some useful properties that we now prove.

I? = 2ot rrort Lt = (CD)F[(-D)N(-D)](-D) TP (-1) (-1)°

! d-1)d 2k +1)(2k +2
= (-1)” where P:]~:+1+Zj:1~:+1+u:k+l+(Jr)%:%kwl)2
=0
=>(-1)F=1=>1?=1 (21.1.13)

where the powers of -1 in the first line of comes as follows. The d-2 power comes

due to anti-commuting I all the way through to other I'Y and the other -1 in the square bracket
comes because I'Y squares to —1. The rest of the powers after that come due to anti-commuting
gamma matrices. We now prove another property;

(0,04} = M0 0t Ty =K (PO e D e DT T D)
=i F (-0 toet Dy (-0 e e T
=i " (D)t (M) IO oL D = R ()T (- T e et T
=i (=) (-1 + ) TOL T T = 0

where in the last step, we used the fact that (—l)d_lz-—l because d is even. So, we have shown
that;
[[,T#]=0 (21.1.14)
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This property readily implies the following property;

[T, 2M] = —i [T, [T",T"]] = —i[r[rﬂ, ] - [P*,T]T] = —i[rrﬂr” ~TTYI* — DDVT 4 TVDAT]

—i[rr“r” ~TTYI* — DD + TTVT#] = 0 (21.1.15)
In the last step, we used (21.1.14). Final property is derived as follows;

=4 Fp0, pd-t = gkt (%r“rl) (—%FW) (—%r%r%“) =21 5,...8), (21.1.16)

which implies that I' is diagonal and it is easy to see that if even number of s,’s are 1/2,

then the diagonal entry is 1/2 and if odd number of s,’s are 1/2, then the diagonal entry is

-1/2. Thus, the representation breaks into two representations with chirality +1 and —1 respectively.
For odd dimensions i.e. d =2k+3, add I' as an additional gamma matrix i.e. I'***3 =T and

we get an irreducible representation of Lorentz algebra.

21.1.1 Majorana Spinors
Let s be the basis where the matrix elements of I'®* are real. This implies that I'},..T9!=
26+l are purely imaginary and I'C,T1, T2 T%.1% =122 are real. Moreover, since I'*,T*¥ and
-I'** satisfy the Clifford algebra, they should be related by a similarity transformation. We
will find this similarity transformation. We define two matrices as follows;

By =T3.1%* B, =TB, (21.1.17)
We now derive the following useful property. For even u, we have;

BiTHByY = T3, 02RHpup2hel 3 — (_)kpe = (—1)FDm

Moreover, for odd u, we have;

BIF/J,Bl—l — B1F2V+1B1—1 - 1—\3“1—*2u+1”.1—\2k+11—w/,l,1—\2k+1“1'\21/#-1“.1—13

- (_1)k7UF3..F2U71F2D+3...F2k+11—‘2k+1..F2U+3F2V+1F2D71...FS
_ (_1)k:—V(_1)V—l1—\3..1—\21/—11—\21/+3“.1—\2k+11—w2k+1“1-\21/-#31—121/—1.“1-\3 _ (_1)16(_1—\;1,) _ (_1)k1—w(-y

So, we see that for all p, we have;
B T"Byt = (-1)Fr*+ (21.1.18)
A similar property for By is derived as follows;
Bol" By =T B T*By'T = (-1)*IT* T = (~1)*1 D12 = (-1)k*ipHe (21.1.19)

Anther property for B; and B is derived as follows;

Byx" Bt = —iBl (0%, T¥]B;* = —i(Bll““Bl’lBlr”Bl’l ~ B\IVB{'B,T*B{') = —(—1)2’<i[r#,r"] =y

Bo¥M B;! = —iBQ (", 1"]B;" = —i(BgrﬂBnggr”Bgl —BoIVB;'B,I"B;') = —(—1)2’”2%[1‘“, 7] = -5

(21.1.20)
We see that ( and ETJC* transforms in the same way under lorentz transformations;

¢ = (14w X*)¢ (21.1.21)

= B7'¢* » B (1~iw,,, X*")(* = B™' ¢ ~iw,,, BT BB (* = B (" +iw,,, X" B¢ = (1+iw,, X ) B¢
(21.1.22)
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where B stands for B; and By collectively and w,, are real parameters. So, Dirac representation
is self-conjugate. Now, we prove the following identities;

BilBr' = (i) * 0.0 (1Ot 147t 19 T® = (6) F (-1)RE@-Dropt pdt = ROt !

= Z'k?(_1)/€F01—\1F2F*3“.1—\>&(d—1) _ (_1)]61—\*

Before proving the next identity, we notice that B;T'Bj! is also i2*I' and thus, i?*T = (-1)kT*
The second identity is as follows;

BoI'B;' =B I'B;'T = i**TIT = (-1)*T = (-1)*r*
Now, suppose that £ is a spinor whose chirality is a i.e.;
T¢=af
then, the chirality of the conjugate representation is as follows;
D(BI'€) = BU'BIPBIE = (-1)" BN (1E)" = a(-1)* By '€

So, the chirality of a spinor is changed if k is odd (which corresponds to d=0 mod 4 e.g.
d=4,8) and it doesn’t change if k is even (which corresponds to d=2 mod 4 e.g. d=2,6,10).
Thus, Weyl representation is self conjugate for d =2 mod 4 and it is not self conjugate for
d =0 mod 4. Now, we want to impose a Majorana condition i.e. a condition that relates a
spinor ¢ to it’s conjugate (*. Such a condition can be written as follows;

¢"=B¢ (21.1.23)

where B = B; or Bs. We see that (21.1.23) is consistent with Lorentz transformations using

by showing that both sides of transform in the same way;
¢ = (1 =i B¢
B¢ - B(1 +iw,, X")¢ = B( + inBE“VB_lBC = B¢ - iwy, XM B( = (1 —iw,, X)) B¢
Taking the conjugate of , we get;
(=B*(*"=B*B(=B"B=1 (21.1.24)
Now, we see that;
By By =*30*° p*(@-Dpsps pd-t _ (L)kp3ps | pdipSpe | pd-t o (—1)R(-1)F(-1)R 2 (-1)°

k(k-1) k(k+1)

_ (_1)k+(k—1)+(k,—2)+...+1 _ (_1)k+ 5 _ (_1) 5

Similarly, we see that (do this);

k(k=1)

BiBy=T*BiTBy=(-1)"7

So, Bj can be used for Majorana condition only if;

M:Qn TLEZS
2
=k(k+1)=4n

Since k and k+1 differ by 1, one of them have to be odd and thus, either k is a multiple of
4 or k+1 is a multiple of 4. So, we get;

k=0 mod 4 or k=3 mod 4

=d=2 mod 8 or d=0 mod 8 (for B) (21.1.25)
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Similarly, By can be used for Majorana condition only if;

k(k-1)
2

=k(k-1)=4n

=2n neZ

Since k and k-1 differ by 1, one of them have to be odd and thus, either k is a multiple of
4 or k-1 is a multiple of 4. So, we get;

k=0 mod 4 or k=1 mod 4

=d=2 mod 8 or d=4 mod 8 (for Bz) (21.1.26)

Now, (21.1.23) implies ¢ = B~!(* and thus, if we want to impose Majorana condition on a Weyl
spinor, then the Weyl spinor have to be self conjugate. Thus, the condition of Weyl self-conjugacy

(i.e. d=2 mod 4) have to be consistent with either (21.1.25) or (21.1.26). We see that the

only case that is consistent with Weyl self-conjugacy is d = 2 mod 8. Since I'*? and -T*T
satisfy the Clifford algebra as well, they should be related to I'* by a similarity transformation.
We will now find that similarity transformation. Define the charge conjugation matrix as follows;

crret = -rrT (21.1.27)

this implies the following;
(crHrH(cryt =+ (21.1.28)

Comparing (21.1.28) with (21.1.18)) and (21.1.19), we see that;

CI’=B;=C=-BI° if k=0 mod 2=d =2 mod 4

CT’=By=(C=-BoI"" if k+1=0 mod 2=d=0 mod 4

We also derive a useful property for C as follows;
oxrot = —i(crﬂc-lcwo-l -crvetertct) = i[rﬂ,rV]T = -yt (21.1.29)

21.1.2 Product representations

We first prove that the spinor 5 and the spinor fTC transform the same way as follows;
£~ (14w, B¢
= & - &(1 +iw,, M2 10) (21.1.30)
To continue, we calculate the following
oyt o - iro(r‘)r“rorowro -0 o) = —xev
So, (21.1.30) becomes; o
€= (1 —iwy, XM) (21.1.31)

Moreover, we see that;
10— (140w, ST C = €701 +iw,, CT'2TCY) = €7 C(1 - iw,, M) (21.1.32)

where in the last step, we used ([21.1.29)).Comparing (21.1.31)) with (21.1.31), we see that the spinor

f_ and the spinor §TC’ transform the same way.
We now prove the following identity for even d (Prove this);

,L-—k+s(s—1)
I‘Ml---#sr — 6#1-~~#dI‘

e PRy (21.1.33)
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which implies that in odd dimensions (where I'?=T), say d+1 dimensions, (where d is the same
as in (21.1.33)), an s+1 form is related to d-s form which is the same as d+1-(s+1) form.
Now, let d=2k+3 be the number of odd dimensions. Then, the independent forms have the following

number of indices;
d-1
O,l,...T or 0,1,..k+1

This leads us to the following forms;
[0],[1], [k +1]
= 2 1 = [0]+ [1]+...+[k+1] odd d (21.1.34)

where the square brackets indicate the corresponding form. In even dimensions, the linear
relation mentioned above doesn’t exist and thus, the allowed forms are as follows;

[0],[1],...[d] = [O],[1],...[2k + 2]

But since [m] can be related to [d-m] via I', we get the following forms ([k+1] is related
to itself and hence, we count it only once).

(012, (102, ...[k])%, [k + 1]

= oft x okt =017 [1)? ...+ [k]*+[k+1] even d (21.1.35)

Dirac Dirac

Now, we prove the following identity;
CTCF’“M”'”"”FX - (—1)k+m+1(F()TCF’“'““’"X (21.1.36)

where ( and y are arbitrary spinors. The RHS is manipulated as follows;

(_1)k+m+1

CTC]_—\uluz...uml—\X _ (_1)m5l/j11...#lLCTCFFuluz...H,,LX _

— — 5511:.-../1',” (PC)TCFH1ﬂ2~-~MmX

Um

= (—1)k+m+1(FC)TC’F””‘Q”'”’"x (Shown)

where I used the following identity;
¢fer=¢tiker. . rdt = ¢Tikerte . .cr®tetc = ¢Tik (-1)r°T . . r@-DTc = (i-*Frdt o) To

= (- (DGt O Te = (- roTo

So, we see that (T CIM#H2Fmy is non vanishing only if k+m is odd and (,x have the same chirality
or when k+m is even and (,x have the opposite chirality. So, we get the following;

x {[1]+[3]+...[/€+1]+ even k
[

2k ok =
Heyl X eyl T\ 107 4 [2] + [k + 1], odd k

oK oK _ [1]+[3]+..[k+1]- even k
veyl = Tieyt = +[2]+...[k+1]- odd k
[0] +[2] : ..[k] even k (21.1.37)

[1]+[3]+..[k] odd k

where the subscripts on [k+1] are there because k+1 is related to itself by and thus,
it has a self dual part and an anti self dual part. (True?).

In the end of the section, Polchinski re-derives some facts using s, eigenvalues. We prove
the following identities first.

k kK _
2Weyl x 2Weyl - {

SoC = 50C = SoB™1(* = 5oB71(¢*, SoC =5, = S,BI(* =-5,BI(* a=1,..k (21.1.38)
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The first identity is derived as follows;
SoB~1¢* = 2r°r B7l¢r = 2 B'BI'B'BI'B¢* = 3 BT*Or*¢* = BT1(S0¢)* = 5B~ (¢*

where the last line, I used the fact that sy has to be real (because I'°,T'! and Weyl spinors
are real). The second identity is similarly proven as follows;

SaB—lé-* F2a1—\2a+1B C 2 ].BFQaB 1BF2a+1B C 2 1:[\*2ar*2a+1 1(S C) _ _SaB—lc*

So, under conjugation, si,...,S; are flipped. For even k, this is an even number of flips and
hence, the chirality is unchanged (see ). For odd k, this is an odd number of flips
and hence, the chirality changes. Thus, self-conjugate Weyl reps can be in even k (or for
d=2 mod 4) only as we derived before.

21.1.3 Spinors of SO(N)

The results for SO(N) for N =2/ are like SO(N+1,1) (write more about this). The breakdowns
are as follows;

ity it {[O]+[2]+...m+ even k
1]+ [3]+...[1]+ odd k

oLt o1t [0] +[2] +...[l]- even k
[1]+[3]+...[l]- odd k

g1t o1t _ [1]+[3]+..[l-1] even k (21.1.39)
[0] + [2] L[l-1] odd k o
21.1.4 Decomposition under subgroups

If we consider the following decomposition;
SO(2k+1) - SO(21+1) x SO(2k - 21)
then the Weyl representation 2* of SO(2k+1,1) decomposes as follows (derive);
2% > (24,251 ) @ (21,2751 (21.1.40)

Derive the SO(2N) decomposition to SU(N)

21.2 Introduction to supersymmetry: d =4

Most of the results in this section are presented without derivation in the original text.
For more details, we can consult sources such as [[I] for a short introduction or [2] for a
more extended introduction. I will try to justify as many missing steps from Polchinski’s
original text as possible to make sense of the discussion.

21.2.1 d=4,N =1 supersymmetry

IN d = 4, the smallest spinor representation has 22 = 4 degrees of freedom. Since 4 can’t
be written as 2k+8 with k£ a non-negative integer, we can’t place a Majorana and Weyl condition
on the spinor simultaneously. The Majorana condition can be placed but the Weyl representation
is not self-conjugate. So, the four degrees of freedom can be realized in one of the following
ways;
wl
1 2
(iz) PLeteC o [ Vo] wlutututer



The first way corresponds to a Weyl spinor and the second corresponds to a Majorana spinor.
In the text, the second way (i.e. Majorana) is used. So, the supercharges are denoted as
Q. with a€{0,1,2,3} and due to the Majorana condition, we have;

Qa=QLI’=(Q1)T" = (B1Qa)"T° = Q4 B T" = Q,C

(justify the last step.) where we used B; for the Majorana condition because 4 =0 (mod 4).
Now, the supersymmetry algebra for using only one Majorana spinor (which is N =1 supersymmetry
with 4 supercharges) contains the following important commutators and anticommutators;

{Qa,Qp} = -2P,Tl; (21.2.1)

[P",Qa] =0 (21.2.2)

(In some resources like [2] and [1], the minus sign won’t be there in the {Q,Q} anticommutator
because they are using the (+1,-1,-1,-1) convention for the metric. They are also using the
Weyl spinors for SUSY instead of the Majorana spinors. So, there will be a difference due

to that as well). Since 4=2(1)+2, we have k=1 in this case (in the formalism of the previous
section) and thus, the spinors can be labeled by the (sp,s1) 2-tuple. We can now work out the

representations of (21.2.1).

If the representation is massless, then the Pu vector can be written as follows;
P, = (k" k°,0,0) = 2P, " = =2(-k"T° + k°T") = 2ko(T° - T') = 2k°T%(-1 - T°T?)
= 2k9T0(1 + TOTh) = 2k°T9(1 + 25))

where we used the definition of Sy from previous section and the fact that (FO)2 =-1. So,
(21.2.1) becomes;

{QasQs} = 2k°T7, (1+250)5
= QaQp + QsQa = 2k°T0, (1+250)s = Qu@IT 5 + QITY 5Qq = 2K°T0, (1 +250) 5
= QuQf + QL Qa = 2k°(1+250)ap = {Qu, QL) = 2k°(1 +250)ap

(Justify the second last step). So, we see that the anti-commutator vanishes if sp=-1/2.
This means that (labeling the spinors by the (sp,$1) tuple);

HQ—1/2,81|¢>||2+|‘Qi1/2,31|w>||2 = (7»/1|Q11/2731Q—1/2,51|¢>+<¢|Q—1/2,51Q11/g731|¢) = <1/)|{Q—1/2,51aQt1/2731}|w> =0

where |¢)) is any state in the Hilbert space. Due to the positivity of the Hilbert space, we
then require that 62_1/2731 vanish identically. From (21.1.38), we see that if

So@ =500, S1Q =5Q

then,
SoB™'Q* = 50B7'Q*, S$1B'Q*=-51B7'Q"

So, the conjugation flips the s; eigenvalue. Thus, the Majorana condition becomes;
QZO,Sl = Qs(h_sl

(Justify this). 1In the s basis, the anticommutator becomes;

{ngvsll ’ Qlo’sl } = 4160650,1/255,5’

where we used the fact that this anti-commutator is zero if s :—1/2 and thus, we put in Sp =
1/2 in the expression of the anti-commutator to get a factor of 4. Moreover, s} =s; because
if s} =-s; then
T ol -
Q1/2,51 = Q1/2,—s’1 = Q12,9

and thus, the anticommutator vanishes because we will have terms like Q%/z o Therefore, we
191
have a factor of Js,s> in the anticommutator. The nonzero anticommutator is thus;

{Q1/2,71/2,QI/27_1/2} ={Q1/2,-1/2:Qj2,12} = 4k° = {b,b7} =1
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where

1 1
b= WQU&-U% bt = le/Zl/2
This also implies
> =0 =0

which gives us a set of two states starting from any state (called the Clifford vaccum);
1
$1l2) = QIQ); biQ) = |2+ 3

where the state is labelled by its S; eigenvalue. It can be seen from the definition of S
that S; is helicity (justify this more). The relevant massless representations are as follows;

e 0=0: We have the following multiplet

(o L3))e (5] +m)

This is called the chiral multiplet.

21.2.2 Actions with d=4,N =1 SUSY

tt

21.2.3 Spontaneous symmetry breaking

tt

21.2.4 Higher corrections and supergravity

tt

21.2.5 Extended supersymmetry in d =4

We can have more than one Majorana spinor containing the supercharges. We labvel these spinors
by an index N = 1,2,.... The generalization (but not the most general) of the SUSY algebra

in (21.2.1) is as follows; -
{Qe. Q4 =267 PuT"ap

with P, still commuting with all of Q4’s. In parallel to the calculation before, in the (sq,s1)
basis, we have;

{Q2 1, Qb s} = 460456, 11906 o0

and thus, we now have N different b oscillators. All of them square to one and thus, starting
with the |Q)) state, we can build states that are now labeled by the occupancy numbers of these
oscillators (nj,.,ny) which can be 0 or 1. Therefore, there are 2N different states. With
k occupancy numbers non-zero, the state helicity is A+k/2. For example, for N =2 the states
are as follows;

) BUAL B bR

— —_— —

helicity A  helicity A+1/2 helicity A+l

This gives us the following multiples;

° )\:—1/2: The multiplets are as follows;

(_170507 1) @ (_170507 })
2 2 2 2

The CPT conjugate has the same helicities as the original multiplet. This multiplet is
called a hypermultiplet. Justify the use of CPT... scalars not in correct representation
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e A=0: The multiplets are as follows;

(r1-LLo)o (0.2 0)
) 27 2’ )272’
d

This multiplet contains the vector excitation and thus, it is the vectror multiplet.

e A=1: The multiplets are as follows;

(_Qa_§7_§7_1) @ (17 §7 §72)
27 2 2°2

This multiplet contains the graviton and thus, it is the supergravity multiplet.

There would be a multiplet with A =3/2 as well but we didn’t discuss it. In hypermultiplet,

both fermions are in the same multiplet and thus, they should be in the same gauge group. In
the vector multiplet, fermions are in the same multiplet as the vector and thus, they should
be in the adjoint representation (elaborate on this a little).

For N =4 case, the states are as follows;

|A) 1 state, helicity A
A 4 . 1
b A) ) =4 states, helicity A4—§
Ay B 4 -
b7 b7 |A) (2) =6 states, helicity A+1

4 3
bAbBbC|N) (3)::4 states, helicity A+»§
b'?b%b*|\) 1 state, helicity \+2
The relevant multiplets are as follows;

e A=-1: The multiplet is as follows;

o1t
_17_7 70677 71
2 2

This multiplet contains the vector but not the graviton and thus, it is the vector multiplet.
The exponents indicate the number of times a state with the indicated helicity appears

in the multiplet. The CPT conjugate is not required because the scalars live in SO(6)
(elaborate on that).

e A=0: The multiplets are as follows;
34 14 14 5 3%
_27_7 7167_7 70 ® 077 71677 72
2 2 2 2

This multiplet contains the vector but not the graviton and thus, it is the vector multiplet.
We can’t have A >0 because that gives helicities greater than 2 and this is not allowed
due to no-go theorems (see for example, Weinberg-Witten theorem).

For N =8 case, the states are as follows;

|A) 1 state, helicity A

1
b\ (?)::8 states, helicity Aﬁ—i

b bP|\) (8)::28 states, helicity A+1

N

8 3
b bBbC|A) (3)==56 states, helicity A+—§
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bAbBrCbP |\ (i) =70 states, helicity A+2

8

b4 pBrC P bE | A) (5

5
): 56 states, helicity A+ 3

8
6

bABE b P bEBT b |A) (

bAbB b bPhE b \) ( ):28 states, helicity A+3

8
7

b'o2b3p P00 b8 \) 1 state, helicity A+4

7
) =8 states, helicity A+ 3

The only multiplet that avoids helicities higher than 2 and lower than -2 is as follows;
156

A=-2: -2 _3 -1%8 1 00, ~ 1% 3" 2
) 27 ) 2 ) ?2 ) )27

This multiplet contains the graviton and thus, it is the supergravity multiplet. The CPT conjugate
is not required. (justify and write about the massive states).
The most general algebra allowed by Lorentz invariance is (justify);

{Q,QF} = -262P P,T%  — 2124560

where ZP have to be antisymmetric as we can show below. (Show).
If we have a massive particle, then we can go to the rest frame, and thus, Pu = (—m,O,...,O).
The algebra then becomes (derive this);

B .
{Q4,Q5"} = 26"Pmbag + 21 Z"PT
This implies the BPS bound (derive this properly and derive Z form);
m2q;

So, the massless states have to be neutral also derive the short and ultrashort reps.

21.2.6 Supersymmetry in d =2

In d=2, we have the shortest spinor representation of size 1. It is a Majorana-Weyl representation
and thus, we can use Weyl spinors for d=2. To have (N,N) supersymmetry, we need N left

moving and N right moving fermions. To figure out the SUSY algebra in d =2, we need to have

I'" matrices in the left and right moving coordinates. derive them.

Now, the components of the I' matrices are labeled by indices that can take the values (L,R).

So, the SUSY algebra is;

{Q1,QL}y =" (P~ P1), {Qk,QR)=6"%(Po+ ), {Q1,QR)=2""

Is it still anti-symmetric?.

21.3 Differential forms and generalized gauge fields

tt

21.4 Thirty two supersymmetries
21.4.1 d =11 supergravity
21.4.2 d=10 IT A supergravity

tt
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21.4.3 d=10 11 B supergravity

tt

21.4.4 d< 10 supergravity

tt

21.5 Sixteen supersymmetries

tt

21.5.1 d=10,N =1 (type I) supergravity

tt

21.5.2 d < 10 supergravity

tt

21.5.3 d=6,N =2 supersymmetry

tt

21.5.4 d=4,N =4 supersymmetry

tt

21.6 Eight supersymmetries

tt

21.6.1 d=6,N =1 supersymmetry

tt

21.6.2 d=4,N =2 supersymmetry

tt
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