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Please read this

I am distributing these incomplete notes because some of you asked me to release these incomplete notes.
However, please note the following:
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2. There are some chapters and some parts of the chapters that I still have to write about in these notes.
I will keep updating the version of this document on my website. Please keep checking for the latest
version (check at least once a month).

3. Some calculations don’t agree with Polchinski’s book. I still have to figure out if there is a problem
in my calculation or if Polchinski’s result is wrong (there are a lot of mistakes in Polchinski’s books
and there is a page of errata for this book (linked below)). When my calculations don’t agree with
Polchinski’s result, I assume Polchinski’s result and move on, leaving this work for future.

4. Please let me know if you find any mistakes and/or typos.

Thanks. Let’s learn string theory together!!
Links: My Website’s page Polchinski’s errata page
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1 Chapter 1: A first look at strings

1.1 Why Strings?

1.1.1 Outline

1.2 Action principles

1.3 The open string spectrum

1.4 Closed and unoriented strings
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2 Chapter 2: Conformal Field Theory

Sample

2.1 Massless scalars in two dimensions

Sample

2.2 OPE

Sample

2.3 Ward identities and Noether’s theorem

Sample

2.4 Conformal Invariance

Sample

2.4.1 Conformal Invariance and OPE

Sample

2.4.2 Conformal properties of Stress Tensor

Sample

2.5 Free CFTs

Sample

2.5.1 Linear Dilaton CFT

Sample

2.5.2 bc CFT

The action of the bc CFT is as follows;

S = 1

2π
∫ d2zb∂̄c (2.5.1)

where b and c are anti-commuting primary fields and for the action to be conformally invariant, we need the
conformal weights of b and c to be as follows;

hb = λ, hc = 1 − λ

The equations of motion of these fields are as follows;

∂̄b = 0⇒ b = b(z), ∂̄c = 0⇒ c = c(z)

and hence, both of the fields are holomorphic. We can now work out the propagators of the theory that have
to satisfy the following equation;

∂̄⟨b(z)c(0)⟩ = 2πδ(2)(z) ⇒ ∂̄⟨b(z)c(0)⟩ = ∂̄ 1
z
⇒ ⟨b(z)c(0)⟩ = 1

z
(2.5.2)

where we used the identity;

∂̄
1

z
= 2πδ(2)(z)
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Using (2.5.2), we get the bc OPE;

b(z)c(0) ∼ 1

z
⇒ b(z1)c(z2) ∼

1

z1 − z2
, c(z1)b(z2) ∼

1

z1 − z2

⇒ ∂b(z1)c(z2) ∼ −
1

(z1 − z2)2
, ⇒ ∂c(z1)b(z2) ∼ −

1

(z1 − z2)2
(2.5.3)

We now derive the stress tensor of the theory. It can be done by using Noether’s theorem (do this approach)
but it can be done by another method. Since T (z) should have a conformal weight of 2, there are two possible
terms that can appear in T (z) and they are as follows;

T (z) = α ∶ b∂c ∶ (z) + β ∶ ∂bc ∶ (z) (2.5.4)

where α and β are undetermined coefficients. We can fix α and β by requiring that b(z) and c(z) have the
correct weights.

T (z)b(0) ∼ α ∶ b∂c ∶ (z)b(0) + β ∶ ∂b c ∶ (z)b(0) = −αb(z)
z2

+ β∂b(z)
z

∼ −αb(0)
z2

+ (β − α)∂b(0)
z

T (z)c(0) ∼ −α ∶ ∂c b ∶ (z)c(0) − β ∶ c∂ b ∶ (z)c(0) = βc(z)
z2

− α∂c(z)
z

∼ βc(0)
z2

+ (β − α)∂c(0)
z

and thus, we see that α = −λ, β = 1−λ and it gives the correct β −α value in the residues. Using these values
in (2.5.4), we get;

T (z) = −λ ∶ b∂c ∶ (z) + (1 − λ) ∶ ∂bc ∶ (z) =∶ ∂bc ∶ (z) − λ∂(∶ bc ∶ (z)) (2.5.5)

Similarly, the TT OPE can be calculated but we will calculate the 1/z4 term only to work out the central
charge.

1

z4
term = λ2 ∶ b∂c ∶ (z) ∶ b∂c ∶ (0) − λ(1 − λ) ∶ b∂c ∶ (z) ∶ ∂b c ∶ (0)

−λ(1 − λ) ∶ ∂b c ∶ (z) ∶ b∂c ∶ (0) + (1 − λ)2 ∶ ∂b c ∶ (z) ∶ ∂b c ∶ (0)

= −λ
2

z4
+ 2λ(1 − λ)

z4
+ 2λ(1 − λ)

z4
− (1 − λ)

2

z4
= 1 − 3(2λ − 1)2

2z4
⇒ c = 1 − 3(2λ − 1)2 (2.5.6)

Talk about ghost number symmetry

2.5.3 βγ CFT

Same as above but β, γ commute and thus, OPEs change.

2.6 The Virasoro algebra

Sample

2.7 Mode expansions

2.7.1 Free scalars

tt

2.7.2 bc CFT

tt

2.7.3 Open Strings

tt
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2.8 Vertex operators

tt

2.8.1 Path integral derivation

tt

2.9 More on states and operators

Sample

2.9.1 The OPE

Sample

2.9.2 Virasoro algebra and the highest weight state

Sample

2.9.3 Unitary CFTs

Sample

2.9.4 Zero point energies

Sample
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3 Chapter 3: Polyakov path integral

3.0.1 Sums over worldsheets

He starts by listing the list of string theories and explaining that why can’t we have theories with open strings
but not closed strings. There are two kinds of arguments;
1) Interactions involving open strings only will eventually give closed strings
2) To disallow interactions that involve joining/splitting of strings and that produce closed strings from open
strings will require some non-local constraint.Expand on this if possible.

3.1 The Polyakov path integral

The Polyakov action in euclidean metric on the world sheet is given as follows (with the topological term);

S = 1

4πα′ ∫
d2σ
√
ggab∂aX

µ∂bXµ + λχ

= 1

4πα′ ∫
d2σ
√
ggab∂aX

µ∂bXµ +
λ

4π
∫
M
d2σ
√
gR + λ

2π
∫
∂M

ds k (3.1.1)

where χ is the Euler’s character and k is the geodesic curvature. The expression for χ for genus (number of
handles) g and b boundaries is as follows;

χ = 2 − 2g − b

Using (3.1), the Polyakov path integral is as follows;

∫ [dXdg]e−S (3.1.2)

(Include the justification that the Euclidean theory is the same as the Minkowski theory) We
can write (3.1.2) as follows;

∫ [dXdg]e−S = ∫ [dXdg]e−SX−χλ = ∑
topologies

(e−λ)χ ∫ [dXdg]e−S

If we have some stringy process but we add an emitting and reabsorbed open string in this process, we get
another boundary, and thus the Euler characteristic increases by 1. So, the term in the path integral gets an
additional factor of e−λ i.e.

e−λχ → e−λ(χ+1) = e−λχe−λ

Since the emitting and reabsorbing of the open string should contribute a factor proportional to the square
of the open string coupling constant g2o , we see that;

g2o ∼ e−λ

Similarly, if we have some stringy process but we add an emitting and reabsorbed closed string in this process,
we get another handle, and thus the Euler characteristic increases by 2. So, the term in the path integral
gets an additional factor of e−2λ i.e.

e−λχ → e−λ(χ+2) = e−λχe−2λ

Since the emitting and reabsorbing of the open string should contribute a factor proportional to the square
of the closed string coupling constant g2c , we see that;

g2c ∼ e−2λ ⇒ gc ∼ e−λ

So, we have;
g2o ∼ gc ∼ e−λ

Please note that these quantities are proportional but not equal to each other. The constants of propor-
tionality will be worked out in chapters 8 and 13. We easily see that closed string sources are boundary
loops and open string segments are boundary segments but with endpoints. So, we will need to work out
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the expression of χ for the endpoints. If there are nc endpoints in a 2-dimensional surface, then the Euler
number is (derive this);

χ = 2 − 2g − b − 1

4
nc

and the path integral weight is (derive this);

e−λχ+ncλ/4 = e−λχ̃

where χ̃ = χ − nc/4 (derive this as the λ dependence is not coming right by unitarity.)

3.2 Gauge fixing

(3.1.2) becomes the following if we divide by the volume of redundant transformations;

∫
[dXdg]
Vdiff×Weyl

e−S[X,g] (3.2.1)

We want the metric to have some functional form (called the fiducial metric ĝab).

3.2.1 The Fadeev Popov determinant

tt

3.3 The Weyl anomaly

tt

3.3.1 Calculation of the Weyl anomaly

tt

3.3.2 Discussion

tt

3.3.3 Inclusion of boundaries

tt

3.4 Scattering amplitudes

tt

3.5 Vertex operators

The vertex operator of a closed string tachyon must have a factor of gc because an extra string is added. We
adopt a normalization to define the closed string tachyon operator as follows;

V0 = 2gc ∫ d2σ
√
g ∶ eikX ∶= 2gc ∫ d2σ ∶ eikX ∶ (3.5.1)

where in the last step, we used the fact that gab = δab for the flat worldsheet. We consider the following
complex coordinates;

z = σ1 + iσ2, z̄ = σ1 − iσ2

This gives us the following derivatives;

∂z

∂σ1
= 1, ∂z

∂σ2
= i, ∂z̄

∂σ1
= 1, ∂z̄

∂σ2
= −i
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which gives the following Jacobian;

∣∂z/∂σ
1 ∂z/∂σ2

∂z̄/∂σ1 ∂z̄/∂σ2∣ = ∣
1 i
1 −i∣ = 2

and thus, we have;
d2σ = 2d2z

where we only keep the absolute value. Therefore, we have;

V0 = 2gc ∫ d2σ ∶ eikX ∶= gc ∫ d2z ∶ eikX ∶ (3.5.2)

This vertex operator must be conformally invariant because it must be Diff and Weyl invariant (find more
justification). Under the conformal transformation

(z, z̄) → (z̃, ˜̄z)

this vertex operator changes as follows;

V0 → gc ∫ d2z ∶ eikX(z̃,¯̃z) ∶= ∫ (
∂z̃

∂z
)(∂

¯̃z

∂z̄
)d2z (∂z̃

∂z
)
−α′k2/4

(∂
¯̃z

∂z̄
)
−α′k2/4

∶ eikX(z,z) ∶

where we used the fact that ∶ eikX(z,z̄) ∶ is a primary field with conformal weights h = h̄ = α′k2/4. For V0 to
be conformally invariant, we need the following;

1 − α
′k2

4
=⇒ k2 = 4

α′
⇒m2 = − 4

α′

Thus, the mass of the tachyon state is obtained again. The vertex operator for the gauge boson states is as
follows;

2gc
α′ ∫

d2z ∶ ∂Xµ∂̄XνeikX(z,z̄) ∶

The normalization of this vertex operator comes from unitarity (to be explained in chapter 6 -check this-).
The conformal invariance of this vertex operator implies the following;

2gc
α′ ∫

d2z̃ ∶ ∂Xµ∂̄XνeikX(z̃,
¯̃z) ∶= 2gc

α′ ∫
d2z ∶ ∂Xµ∂̄XνeikX(z,z̄) ∶

⇒ 2gc
α′ ∫

∂z̃

∂z

∂ ¯̃z

∂z̄
d2z (∂z̃

∂z
)
−1−α′k2/4

(∂
¯̃z

∂z̄
)
−1−α′k2/4

∶ ∂Xµ∂̄XνeikX(z,z̄) ∶= 2gc
α′ ∫

d2z ∶ ∂Xµ∂̄XνeikX(z,z̄) ∶

and thus, we have;
α′k2

4
= 0⇒ k2 = 0

which is expected as the gauge bosons are massless.

3.5.1 Vertex operators in the Polyakov approach

tt

3.5.2 Off shell amplitudes

tt

3.5.3 Massless closed string vertex operators

tt

3.5.4 Open string vertex operators

tt
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3.6 Strings in curved spacetime

3.6.1 Weyl invariance

tt

3.6.2 Backgrounds

tt

3.6.3 The spacetime action

tt

3.6.4 Compactification and CFT
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4 Chapter 4: The string spectrum

4.1 Old covariant quantization

The states in the bosonic string include the αµ−n (n > 0) creation operators and the ghost creation operators
which are as follows;

bn (n < 0)

cn (n ≤ 0)

However, some of the αµ−n oscillators are unphysical because they give negative norm states;

∣∣α0
−n∣0⟩∣∣2 = ⟨0∣α0

nα
0
−n∣0⟩ = ⟨0∣ [α0

n, α
0
−n] ∣0⟩ = nη00⟨0∣0⟩ = nη00 = −n (n > 0)

(Include the ghost states). So, the actual Hilbert space is smaller than what one would naively guess.
An argument that makes it explicit that all the possible states can’t be physical states is as follows. If we
gauge fix the metric to be gab(σ), then the physical amplitudes should not depend on this gauge choice and
if we change the gauge choice to be gab(σ) + δgab(σ), then the amplitude should not change. The variation
of the amplitude is as follows (derive this);

δ⟨f ∣i⟩ = − 1

4π
∫ d2σ

√
g(σ)δgab(σ)⟨f ∣T ab(σ)∣i⟩

Since this variation should vanish for arbitrary δgab(σ) (Is this arbitrary or the only allowed variation
are via Weyl and diff transformations?), we have;

⟨f ∣T ab(σ)∣i⟩ = 0⇒ ⟨i∣T ab(σ)∣f⟩ = 0 ∀a, b

So, we see that all possible ∣i⟩ and ∣f⟩ states won’t satisfy this condition but only a subset of them. So, this
condition restricts the number of physical states. Therefore, let ∣ψ⟩ and ∣ψ′⟩ be physical states. Then, we
have;

⟨ψ∣Tab(σ)∣ψ′⟩ = 0⇒ ⟨ψ′∣Tab(σ)∣ψ⟩ = 0 ∀a, b (4.1.1)

This condition is equivalent to the following in terms of the stress tensor on the plane;

⟨ψ∣T (z)∣ψ′⟩ = ⟨ψ∣Tzz(z)∣ψ′⟩ =
1

4
⟨ψ∣T00(σ) − 2iT10(σ) − T11(σ)∣ψ′⟩ = 0

⟨ψ∣T̄ (z̄)∣ψ′⟩ = ⟨ψ∣T̄z̄z̄(z̄)∣ψ′⟩ =
1

4
⟨ψ∣T00(σ) + 2iT10(σ) − T11(σ)∣ψ′⟩ = 0

where we used the following relations between stress tensor components;

T (z) = Tzz(z) =
1

4
(T00(σ) − 2iT10(σ) − T11(σ)) (4.1.2)

T̄ (z̄) = Tz̄z̄(z̄) =
1

4
(T00(σ) + 2iT10(σ) − T11(σ)) (4.1.3)

Now, using the mode expansion of T (z) and T̄ (z̄), we have;

⟨ψ∣T (z)∣ψ′⟩ = ∑
m∈Z

z−m−2⟨ψ∣(Lm +Aδm,0)∣ψ′⟩ = 0, ⟨ψ∣T̄ (z̄)∣ψ′⟩ = ∑
m∈Z

z̄−m−2⟨ψ∣(L̄m + Āδm,0)∣ψ′⟩ = 0

where we have included the normal ordering constants A and Ā. Since these equations are true for all z, all
the terms of the expansion vanish identically. Thus, we have;

⟨ψ∣(Lm +Aδm,0)∣ψ′⟩ = 0, ⟨ψ∣(L̄m + Āδm,0)∣ψ′⟩ = 0 ∀m ∈ Z

Until now, we have been talking about the full stress tensor. It can be broken down to the stress tensor of
the matter CFT Tmab (which includes Xµ or some Xµ’s can be replaced by some other CFT) and the ghost
CFT stress tensor T gab i.e.;

Tab = Tmab + T
g
ab
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Now, the ad hoc old covariant quantization (OCQ) (which will be shown to be equivalent to the BRST result)
condition says that;

⟨ψ∣Tm(z)∣ψ′⟩ = ⟨ψ∣(Lmn +Aδn,0)∣ψ′⟩ = 0 ∀n ∈ Z

⟨ψ∣T̄m(z̄)∣ψ′⟩ = ⟨ψ∣(L̄mn + Āδn,0)∣ψ′⟩ = 0 ∀n ∈ Z

This naively suggests the following condition for a physical state ∣ψ⟩;

(Lmn +Aδn,0)∣ψ′⟩ = 0 ∀n ∈ Z, (L̄mn + Āδn,0)∣ψ′⟩ = 0 ∀n ∈ Z (4.1.4)

But this is self-contradictory. To see this, take Lmn and Lm−n with n ≠ 0 and n ≠ 1 and let ∣ψ⟩ be a physical
state. Then, (4.1.4) implies;

[Lmn , Lm−n] ∣ψ⟩ = Lmn Lm−n∣ψ⟩ −Lm−nLmn ∣ψ⟩ = 0

But this can also be calculated using Virasoro algebra;

[Lmn , Lm−n] ∣ψ⟩ = 2n(Lm0 +A)∣ψ⟩ +
D

12
n(n2 − 1)∣ψ⟩ = D

12
n(n2 − 1)∣ψ⟩

But this can’t be zero as n ≠ 0,1 as we assumed above. So, (4.1.4) can’t be required to hold for all n ∈ Z. So,
let’s require it to hold it for n ≥ 0 only (Why not for -1 because it doesn’t give contradiction. Or
does it?). So, the correct OCQ condition is as follows;

(Lmn +Aδn,0)∣ψ⟩ = 0 n ≤ 0 (4.1.5)

It means that all physical states have a conformal weight equal to −A. This condition also means that;

0 = ⟨ψ′∣Lmn ∣ψ⟩ = ⟨ψ′∣Lmn ∣ψ⟩† = ⟨ψ∣L†m
n ∣ψ′⟩ = ⟨ψ∣Lm−n∣ψ′⟩ ⇒ ⟨ψ∣Lm−n∣ψ′⟩ = 0 (n > 0)

where in the second step, we used the fact that ⟨ψ′∣Lmn ∣ψ⟩ is equal to its conjugate because it is zero. and in
the last step, we used the fact that L†m

n = Lm−n which can be proved as follows (there are other ways to do
this);

Lmn =
1

2
∑
l∈Z
∶ αn−l.αl ∶⇒ L†m

n =
1

2
∑
l∈Z
∶ α−l.α−n+l ∶=

1

2
∑
l∈Z
∶ α−n−l.αl ∶= Lm−n (n ≠ 0)

where we used the fact the α−l.α−n+l = α−n+l.α−l for n ≠ 0 and in the last step, we renamed the indices l → −l.
We see that the following state;

∣χ⟩ =
∞
∑
n=1

Lm−n∣χn⟩

is orthogonal to all physical states for all ∣χn⟩ as seen below;

⟨ψ∣χ⟩ =
∞
∑
n=1
⟨ψ∣Lm−n∣χn⟩ =

∞
∑
n=1
⟨χn∣Lm−n∣ψ⟩† = 0

Such a state is called a spurious state. If a state is both spurious and physical then it is called a null state.
The following result is very important;

⟨ψ′∣ψ⟩ + ⟨ψ′∣χ⟩ = ⟨ψ′∣ψ⟩

where ∣ψ⟩ and ∣ψ′⟩ are physical states and ∣χ⟩ is a null state. Thus, the dot product of a physical state ∣ψ′⟩
with any other physical state ∣ψ⟩ is the same as the inner product of ∣ψ′⟩ with ∣ψ⟩ + ∣χ⟩. Therefore, as far as
physical states are concerned ∣ψ⟩ and ∣ψ⟩ + ∣χ⟩ are equivalent (find more justification of equivalence).
So, the space of physical states is the following coset space;

HOCQ = Hphysical/Hnull

Now, we apply (4.1.5) on the lightest open string states. For that, we need the following expressions;

Lmn =
1

2
∑
l∈Z
∶ αµn−lα

ν
l ∶ ηµν =

1

2

∞
∑
l=n+1

αµn−lα
ν
l ηµν +

1

2

n

∑
l=−∞

ανl α
µ
n−lηµν (n ≥ 0) (4.1.6)
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Lm−n =
1

2
∑
l∈Z
∶ αµ−n−lα

ν
l ∶ ηµν =

1

2

∞
∑
l=1
αµ−n−lα

ν
l ηµν +

1

2

n−1
∑
l=1

αµ−n+lα
ν
−lηµν +

1

2

∞
∑
l=n+1

αµ−lα
ν
l−nηµν + αν0α

µ
−nηµν (n > 0)

(4.1.7)
Now, we have for n ≥ 0, the lightest state ∣0;k⟩ gives;

Lmn ∣0;k⟩ =
1

2

∞
∑
l=n+1

αµn−lα
ν
l ηµν ∣0;k⟩ +

1

2

n

∑
l=−∞

ανl α
µ
n−lηµν ∣0;k⟩ =

1

2

n

∑
l=−∞

ανl α
µ
n−lηµν ∣0;k⟩ (4.1.8)

This is trivially zero unless n = 0. For n = 0, we have;

Lm0 ∣0;k⟩ =
1

2

n

∑
l=−∞

ανl α
µ
−lηµν ∣0;k⟩ =

1

2
αν0α

µ
0ηµν ∣0;k⟩ = α

′k2∣0;k⟩ (4.1.9)

where we used the fact that αµ0 =
√
2α′ kµ. So, the only non-trivial constraint on ∣0;k⟩ is as follows;

(Lm0 +A)∣0;k⟩ = (α′k2 +A)∣0;k⟩ = 0⇒ k2 = −A
α′
⇒m2 = A

α′

where m2 = −k2 is the mass of the state. There are no spurious states at this level. The next set of states is
as follows;

e.α−1∣0;k⟩ = eβαβ−1∣0;k⟩ (4.1.10)

We see that from (4.1.6), the first term contributes only if n = 1 but that can only happen if m = 0. In this
case, the second term only contributes for n = 0 or −1. So, we get the following;

Lm0 eβα
β
−1∣0;k⟩ =

1

2
(αµ−1α

ν
1ηµν + αν−1α

µ
1ηµν + α

ν
0α

µ
0ηµν) eβα

β
−1∣0;k⟩ = α

µ
−1η

νβ
1 ηµνeβ ∣0;k⟩ + α′k2eβαβ−1∣0;k⟩

= (e.α−1)∣0;k⟩ + α′k2(e.α−1)∣0;k⟩ = (1 + α′k2) (e.α−1)∣0;k⟩

where in the second step, we used the α commutation relation and the fact that αµ1 ∣0;k⟩ = 0. Therefore, we
get;

(Lm0 +A)eβα
β
−1∣0;k⟩ = (1 +A + α

′k2) (e.α−1)∣0;k⟩ = 0⇒m2 = 1 +A
α′

In the second term in (4.1.6), the index n −m ranges from 0 to ∞ and the nonzero contributions from this
term for (4.1.10) can come when n −m = 0 or 1. n −m = 0 when n = m and n −m = 1 when n = m + 1. But
then we see that the αn operator from the second term in (4.1.6) will give a nonzero action on the state only
if n = 1 and. Now, we have already seen the m = 0 case above. So, we see that the only nonzero Lm action
comes from m = 1. In this case, only the n = 1 term in the second term in (4.1.6) contributes and thus, we
have the following constraint;

0 = L1eβα
β
−1∣0;k⟩ =

1

2
αν1α

µ
0ηµνeβα

β
−1∣0;k⟩ =

1

2

√
2α′ ηµνk

µηνβeβ ∣0;k⟩ = e.k∣0;k⟩ ⇒ e.k = 0

We now look for any spurious states. There is only one possible spurious state at level 1 i.e.;

Lm−1∣0;k⟩ =
√
2α′ kναµ−1ηµν ∣0;k⟩ +

1

2
∑
l=2
αµ−lα

ν
l−1ηµν ∣0;k⟩ =

√
2α′ k.α−1∣0;k⟩

where we used (4.1.7) and for n = 1, the first and second terms don’t contribute while acting on the vacuum.
It is easy to see that this state is physical (and thus, null) if k2 = 0 but we will see if this actually happens.
There are three possibilities;

• If A + 1 > 0, then we have a massive state and if we go to the rest frame, then kµ can be written as;

kµ = (m,0, ...,0
´¹¹¹¹¹¹¸¹¹¹¹¹¶
d=D−1

)

The little group of this momentum is SO(D-1) and there are no null states as k2 ≠ 0. It is unknown
how to give such theory interactions (find more about it). From the closed string analysis, we can
prove that this case is ruled out by considering representations of SO(D − 1). We will get back to that
later.
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• If A + 1 = 0, then the mass is zero and thus, the spurious state is null. In some frame, we can write kµ

as follows;
kµ = (k,0, ...,0

´¹¹¹¹¹¹¸¹¹¹¹¹¶
D−2

, k)

The little group of this momentum is SO(D − 2).

• If A + 1 < 0, then m2 < 0 and thus, we have a multiplet of tachyons. This case is unacceptable.

Complete the section with D = 26 and closed string spectrum

4.1.1 Mnemonic

tt

4.2 BRST quantization

We now study the procedure of gauge fixing more carefully. Suppose that we have a set of degrees of freedom
in our formalism. In the case of a point particle, they are Xµ(τ) and the einbein e(τ) fields but the set
of degrees of freedom consists of the values of fields at every point of spacetime and there are such values
for every value of the indices that the fields carry (for example, µ index for Xµ(τ) field). We will label all
degrees of freedom by a single index i. This index includes the indices on the fields and the coordinates (recall
the fact we have degrees of freedom at every point of spacetime and when we say that the index includes
coordinates as well, we are referring to this fact).
So, all the degrees of freedom (DOF) are referred to as ϕi. Now, the finite variation of ϕi under the gauge
transformation α is δαϕi. Recall that gauge transformations act with a position-dependent parameter and
thus, α labels gauge transformations at every point in spacetime. Since the finite gauge transformation on
a particular DOF is referred to as δα, the infinitesimal gauge transformation can be written as ϵαδα where
ϵα is an infinitesimal, real (because it just scaled the finite gauge transformation) parameter that depends
on the DOF. Now, if all the gauge transformations close, then the commutator of two gauge transformations
give another gauge transformation i.e.;

[δα, δβ] = fγαβδγ
where fγαβ ’s constants. We now describe the gauge fixing condition. The gauge fixing condition is a function
of all the DOFs that which set to zero. We have a gauge fixing condition for every point in the spacetime
and for every index on the fields. So, there must be an index on the gauge fixing condition as well and this
index also contains the coordinates and field indices. So, the gauge fixing condition is written as follows;

FA(ϕ) = 0

where A is the index described above. Now, if the original action of the fields (which is gauge invariant) is
denoted as S1, we impose gauge fixing conditions for all A and to do this, we will need Lagrange multipliers
for every A. We denote these Lagrange multipliers as −iBA. Adding these Lagrange multipliers, the action
(i.e. the quantity to be extremized) becomes;

S1 − iBAFA(ϕ) = S1 + S2 where S2 = −iBAFA(ϕ)

Please note that the summation on A includes an integration on all spacetime and thus, the Lagrange
multiplier term can be thought of as an action. To make an analogy, in the Fadeev Popov procedure for the
string, ϕi’s are X

µ(σ) and gab(σ) while BA culminate into ζ. When we do the Fadeev Popov procedure, we
get (fill in the details);

∫
[dϕi]
Vgauge

exp(−S1) = ∫ [dϕidBAdbAdcα] exp (−S1 − S2 − S3)

where S3 is the Fadeev Popov action;
S3 = bAcαδαFA(ϕ)

Note that its form matches the Fadeev action that we got for the string;

∫ d2σ
√
ĝ(σ)bab(P̂1c)ab
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Recall that P̂1 comes from the variation of the metric and the other term in the variation of the metric has
zero contraction with bab as bab is traceless and thus, the contraction with this other term doesn’t appear in
the action above. So, the total action becomes;

S1 + S2 + S3 = S1 − iBAFA(ϕ) + bAcαδαFA(ϕ) (4.2.1)

We now prove a couple of facts. Firstly, we show that (4.2.1) is invariant under the following transformation
called the BRST transformation (the subscript B refers to BRST transformation);

δBϕi = −iϵcαδαϕi, δBBA = 0

δBbA = ϵBA, δBcα =
i

2
ϵfαβγc

βcγ (4.2.2)

Since the variation of anti-commuting variables (bA and cα) contains commuting variables e.g. δBbA = ϵBA,
the parameter ϵ should be anti-commuting with bA and cα.
If we want to have ghost number symmetry (i.e. ghost numbers which are conserved under (4.2.2)), then
we need to assign some ghost numbers to the anticommuting variables i.e. bA, ϵ and c

α. The ghost numbers
of the commuting fields will be zero. From the variation of ϕi in (4.2.2), we see that cα and ϵ must have
ghost numbers which are negatives of each other to keep the ghost number of ϕi at zero. Moreover, from the
variation of bA, we see that the ghost number of bA and ϵ should be equal. So, we assign ghost number +1
to cα and −1 to bA and ϵ.
We now prove that the action (4.2.1) is invariant under (4.2.2). The variation of the actions are as follows;

S1 → S1 (4.2.3)

because S1 is already gauge invariant and δBϕi is nothing but a gauge transformation with the parameter
ϵα being −iϵcα. Moreover, we have;

S2 → S2 − iBAδBFA(ϕ) = S2 − iBAδBϕi∂iFA(ϕ) = S2 − iBA (−iϵcαδαϕi)∂iFA(ϕ)

= S2 − ϵBAcαδαϕi∂iFA(ϕ) = S2 − ϵBAcαδαFA(ϕ) (4.2.4)

Lastly, we have;

S3 → (bA + ϵBA) (cα +
i

2
ϵfαβγc

βcγ)(δαFA(ϕ) + δBϕB∂iδαFA(ϕ))

= (bA + ϵBA) (cα +
i

2
ϵfαβγc

βcγ)(δαFA(ϕ) − iϵcβδβϕi∂iδαFA(ϕ))

= (bA + ϵBA) (cα +
i

2
ϵfαβγc

βcγ)(δαFA(ϕ) − iϵcβδβδαFA(ϕ))

= S3 −
i

2
ϵbAf

α
βγc

βcγδαF
A(ϕ) + ϵBAcαδαFA(ϕ) − iϵbAcαcβδβδαFA(ϕ)

where all the ϵ2 terms vanish as ϵ is anticommuting. Now, using the following fact;

cαcβδβδα =
1

2
(cαcβδβδα − cβcαδβδα) = −

1

2
(cαcβδαδβ − cαcβδβδα) = −

1

2
cαcβ [δα, δβ] = −

1

2
cαcβfγαβδγ

we get;

S3 → S3 −
i

2
ϵbAf

α
βγc

βcγδαF
A(ϕ) + ϵBAcαδαFA(ϕ) +

i

2
ϵbAc

αcβfγαβδγF
A(ϕ) = S3 + ϵBAcαδαFA(ϕ) (4.2.5)

Hence, we see from (4.2.4) and (4.2.5) that S2 + S3 is invariant. Also using (4.2.3), we see that S1 + S2 + S3

is invariant under (4.2.2) and thus, it is BRST invariant.
We now see how bAF

A(ϕ) changes under (4.2.2). It changes as follows;

bAF
A(ϕ) → (bA + ϵBA) (FA(ϕ) + δBϕi∂iFA(ϕ)) = (bA + ϵBA) (FA(ϕ) − iϵcαδαϕi∂iFA(ϕ))

= (bA + ϵBA) (FA(ϕ) − iϵcαδαFA(ϕ)) = bAFA + iϵ (bAcαδαFA(ϕ) − iBAFA(ϕ))
´¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¸¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¶

δB(bAFA)

= bAFA + iϵ (S2 + S3)
´¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¸¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¶
δB(bAFA)
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So, we have;
δB(bAFA) = iϵ (S2 + S3) (4.2.6)

Now, we change the gauge fixing condition by a finite variation δFA(ϕ). The infinitesimal variation will
be controlled by a parameter ϵ. So, the infinitesimal variation in FA(ϕ) is ϵδFA(ϕ). Now, using the path
integral formalism the expression of the amplitude ⟨f ∣i⟩ is;

⟨f ∣i⟩ = ∫ [dϕi] e−S1
gauge fixingÐÐÐÐÐÐ→ ∫ [dϕidbAdBAdcα] e−(S1+S2+S3)

where the integrations of bA,BA and cα come due to gauge fixing and Fadeev Popov gauge determinant.
Now, the variation of this amplitude gives;

⟨f ∣i⟩ → ∫ [dϕidbAdBAdcα] e−(S1+S2+S3) (1 − ϵδ(S2 + S3) +O(ϵ2)) = ⟨f ∣i⟩ − ϵ⟨f ∣δ(S2 + S3)∣i⟩ + O(ϵ2)

where we used the fact that S1 doesn’t depend on FA(ϕ) and thus, δS1 = 0 for the variation in FA(ϕ). Using
(4.2.6), we have;

ϵδ⟨f ∣i⟩ = −ϵ⟨f ∣δ(S2 + S3)∣i⟩ = i⟨f ∣δB(bAδFA)∣i⟩

Now, we know that the variation of ϕi under a symmetry can be written as a quantity that is proportional
to the commutator of the current (which is conserved under this symmetry) with ϕi but this is true if the
parameter of that symmetry is a commuting variable. If the parameter of that symmetry is an anticommuting
variable, then we have anticommutator instead of a commutator (write more about this). For the BRST
symmetry, the parameter is anticommuting and thus, we have;

ϵδ⟨f ∣i⟩ = i⟨f ∣δB(bAδFA)∣i⟩ ∝ ϵ⟨f ∣{QB , bAδFA}∣i⟩ (4.2.7)

where QB is the BRST charge. In order for this variation of amplitude to vanish, we must have;

⟨f ∣{QB , bAδFA}∣i⟩ = 0 for arbitrary δFA(ϕ) (4.2.8)

So, physical states must satisfy the following for arbitrary δFA;

⟨ψ∣{QB , bAδFA}∣ψ′⟩ = 0⇒ ⟨ψ∣QBbAδFA∣ψ′⟩ − ψ∣bAδFAQB ∣ψ′⟩ = 0

Now, this constraint is satisfied if for all physical states, QB ∣ψ⟩ = 0 and if we assume that Q†
B = QB , then it

also implies that ⟨ψ∣QB = 0. Q†
B = QB because the gauge parameter ϵα was real (elaborate more on this).

Since the variation in FA can be arbitrary, we can choose it to be;

δFA = −iBBMAB

for some arbitrary constant matrix. We immediately see that δα variation for this variation of FA is zero
and thus, S3 is invariant. However, S2 changes as follows;

S2 → −iBA (FA − iBBMAB) = S2 −BABBMAB

Moreover, S1 doesn’t change. So, effectively we are adding one term to the action i.e. ;

S1 + S2 + S3 → S1 + S2 + S3 −BABBMAB

and thus, the BA integration now gives a gaussian instead of a delta function.
Since the action in (4.2.1) has BRST invariance, the BRST charge must be conserved if we change the gauge
choices (i.e. FA). So, the BRST charge must commute with the variation of the Hamiltonian of the theory.
We are requiring it for the variation because we are assuming that the starting action does have BRST
symmetry and this symmetry should be preserved if we change the action (by changing the gauge choice).
For this to happen, QB must commute with the full hamiltonian but it already commutes with the original
hamiltonian and thus, we only require that it commutes with the variation of the hamiltonian. Now, for the
amplitude ⟨f ∣i⟩, we actually have a factor of e−iHt when we are considering amplitudes at different times.
So, we have;

⟨f ∣e−iHt∣i⟩ → ⟨f ∣e−i(H+δH)t∣i⟩ = ⟨f ∣e−i(H)t (1 − itδH)∣ i⟩ + O((δH)2)
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= ⟨f ∣e−i(H)t∣ i⟩ + −it⟨f ∣e−i(H)tδH ∣ i⟩ + O((δH)2)

Now, if we compare this result to (4.2.7) (with the understanding that the factor e−iHT will come there if the
final and initial states are at different times), we see that δH should be proportional to (is this the right
argument?);

{QB , bAδFA}

and thus, the commutator of QB to vanish with δH implies;

[QB ,{QB , bAδFA}] = 0

This implies;
Q2
BbAδF

A − bAδFAQ2
B = [Q2

B , bAδF
A] = 0 (4.2.9)

for arbitrary δFA. Before exploring its consequence, look at (4.2.7) and since the ghost number of bA is
−1, and the ghost number of the variation of ⟨f ∣i⟩ is zero, the ghost number of QA should be +1 (the ghost
number of FA(ϕ) is also zero as it depends on ϕi’s). So, the ghost number of Q2

B is +2, and to satisfy (4.2.9)
we can’t take it to be a non-zero constant because it will get changed by the ghost number symmetry (Is
this argument correct?). Hence, we have to set Q2

B = 0 to satisfy (4.2.9). Hence, we have;

Q2
B = 0 (4.2.10)

(The issue of having linear terms in twice BRST, the BV formalism and cohomology thing).

4.2.1 Point particle example

In the point particle case, the coordinate is τ and the fields are Xµ(τ) and e(τ) so the index α in the
gauge transformation δα in BRST formalism should correspond to τs. We need to choose a basis for gauge
transformations. A way to choose this is to realize gauge transformation at a point τ1 should not change any
τ but τ1 itself. So, a basis δτ1 is such that;

δτ1τ = δ(τ − τ1)

A general transformation of τ will be then;

δτ = ϵτ1δτ1τ = ϵ(τ1)δ(τ − τ1) = ϵ(τ) ⇒ τ → τ + η(τ)

We know that under this transformation we get (from the analysis of point particle action before);

δXµ(τ) = −η(τ)∂τXµ(τ) = −ϵτ1δτ1∂τXµ(τ) = −ϵτ1δ(τ − τ1)∂τ1Xµ(τ1) ⇒ δτ1X
µ = −δ(τ − τ1)∂τ1Xµ(τ1)

δe(τ) = −∂τ (ϵ(τ)e(τ)) = −ϵτ1∂τ (δτ1e(τ)) = −ϵτ1∂τ1 (δ(τ − τ1)e(τ1)) ⇒ δτ1e(τ) = −∂τ1 (δ(τ − τ1)e(τ1))

To find the structure constants of the BRST algebra, we need to compute [δτ1 , δτ2]. We compute this
commutator acting on Xµ(τ). It turns out to be as follows;

[δτ1 , δτ2]Xµ(τ) = δτ1δτ2Xµ(τ) − (1↔ 2)

Now, we have;

δτ1δτ2X
µ(τ) = δ1 (δ(τ − τ2)∂τXµ(τ)) = δ(τ − τ2)∂τ (δ1Xµ(τ)) = δ(τ − τ2)∂τ (δ(τ − τ1)∂τXµ(τ))

= δ(τ − τ2)δ(τ − τ1)∂2τXµ(τ) + δ(τ − τ2)∂τδ(τ − τ1)∂τXµ(τ)

The first term gets canceled with the 1↔ 2 term. Therefore, we get;

[δτ1 , δτ2]Xµ(τ) = [δ(τ − τ2)∂τδ(τ − τ1) − δ(τ − τ2)∂τδ(τ − τ1)]∂τXµ(τ)

For this commutator to have the form fτ3τ1τ2δτ3X
µ (the summation over τ3 is actually an integral over τ3), we

can rewrite this commutator as follows;

[δτ1 , δτ2]Xµ(τ) = [δ(τ − τ2)∂τδ(τ − τ1) − δ(τ − τ2)∂τδ(τ − τ1)]∂τXµ(τ)
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= ∫ dτ3 [δ(τ − τ3)δ(τ3 − τ2)∂τ3δ(τ3 − τ1) − δ(τ − τ3)δ(τ3 − τ1)∂τ3δ(τ3 − τ2)]∂τXµ(τ)

= −∫ dτ3 [δ(τ3 − τ2)∂τ3δ(τ3 − τ1) − δ(τ3 − τ1)∂τ3δ(τ3 − τ2)] δτ3Xµ(τ) = ∫ dτ3f
τ3
τ1τ2δτ3X

µ(τ)

So, we see that;
fτ3τ1τ2 = δ(τ3 − τ1)∂τ3δ(τ3 − τ2) − δ(τ3 − τ2)∂τ3δ(τ3 − τ1)

Now, we can calculate the BRST transformations as follows;

δBX
µ(τ) = −∫ dτ1iϵc

τ1δτ1X
µ(τ) = iϵ∫ dτ1c

τ1δ(τ − τ1)∂τXµ(τ) = iϵc(τ)∂τXµ(τ) = iϵc(τ)Ẋµ(τ) (4.2.11)

δBe(τ) = −iϵ∫ dτ1c
τ1δτ1e(τ) = iϵ∫ dτ1c

τ1∂τ (δ(τ − τ1)e(τ))

= iϵ∂τ ∫ dτ1c(τ1)δ(τ − τ1)e(τ) = iϵ∂τ (c(τ)e(τ)) = iϵ ˙(ce) (4.2.12)

δBB(τ) = 0 (4.2.13)

δBb(τ) = ϵB(τ) (4.2.14)

δBc
τ1 = δBc(τ1) =

i

2
ϵfτ1τ2τ3c

τ2cτ3 = i
2
ϵ∫ dτ2 dτ3 [δ(τ1 − τ2)∂τ1δ(τ1 − τ3) − δ(τ1 − τ3)∂τδ(τ1 − τ2)] c(τ2)c(τ3)

= iϵ
2
[∫ dτ3∂τ1δ(τ1 − τ3)c(τ1)c(τ3) − ∫ dτ2∂τ1δ(τ1 − τ2)c(τ2)c(τ1)] = −iϵ∫ dτ3∂τ1δ(τ1 − τ3)c(τ3)c(τ1)

= −iϵ∂τ1 [∫ dτ3δ(τ1 − τ3)c(τ3)] c(τ1) = iϵc(τ1)∂τ1c(τ1) ⇒ δBc(τ) = iϵc(τ)∂τ c(τ) = iϵc(τ)ċ(τ) (4.2.15)

where we used the anticommutativity of c’s repeatedly and in the second line, we renamed the τ2 integration
variable to τ3. For the point particle, the gauge fixing condition is e(τ) = 1 and thus, F τ = 1− e(τ) the three
actions are as follows;

S1 =
1

2
∫ dτ (e−1ẊµẊµ + em2) (4.2.16)

S2 = −i∫ dτBτF
τ = −i∫ dτB(τ)(1 − e(τ))− = i∫ dτB(τ)(e(τ) − 1) (4.2.17)

S3 = ∫ dτ ∫ dτ1bτ c
τ1δτ1F

τ = ∫ dτ ∫ dτ1b(τ)c(τ1)δτ1(1 − e(τ)) = ∫ dτ ∫ dτ1b(τ)c(τ1)∂τ (δ(τ − τ1)e(τ))

= ∫ dτb(τ)∂τ (∫ dτ1c(τ1)δ(τ − τ1)) e(τ) = ∫ dτb(τ)ċ(τ)e(τ) (4.2.18)

The total action is thus,

S = ∫ dτ (1
2
e−1ẊµẊµ +

e

2
m2 − iB(e − 1) + bċe) = ∫ dτ (1

2
e−1ẊµẊµ +

e

2
m2 − iB(e − 1) − eḃc)

(Justify the last step. By using e = 1 constraint?). The EOM for B and e are as follows;

B EOM ∶ e = 1

e EOM ∶ −1
2
e−2ẊµẊµ +

1

2
m2 − iB − ḃc = 0⇒ B = −i [1

2
e−2ẊµẊµ −

1

2
m2 + ḃc] = i [−1

2
ẊµẊµ +

1

2
m2 − ḃc]

where in the last step, we set e = 1 from B’s EOM. Using these equations of motion, we get;

S = ∫ dτ (1
2
ẊµẊµ +

1

2
m2 − ḃc) (4.2.19)

The BRST transformation in (4.2.14) thus changes to;

δBb = iϵ [−
1

2
ẊµẊµ +

1

2
m2 − ḃc] (4.2.20)
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with (4.2.11) and (4.2.15) remaining unchanged. These transformations leave (4.2.19) invariant as we can
check. The variation of the Xµ term is;

1

2
ẊµẊµ →

1

2
(∂τ (Xµ + iϵcẊµ)∂τ (Xµ + iϵcẊµ)) =

1

2
(Ẋµ + iϵċẊµ + iϵcẌµ) (Ẋµ + iϵċẊµ + iϵcẌµ)

= 1

2
ẊµẊµ + iϵċẊµẊµ + iϵcẌµẊµ

The mass term is invariant. The −ḃc term changes as follows;

−ḃc→ −∂τ (b − iϵ(
1

2
ẊµẊµ −

1

2
m2 + ḃc)) (c + iϵcċ) = (−ḃ + iϵẊµẌµ + iϵḃc + iϵḃċ) (c + iϵcċ) = −ḃc + iϵcẊµẊµ

(The total action is not coming as invariant. Find flaw. Also, check the nilpotency of Q2
B and

the special case of b). We know these basic facts about the point particle and the ghost system;

[Xµ, pν] = iηµν , ; {b, c} = 1, H = 1

2
(p2 +m2)

where because of the Euclidean signature, Ẋµ is replaced by −iẊµ and thus

pµ =
∂L

∂Ẋµ
l

= ∂L

−i∂Ẋµ
e

= ∂L

−i∂Ẋµ
= i ∂L
∂Ẋµ

= iẊµ

where Ẋµ
l and Ẋµ

e are the derivatives of Xµ with respect to Lorentzian and Euclidean time i.e. τl and τe
which are related as τl = iτe. Moreover, τe is just τ . Now, we can construct Noether’s current for the BRST
symmetry using Noether’s theorem as follows (L is the lagrangian);

QB =
∂L

−i∂Ẋµ
∆Xµ + ∂L

−i∂ḃ
∆b + ∂L

−i∂ċ
∆c = iẊµ (icẊµ) + ic [i(−1

2
ẊµẊµ +

1

2
m2 − ḃc)]

= c
2
(−ẊµẊµ +m2) = c

2
(p2 +m2) = cH

where we recall that the derivative w.r.t ḃ anti commutes with ḃ. Now, the two-level system generated by
ghosts is as follows;

∣k; ↑⟩, ∣k; ↓⟩
where the following is true;

pµ∣k; ↑⟩ = pµ∣k; ↓⟩ = kµ

b∣k; ↑⟩ = ∣k; ↓⟩, b∣k; ↓⟩ = 0
c∣k; ↑⟩ = 0, c∣k; ↓⟩ = ∣k; ↑⟩ (4.2.21)

This implies that;

QB ∣k; ↓⟩ =
c

2
(p2 +m2)∣k; ↓⟩ = 1

2
(k2 +m2)∣k; ↑⟩, QB ∣k; ↑⟩ = 0 as c∣k; ↑⟩ = 0

Therefore the closed states (i.e. the states annihilated by QB) are all ∣k; ↑⟩ states and ∣k; ↓⟩ states but only
if k2 +m2. So, the mass shell condition is satisfied by the closed states. As seen from above manipulation,
∣k; ↓⟩ are proportional to QB ∣k; ↑⟩ but are non-vanishing only for k2 +m2 ≠ 0. So, these are the exact states.
Therefore the closed states that are not exact (i.e. the physical states) are;

∣k; ↓⟩, ∣k; ↑⟩ for k2 +m2 = 0

We now see that ∣k; ↑⟩ states don’t make sense kinematically. Since the amplitudes of the exact states must
vanish identically, we see that the amplitudes involving ∣k; ↑⟩ states must vanish if k2 +m2 ≠ 0 because then
∣k; ↑⟩ is an exact state but the amplitudes may not vanish for ∣k; ↑⟩ is k2 +m2 = 0. So, amplitudes must
have δ(k2 +m2) in their expression and this is very peculiar for amplitudes (that aren’t in two dimensions)
(Exapnd more on this). So, ∣k; ↑⟩ terms don’t comprise the physical spectrum and only ∣k; ↓⟩ come in the
physical spectrum. This projection can also be obtained by imposing the constraint that;

b∣ψ⟩ = 0

and then, only ∣k; ↓⟩ satisfies this constraint.
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4.3 BRST quantization of the string

tt

4.3.1 BRST cohomology of the string

tt

4.4 The no ghost theorem

tt

4.4.1 Proof

tt

4.4.2 BRST-OCQ equivalence

tt
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5 Chapter 5: The string S-matrix

5.1 The circle and the torus

On the torus, we have a metric modulus τ which appears in the metric as follows;

ds2 = ∣dσ1 + τdσ2∣2

It appears here because we choose to keep the periodicities of σ1,2 the same after the reparametrization that
keeps the form of the following metric invariant. These parameterizations are SL(2,Z)/Z2 parametrizations
which are given as follows;

(σ
1′

σ2′) = (
a b
c d

)(σ
1

σ2) , ad − bc = 1 a, b, c, d ∈ Z

Apart from this, the form of the metric and periodicities are left invariant by rigid translations i.e.

σa → σa + ξa

Such a group of symmetries that is left invariant by the choice of metric is called the conformal killing group
(CKG). Thus, we will need to fix the position of a vertex operator to fix this symmetry.

5.2 Moduli and Riemann surfaces

If we want to find the metric deformations which are not available from the diffeomorphism and weyl transfor-
mations (diff ×Weyl), then we need to find the variations δgab which are orthogonal to the metric variations
that we get from diff × Weyl i.e.;

− 2(P1δσ)ab + (2δω −∇.δσ)gab (5.2.1)

where P1 operator is defined as follows by its action on the variation δσa;

(P1δσ)ab =
1

2
(∇aδσb +∇bδσa − gab∇cδσc)

Now, the metric variation δgab orthogonal to (5.2.1) is defined as follows;

∫ d2σ
√
g δgab(−2(P1δσ)ab + (2δω −∇.δσ)gab) = 0

⇒ ∫ d2σ
√
g(−2δgab(P1δσ)ab + gabδgab(2δω −∇.δσ)) = 0

Now, we see that;

δgab(P1δσ)ab = δgab∇aδσb −
gabδgab

2
∇.δσ = ∇a(δgabδσb) − (∇aδgab)δσb −

gabδgab
2
∇.δσ

= (PT1 δg)aδσa −
gabδgab

2
∇.δσ + total derivative

and thus, we have (disagreement with Polchinski);

∫ d2σ
√
g((PT1 δg)aδσa − gabδgabδω) = 0

For this to be zero for all diff × Weyl, we need the following;

(PT1 δg)a = 0, gabδgab = 0

which means that δgab is traceless and the number of solutions of first equation gives us the moduli.
Conformal killing vectors will be acquired if the metric variation due to diff × weyl transformations is zero
i.e. (5.2.1) is zero. Contracting it with gab gives us δω as follows;

δω = 1

2
∇.δσ
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Then, the only equation that we get is (P1δg)a = 0 which is conformal killing equation which gives conformal
killing vectors (CKVs). We can vary the metric around the conformal gauge;

gab(z, z̄) =
1

2
eω(z,z̄) (0 1

1 0
)

to write the conformal killing equation as follows (derive this);

∂δgz̄z̄ = ∂̄δgzz = ∂δz̄ = ∂̄δz = 0

Thus, the number of moduli (denoted as µ) is dim(ker PT1 ) and the number of CKVs (denoted as κ) is
dim(ker P1). The Riemann-Roch theorem (which can be seen as an index theorem) states that;

dim(ker PT1 ) − dim(ker P1) = −3χ⇒ µ − κ = −3χ (5.2.2)

We will now show that there can’t be any CKVs for χ < 0. We first see that by using Weyl transformations,
we can bring Ricci curvature to a constant. We have the following relation between old and new R;

√
g′R′ = √g(R − 2∇2ω) ⇒ 2∇2ω = R − e2ωR′

which can be solved for constant R′ (is this a correct argument?). Moreover, due to Gauss-Bonnet
theorem (for no boundaries);

∫
M
d2σ
√
gR = 2πχ(M)

we see that for a constant R, the sign of R and χ is the same. Now, we derive a result;

(PT1 P1u)a = −
1

2
(∇b∇aub +∇b∇bua −∇b(gab∇cuc)) = −

1

2
∇2ua −

1

2
(∇b∇aub −∇b(gab∇cuc))

= −1
2
∇2ua +

1

2
(∇a∇c −∇c∇a)uc = −

1

2
∇2ua −

1

4
Rua (5.2.3)

(Fill in the details of the last step). Using the facts that (P1δσ)ab is traceless and symmetric, we can
derive the following identity as well;

(P1δσ)ab(P1δσ)ab = ∇aδσb∇bδσa = total derivative − δσb∇a∇bδσa = total derivative − δσb(PT1 P1δσ)b

where in the last step, I used the fact that (PT1 σ)ab is traceless and symmetric. Now, using (5.2.3), we get
the following;

∫ d2σ
√
g(P1δσ)ab(P1δσ)ab =

√
g∫ d2σδσa(PT1 P1δσ)a = ∫ d2σ

√
g (−δσa 1

2
∇2δσa −

1

4
Rδσaδσa)

= ∫ d2σ
√
g (1

2
∇bδσa∇bδσa −

1

4
Rδσaδσa)

where in the last term, surface terms are dropped. So, if χ is negative, then R is negative and thus, the inte-
gral in the last line is positive definite. Thus, (P1δσ)ab can’t vanish. Thus, there are no CKVs for negative χ.

5.2.1 Riemann surfaces

tt

5.3 The measure for moduli

Write details about the derivation. The expression for the S matrix with n momenta k1, ..., kn and
internal states j1, ..., jn is given by as follows;

Sj1,...jn(k1, ..., kn) = ∑
comp. top.

∫
F

dµt

nR
∫ [dϕ db dc]e−Sm−Sg−λχ
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× ∏
(a,i)∉f

∫ dσai

µ

∏
k=1

1

4π
(b, ∂kĝ) ∏

(a,i)∈f
ca(σ̂i)

n

∏
i=1

√
ĝ(σi) Vji(ki, σi) (5.3.1)

where F is the moduli space, nR is the order of discrete symmetries, f contains fixed coordinates and the
inner product is defined as follows;

(b, ∂kĝ) = ∫ d2σ
√
g bab∂kĝ

ab

(Write about the S matrix expression in determinant and RR theorem proof using path inte-
grals)

5.3.1 Expression in terms of determinants

tt

5.3.2 The Riemann Rock theorem

tt

5.4 More about the measure

tt

5.4.1 Gauge invariance

tt

5.4.2 BRST invariance

tt

5.4.3 Measure for Riemann surfaces

tt
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6 Chapter 6: Tree level amplitudes

6.1 Riemann surfaces

6.1.1 The sphere

tt

6.1.2 The disc

tt

6.1.3 The projective plane

tt

6.2 Scalar expectation values

We want to derive a differential equation for the green’s functions. To do that, we start with the generating
functional;

Z[J] = ⟨exp(i∫ d2σJµ(σ)Xµ(σ))⟩ (6.2.1)

Now, let’s consider the following set of Helmholtz equations;

(∂2 + ω2
I)XI(σ) = 0

solutions of which form a complete set (find more about this). So, we expand Xµ in terms of XI as
follows;

Xµ = ∑
I

xµIXI

Moreover, since the Helmholtz equation is linear, we can rescale the solutions and the rescaled version would
still be a solution and thus, we can choose the following normalization;

∫ d2
√
g d2σXIXI′ = δII′

The orthogonality of solutions follows from the fact that the Helmholtz equation can be written down as a
Strum-Liouville equation. Now, we calculate (6.2.1) as follows;

Z[J] = ∏
µ,I
∫ dxµI exp(ix

µ
I ∫ d2σJµ(σ)Xµ

I (σ)) exp(−
1

4πα′ ∫
d2σ
√
g ∑

I′
ω2
I′x

µ
I xµI′XIXI′)

where I took the I and µ summation out as a product. Using the orthogonality of XI ’s, we get the following;

Z[J] = ∏
µ,I
∫ dxµI exp(−

ω2
Ix
µ
I xµI

4πα′
+ ixµI JµI)

where;

JµI = ∫ d2σJµ(σ)XI(σ)

Now, using the orthonormality of XI ’s and using the fact that X0 is a constant mode, we get;

X0 = (∫ d2σ
√
g)
−1/2

Moreover, using the Helmholtz equation, we get ω2
0 = 0 and thus, all the dxµI integrals in Z[J] are gaussian

except the dxµ0 integrals. Doing these integrals give factors of 2πδ(J0µ). So, we do a product over I ≠ 0 only
and doing the µ product gives us (2π)dδ(d)(J0). Now, we use the following gaussian integral;

∫ dxe−ax
2+bx =

√
π

a
exp( b

2

4a
)
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we get;

∫ dxµI exp(−
ω2
Ix
µ
I xµI

4πα′
+ ixµI JµI) =

¿
ÁÁÀ4πα′

w2
I

exp(−πα′
JIµJIµ

w2
I

)

Doing the µ product, we get the following;

∏
µ
∫ dxµI exp(−

ω2
Ix
µ
I xµI

4πα′
+ ixµI JµI) = (

4πα′

w2
I

)
d/2

exp(−πα′ JI .JI
w2
I

)

but µ = 0 case will give a problem because this case will give a positive sign in the first term in the exponential
in the integrand. So, we can do multiply x0I by i to get the right sign. This will give an additional factor of i
in the expression of Z[J] (look at another reason that is written on page 170). So, the last expression
is as follows;

Z[J] = i(2π)dδ(d)(J0)∏
I≠0
(4πα

′

w2
I

)
d/2

exp(−πα′ JI .JI
w2
I

)

Now, we do the following manipulation;

−πα′ JI .JI
w2
I

= −1
2
∫ d2σd2σ′ [J(σ)J(σ′) × 2πα′

w2
I

XI(σ)XI(σ′)]

and we use the fact that the eigenvalues of −∇2 are ω2
I to deduce that the product of nonzero ω

2
I ’s is det (−∇2).

Using these facts, we get the following;

Z[J] = i(2π)dδ(d)(J0)∏
I≠0
(det −∇

2

4πα′
)
d/2

exp(−1
2
∫ dσ dσ′J(σ)J(σ′)G(σ,σ′))

where

G(σ,σ′) = ∑
I≠0

2πα′

ω2
I

XI(σ)XI(σ′)

This Green’s function satisfies the following differential equation;

∇2G(σ,σ′) = −2πα′∑
I≠0

XI(σ)XI(σ′)

To write this equation in a more convenient form, we recall the fact that XI ’s form a complete set and thus,
we can expand the σ dependence of δ(σ − σ′) in terms of these functions as follows (we can encode the σ′

dependence into the expansion coefficients then);

δ(σ − σ′) = ∑
I

xI(σ′)XI(σ) ⇒ ∫
√
g(σ)XI′(σ)δ(σ − σ′)d2σ = ∑

I

xI(σ′)∫ d2σ
√
g(σ)XI(σ)XI′(σ)

⇒ xI′(σ′) =
√
g(σ′)XI′(σ′) ⇒ xI(σ′) =

√
g(σ′)XI(σ′)

⇒ δ(σ − σ′) = ∑
I

√
g(σ′)XI(σ′)XI(σ) ⇒ (g(σ′))−1/2δ(σ − σ′) = (X0)2 + ∑

I≠0
XI(σ′)XI(σ)

⇒ ∑
I≠0

XI(σ)XI(σ′) = (g(σ))−1/2δ(σ − σ′) − (X0)2

where we used the fact that δ function is even and X0 is a constant. Therefore, we can deduce that;

− 1

2πα′
∇2G(σ,σ′) = (g(σ))−1/2δ(σ − σ′) − (X0)2 (6.2.2)

Let’s start to work out the expectation values on the sphere. On the sphere, we know that metric and we
can derive the solution of (6.2.2) on the sphere (derive this);

G(z1, z̄1, z2, z̄2) = −
α′

2
ln ∣z12∣2 + f(z1, z̄1) + f(z2, z̄2) (6.2.3)
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where f(z, z̄) is given as follows;

f(z, z̄) = α
′X2

0

4
∫ d2z′e2ω(z

′,z̄′) ln ∣z − z′∣ + k

where k is a constant that can be determined ((derive this). We start with the following expectation value;

AnS2(k, σ) = ⟨∶ exp (ik1X(σ1)) ∶ ... ∶ exp (iknX(σn)) ∶⟩

= ⟨∶ exp (ik1X(σ1) + ... + iknX(σn)) ∶⟩ = ⟨exp
⎡⎢⎢⎢⎢⎣
i
⎛
⎝∑j
∫ d2σδ(σ − σj)kj

⎞
⎠

⎤⎥⎥⎥⎥⎦
.X(σj)⟩

which gives us the following expression for Jµ(σ);

Jµ(σ) = ∑
j

kµj δ
(2)(σ − σj) ⇒ JµI = ∫ d2σ∑

j

kµj δ
(2)(σ − σj)XI(σ) = ∑

j

kµjXI(σj)

⇒ Jµ0 =X0∑
j

kµj ⇒ δ(d)(J0) =X−d0 δ(d)
⎛
⎝∑j

kµj
⎞
⎠

Moreover, we get the following;

= −∫ d2σd2σ′J(σ).J(σ′)G(σ,σ′) = −∫ d2σd2σ′∑
jl

kj .klG(σ,σ′)δ(σ − σj)δ(σ − σl)G(σ,σ′)

= −1
2
∑
j,l

kj .klG(σj , σl) = −∑
j<l
kj .klG(σj , σl) −

1

2
∑
j

k2j ∶ G(σj , σj) ∶

So, the required amplitude becomes the following;

AnS2(k, σ) = iCXS2(2π)dδ(d)(∑
j

kj) exp
⎛
⎝
−∑
j<l
kj .klG(σj , σl) −

1

2
∑
j

k2j ∶ G(σj , σj) ∶
⎞
⎠

where CXS2 is given as follows;

CXS2 =X−d0 (det
−∇2

4πα′
)
−d/2

S2

Now, we need to talk about the normal ordered ∶ G(σ,σ′) ∶ operator. It can be shown that (Use section
3.6 methods);

∶ G(σ,σ′) ∶= G(σ,σ′) + α
′

2
lnd2(σ,σ′)

and by using (6.2.3), we get (derive this);

∶ G(σ,σ) ∶= 2f(σ) + α′ω(σ) ⇒∶ G(z = z′, z̄ = z̄′) ∶= 2f(z, z̄) + α′ω(z, z̄)

Now, we do the following manipulation;

−∑
j<l
kj .klG(σj , σl)−

1

2
∑
j

k2j ∶ G(σj , σj) ∶=
α′

2
∑
j<l
kj .kl ln ∣σj−σl∣2−∑

j<l
kj .klf(σj)−∑

l<j
kj .klf(σl)−∑

j

k2j f(σj)−
α′

2
∑
j

k2jω(σj)

= α
′

2
∑
j<l
kj .kl ln ∣σj − σl∣2 −

α′

2
∑
j

k2jω(σj) −∑
j

⎛
⎝∑l<j
+∑
l>j
+∑
l=j

⎞
⎠
kl.kjf(σj) = ∑

j<l
ln ∣σj − σl∣α

′kj .kl − α
′

2
∑
j

k2jω(σj)

= ∑
j<l

ln ∣zjl∣α
′kj .kl − α

′

2
∑
j

k2jω(σj)

where we interchanged the indices j and l in one of the k.kf(σ) terms. So, the amplitude becomes;

AnS2(k, σ) = iCXS2(2π)dδ(d)(∑
j

kj) exp
⎛
⎝
−α
′

2
∑
j

k2jω(σj)
⎞
⎠∏j<l

∣zjl∣α
′kjkl (6.2.4)
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This result can be generalized to the following;

⟨
n

∏
j=1
∶ eikjX(zj ,z̄j) ∶

p

∏
k=1

∂Xµk(z′k)
q

∏
l=1
∂Xµl(z′′l )⟩

S2

= iCXS2(2π)dδ(d)(∑
j

kj)∏
j<l
∣zjl∣α

′kjkl

×⟨
p

∏
j=1

∂Xµj(z′j)
q

∏
k=1

∂̄Xµj(z̄′′j )⟩

= iCXS2(2π)dδ(d)(∑
j

kj)∏
j<l
∣zjl∣α

′kjkl × ⟨
p

∏
j=1
[vµj(z′j) + qµj(z′j)]

q

∏
k=1
[ṽµj(z̄′j) + q̃µj(z̄′j)]⟩ (6.2.5)

where vµj(z′j) and ṽµj(z′j) are as follows;

vµ(z) = −iα
′

2

n

∑
i=1

kµi
z − zi

, ṽµ(z̄) = −iα
′

2

n

∑
i=1

kµi
z̄ − z̄i

and qµ(z) = ∂Xµ(z) − vµ(z), q̃µ(z̄) = ∂̄Xµ(z̄) − ṽµ(z̄)
(Write more about the holomorphicity methods (already done) and rest of section).

6.2.1 The disc

The green’s function for the disc is as follows (derive this);

G(z1, z̄1, z2, z̄2) = −
α′

2
ln ∣z1 − z2∣2 − −

α′

2
ln ∣z1 − z̄2∣2 (6.2.6)

where the second term can be seen as the image charge term (justify that this is required due to the
Neumann condition). The result is as follows (derive this);

AnD2(k, σ) = iCXD2(2π)dδ(d)(∑
j

kj)∏
j<l
∣zj − zl∣α

′kjkl ∣zj − z̄l∣α
′kjkl∏

i

∣zi − zi∣α
′k2i /2 (6.2.7)

6.3 The projective plane

tt

6.4 The bc CFT

6.4.1 The sphere

We evaluate the expectation value of c ghosts on the sphere because of the sphere, there are no moduli
and thus, there is no need to evaluate b ghosts and since there are six CKVs on the sphere, the lowest c
expectation value that we will need to evaluate is as follows; (Polchinski says that this is the simplest
non-vanishing one. Find justification for this)

⟨c(z1)c(z2)c(z3)c̃(z4)c̃(z5)c̃(z6)⟩

but this detCa0j i.e. the c part of the Fadeev-Popov ghost action. Now, Ca0j are CKVs and for the sphere,
we have the following Ca0j ’s;

Cz01 = 1, Cz02 = z, Cz03 = z2, Cz04 = Cz05 = Cz06 = 0

, C z̄01 = C z̄02 = C z̄03 = 0, C z̄01 = 1, C z̄01 = z̄, C z̄03 = z̄2

but since the basis that we are using here is not an orthonormal basis, we will have a Jacobian and thus, we
will have a constant Cg

S2 in front of the (Czi0j ,C
zi
0j) matrix as well (work this out). Determinant of the full

(Czi0j ,C
zi
0j) matrix with this constant is as follows;

Cg
S2 det

⎛
⎜⎜⎜⎜⎜⎜⎜⎜
⎝

Cz101 Cz201 Cz301 C z̄101 C z̄201 C z̄301
Cz102 Cz202 Cz302 C z̄102 C z̄202 C z̄302
Cz103 Cz203 Cz303 C z̄103 C z̄203 C z̄303
Cz104 Cz204 Cz304 C z̄104 C z̄204 C z̄304
Cz105 Cz205 Cz305 C z̄105 C z̄205 C z̄305
Cz106 Cz206 Cz306 C z̄106 C z̄206 C z̄306

⎞
⎟⎟⎟⎟⎟⎟⎟⎟
⎠

= Cg
S2 det

⎛
⎜⎜⎜⎜⎜⎜⎜⎜
⎝

1 1 1 0 0 0
z1 z2 z3 0 0 0
z21 z22 z23 0 0 0
0 0 0 1 1 1
0 0 0 z̄4 z̄5 z̄6
0 0 0 z̄24 z̄25 z̄26

⎞
⎟⎟⎟⎟⎟⎟⎟⎟
⎠
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= Cg
S2z12z23z31z̄45z̄56z̄64 (6.4.1)

We can deduce a result with b insertions as well. We should have additional insertions for c ghosts if we have
b insertions because we want them to contract with one another. The result is as follows (derive this);

⟨
p+3
∏
i=1

c(zi)
p

∏
j=1

b(z′i). anti⟩ = C
g
S2

zp+1,p+2zp+1,p+3zp+2,p+3
(z1 − z′1)...(zp − z′p)

. anti ± (permutations) (6.4.2)

We don’t care about the overall sign. (Write the holomorphicity argument and other stuff in the
subsection).

6.4.2 The disc

The doubling trick gives us the following for the disc;

⟨c(z1)c(z2)c(z3)⟩D2 = Cg
D2z12z23z31

⟨c(z1)c(z2)c̃(z̄3)⟩D2 = ⟨c(z1)c(z2)c(z′3)⟩D2 = Cg
D2z12(z2 − z̄3)(z̄3 − z1)

6.4.3 The projective plane

Similarly, for the projective plane, we can deduce the following (derive these);

⟨c(z1)c(z2)c(z3)⟩RP2 = C
g
RP2

z12z23z31

⟨c(z1)c(z2)c̃(z̄3)⟩RP2 = ⟨c(z1)c(z2)c(z′3)⟩RP2 = C
g
RP2

z12(1 + z1z̄3)(1 + z2z̄3)

6.5 The Veneziano amplitude

We calculate the tachyon three function now. The vertex operator for the tachyon is as follows;

g0 ∫
R
ds ∶ eik.X(s) ∶

where g0 is the string coupling. We will use the upper half plane for the calculation with y as the coordinate
on the boundary. Moreover, we can fix three points on the plane by using three CKVs of the plane. The
PSL(2,R) group can’t change the cycling and thus, we have to sum over two possible cyclings. There will be
no b insertions through (Find about the absence of metric factors). The three-point S matrix is thus
given as follows;

SD2(k1, k2, k3) = e−λg30 ⟨**c
1eik1.X(y1)****c

1eik2.X(y2)****c
1eik3.X(y3)**⟩D2

+ (k2 ↔ k3)

where the normal ordering is the boundary normal ordering. Using the boundary expectation value for the
disc and (6.4.1), we get;

SD2(k1, k2, k3) = iCD2(2π)26δ26(∑
j

kj)g30 ∣y12∣1+2α
′k1.k2 ∣y23∣1+2α

′k2.k3 ∣y31∣1+2α
′k1.k3

+iCD2(2π)26δ26(∑
j

kj)g30 ∣y12∣1+2α
′k1.k3 ∣y23∣1+2α

′k2.k3 ∣y31∣1+2α
′k1.k2

where CD2 = e
−λCX

D2
Cg

D2 Using the massless condition, we have;

k21 = k22 = k23 =
1

α′

because we have tachyons here. Moreover, due to the momentum conservation is as follows;

k1 + k2 + k3 = 0

35



Using these two conditions, we derive the following result;

(k1 + k2)2 = k23 =
1

α′
and (k1 + k2)2 = k21 + k22 + 2k1.k2 =

2

α′
+ 2k1.k2 ⇒ 2α′k1.k2 + 1 = 0

and similar results follow for 2α′k2.k3 + 1 and 2α′k1.k3 + 1. Therefore, the S matrix becomes;

SD2(k1, k2, k3) = 2iCD2g
3
0(2π)26δ26(∑

j

kj) (6.5.1)

We calculate the four point tachyon function now. Three points can be fixed and hence, we will have to
integrate over the fourth coordinate. We have to sum over all the orderings but we can do that by just
interchanging k1 and k2. We get the following;

SD2(k1, k2, k3, k4) = ig40CD2(2π)26δ(26)(∑
j

kj)∣y12y23y31∣ ∫ dy4∏
j<l
∣yjl∣2α

′kj .kl + (k2 ↔ k3)

= ig40CD2(2π)26δ(26)(∑
j

kj)∣y12y23y31∣ ∫ dy4∏
j<l
∣yjl∣2α

′kj .kl + (k2 ↔ k3)

where we have the following;

2α′k1.k2 = −2 − 2α′s, 2α′k2.k3 = −2 − 2α′u, 2α′k1.k3 = −2 − 2α′t

2α′k2.k4 = −2 − 2α′t, 2α′k3.k4 = −2 − 2α′s, 2α′k1.k4 = −2 − 2α′u

where

s = (k1 + k2)2 = (k3 + k4)2, t = (k1 + k3)2 = (k2 + k4)2, u = (k1 + k4)2 = (k2 + k3)2 ⇒ s + t + u = − 4

α′
, s = − 2

α′

and thus,the factors dependent on ys that appear in the amplitude are as follows;

∣y12∣−1−α
′s∣y13∣−1−α

′t∣y14∣−2−α
′u∣y23∣−1−α

′u∣y24∣−2−α
′t∣y34∣−2−α

′s

= y−1−α
′t

3 y−2−α
′u

4 (1 − y3)−1−α
′u(1 − y4)−2−α

′t(y3 − y4)−2−α
′s

where I set y1 = 0, y1 = 1. If we now set y3 = ∞, then we see that in the large y3 limit, the exponent of y3
is −4 − α′(s + t + u) which is zero and thus, we can choose this value of y3 which effectively put all the y3
dependent factors to unity. So, the amplitude becomes;

ig40CD2(2π)26δ(26)(∑
j

kj)∣y12y23y31∣ ∫ dy4 [∣y4∣−2−α
′u(1 − y4)−2−α

′t + (t→ s)]

where the t → u thing has been introduced it effectively interchanges k2 and k3. Now, we split the integral
as follows;

∫
0

−∞
dy4∣y4∣−2−α

′u(1 − y4)−2−α
′t + ∫

1

0
dy4 y

−2−α′u
4 (1 − y4)−2−α

′t + ∫
∞

1
dy4 y

−2−α′u
4 (1 − y4)−2−α

′t

+∫
0

−∞
dy4∣y4∣−2−α

′u(1 − y4)−2−α
′s + ∫

1

0
dy4 y

−2−α′u
4 (1 − y4)−2−α

′s + ∫
∞

1
dy4 y

−2−α′u
4 (1 − y4)−2−α

′s

We can show using Mobius transformations (show this) that the first and fifth integrals give I(u, s), the
third and sixth integrals give I(s, t) and the second and fourth integrals give I(t, u) where I(s, t) is given as
follows;

I(s, t) = ∫
1

0
dy y−2−α

′s(1 − y)−2−α
′t

So, the four-point tachyon function becomes;

SD2(k1, ...k4) = 2ig40CD2(2π)26δ(26)(∑
j

kj) [I(s, t) + I(t, u) + I(u, s)] (6.5.2)
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This integral will converge only if −2−α′s > −1⇒ α′s < −1. At α′s+ 1 = 0, we can probe the behavior of this
integral by looking at the behavior of the leading term as follows;

I(s, t) = ∫
1

0
dy [y−2−α

′s +O(y−1−α
′s)] = 1

α′s + 1
+O(1/(α′s))

so we have a simple pole at s = −1α′ which is the mass of the tachyon. If we want the pole to have a small
imaginary part (for convergence), then we have to use the formula for the principle part of the simple poles
as follows;

1

x − x0 ∓ iϵ
= P 1

x − x0
± iπδ(x − x0) ⇒

1

α′s + 1 ∓ iϵ
= P 1

α′s + 1
± iπδ(α′s + 1)

Using unitarity, we can relate the four-point function to three-point functions (derived in chapter 9, fill
in the details)) as follows;

SD2(k1, ...k4) = i∫
d26k

(2π)26
SD2(k1, k2, k)SD2(−k, k3, k4)

−k2 + 1/α + iϵ
(6.5.3)

Using (6.5.1) and (6.5.2), we easily get (by collecting terms singular in α′s + 1 from I(s, t) and I(u, s));

CD2α
′g20 = 1⇒ CD2 =

1

α′g20
(6.5.4)

The expressions of determinants on different topologies (using renormalization) agree with the results from
unitarity (enter more details about it). Using unitarity and the definition of the beta function, we write
the four-point function as follows;

SD2(k1, ...k4) =
2ig20
α′
(2π)26δ(26)(∑

j

kj) [B(−α0(s),−α0(t)) +B(−α0(s),−α0(u))B(−α0(t),−α0(u))] (6.5.5)

where

α0(x) = 1 + α′x, B(a, b) = ∫
1

0
dy ya−1(1 − y)b−1 = Γ(a)Γ(b)

Γ(a + b)
The Mandelstam variables in terms of center of mass energy E and mass m are easily given as follows (we
take k03, k

0
4 negative (find out more));

s = E2, t = (4m2 −E2) sin2 θ
2
u = (4m2 −E2) cos2 θ

2

where θ is the angle between particle 1 and particle 3. It means that the Regge limit;

Regge limit: s→∞, t is fixed

just sends the energy to infinity and the hard scattering limit

Hard scattering limit: s→∞, t/s is fixed⇒ t

s
→ − sin2 θ

2

sends energy to infinity at a fixed angle. Using Stirling approximation, (just using the xx factor from the
approximation of Γ(x + 1)), we see that in the large s limit, we have;

B(−α0(s),−α0(t)) =
Γ(−α′s − 1)Γ(−α0(t))

Γ(−α′s − α′t − 2)
∼ s−α

′s−1

s−α′s−α′t−2
Γ(−α0(t)) = sα

′t+1Γ(−α0(t)) = sα0(t)Γ(−α0(t))

(6.5.6)
This is the Regge behavior. The hard scattering limit gives (derive this);

SD2(k1, ...k4) ∼ e−α
′sf(θ) with f(θ) = − sin2 θ

2
ln sin2

θ

2
− cos2 θ

2
ln cos2

θ

2
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6.6 Chan-Paton factors and gauge interactions

In 26 dimensions, closed string theory is the unique closed theory (include argument by Polchinski).
If we want to introduce degrees of freedom on the endpoints of open strings (called Chan Paton degrees of
freedom), then a state becomes;

∣N,k; ij⟩, i, j = 1, ...,N

Then, we can define a basis as follows;

∣N,k, a⟩ = ∑
ij

∣N,k, ij⟩λaij

where λaij ’s are hermitian matrices with the following normalization;

Tr(λaλb) = δab

These Chan-Paton indices are invariant in Poincare and they don’t change the stress tensor. Moreover, they
don’t change between vertex operator insertions and thus, the adjacent endpoints have to be in the same
Chan-Paton state. Thus, traces of Chan Paton factors are introduced in the amplitudes. They are also
consistent with the unitarity because of the completeness of ⟨a which implies that (check this)

Tr(Aλa)Tr(Bλa) = Tr(AB)

Using this equation, we can show that (6.5.3) is satisfied.

6.6.1 Gauge interactions

tt

6.6.2 The unoriented string

The unoriented string requires Ω which does the following

ΩαµnΩ
−1 = (−1)nαµn (Open strings)

ΩαµnΩ
−1 = α̃µn, Ωα̃µnΩ−1 = αµn (Closed strings)

Ω does the following to the states;

Ω∣N,k⟩ = (−1)N ∣N,k⟩ = (−1)1+α
′m2

∣N,k⟩ = ωN ∣N,k⟩

If we include the Chan Paton indices, we get the following;

Ω∣N,k; ij⟩ = ωN ∣N,k; ji⟩

The interchanging Chan Paton indices arise because the worldsheet parity interchanges the string endpoints.
Now, we require Ω2 = 1 (include the argument that it is conserved in interactions) and thus, we get
the following possibilities;

α′m2 N λaij Gauge

Even Odd antisymmetric SO(N)
Odd Even symmetric Traceless sym.+singleton

(Write about the traceless representation). The more general spacetime parity is given as follows;

Special Case : Ω∣N,k; ij⟩ = ωN ∣N,k; ji⟩ = ωN Ijj′ ∣N,k; j′i′⟩Ii′i

General case : Ωγ ∣N,k; ij⟩ = ωNγjj′ ∣N,k; j′i′⟩γ−1i′i , γ ∈ U(N)

Now, we again want Ω2
γ = 1 (include the argument). For that, we compute Ω2

γ ∣N ;k; ij⟩ as follows;

Ω2
γ ∣N ;k; ij⟩ = γjj′γ−1i′i γi′i′′γ−1j′′j′ ∣N ;k; i′′j′′⟩ = ((γT )−1γ)ii′′ ∣N ;k; i′′j′′⟩((γT )−1γ)−1j′′j
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Now, imposing Ω2
γ = 1 will give two possibilities (we will justify this choice later);

(γT )−1γ = ±I⇒ γT = ±γ

Now, to interpret these two possibilities, we get do a U(N) rotation of the Chan Paton factors as follows;

∣N ;k; ij⟩′ = U−1ii′ ∣N ;k; i′j′⟩Uj′j U ∈ U(N)

For the transformed states, we have the following worldhseet parity transformation;

Ω∣N ;k; ij⟩′ = γ′jj′ ∣N ;k; j′i′⟩′(γ′)−1i′i = (γ′U−1)jj′ ∣N ′k; j′i′⟩(Uγ′−1)i′i

⇒ ΩUTjj′ ∣N ;k; j′i′⟩(UT )−1i′i = (γ′U−1)jj′ ∣N ′k; j′i′⟩(Uγ′−1)i′i
⇒ Ω∣N ;k; ij⟩ = ((UT )−1γ′U−1)jj′ ∣N ′k; j′i′⟩(Uγ′−1UT )i′i = ((UT )−1γ′U−1)jj′ ∣N ′k; j′i′⟩((UT )−1γ′U−1)−1i′i

So, we see that γ matrices can be written as follows;

γ = (UT )−1γ′U−1 ⇒ γ′ = UT γU

We can use this transformation to set γ′ = 1 (Polchinski says γ = 1 but this is equivalent) and we see that for
γ′ = 1, the equation above talks about the symmetric part of the γ alone. If we call the symmetric and anti
symmetric parts as γs and γa, then we have;

UT γsU +UT γaU = 1⇒ UT γsU −UT γaU = 1⇒ UT γsU = 1, UT γaU = 0

So, if γ is symmetric, then we can always solve for γ and thus, set γ′ = 1. This gives the trivial worldsheet
parity. For γ being anti symmetric, we can set γ′ equal to the following (include more arguments for it);

γ′ =M = i [ 0 Ik
−Ik 0

] , n = 2k

(Write the rest of the section)

6.7 Closed string tree amplitudes

tt

6.7.1 Consistency

tt

6.7.2 Closed strings on D2 and RP2

tt

6.8 General results

tt

6.8.1 Mobius invariance

tt

6.8.2 Path integrals and matrix elements

tt

6.8.3 Operator calculations

tt

6.8.4 Relation between inner products

tt
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7 Chapter 7: One loop amplitudes

7.1 Riemann surfaces

The Euler number for genus g surfaces with b boundaries and c crosscaps is as follows;

χ = 2 − 2g − b − c

If we want χ = 0, then the following possibilities occur;

g b c Surface CKVs
1 0 0 Torus 2
0 2 0 Cylinder 1
0 1 1 Mobius Strip 1
0 0 2 Kelin bottle 1

where we also mentioned the number of CKVs (derive this).

7.1.1 The torus

tt

7.1.2 The cylinder

tt

7.1.3 The Klein bottle

tt

7.2 CFT on the torus

7.2.1 Scalar correlators

The differential equation in (6.2.2) can be written as follows;

1

α′
∇2G(σ,σ′) = −2π(g(σ))−1/2δ(2)(σ − σ′) + 2π(X0)2

Now, we know that;

X2
0 = (∫ d2σ

√
g)
−1
= 1

Area

So, we get the following
1

α′
∇2G(σ,σ′) = −2π(g(σ))−1/2δ(2)(σ − σ′) + 2π

Area

We now write this equation in terms of w, w̄ coordinates. We see that;

w = σ1 + iσ2, w̄ = σ1 − iσ2 ⇒ ∂1 = ∂ + ∂̄, ∂2 = i(∂ − ∂̄) ⇒ ∇2 = ∂21 + ∂22 = 4∂∂̄

Moreover, we see that;

∫ d2σδ(σ − σ′) = 1

2
∫ d2wδ(σ − σ′) = ∫ d2wδ(w −w′) ⇒ δ(w −w′) = 1

2
δ(σ − σ′) ⇒ δ(σ − σ′) = 2δ(w −w′)

Lastly, the metric on the torus covering space (w, w̄) is flat. Using these results, we get;

2

α′
∂∂̄G(w, w̄,w′, w̄′) = −2πδ(2)(w −w′) + π

Area

Now, we see that in the covering space, the length of the torus is 2π and height is 2πτ2 an thus, the area is
4π2τ2. So, we get;

2

α′
∂∂̄G(w, w̄,w′, w̄′) = −2πδ(2)(w −w′) + 1

4πτ2
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The solution of this equation is (verify, anti-holomorphic part missing?);

G(w,w′, w̄, w̄′) = −α
′

2
ln ∣ϑ1 (

w −w′

2
∣ τ)∣

2

+ α′

4πτ2
(lm(w −w′))2 + k(τ, τ ′)

= −α
′

2
ln ∣ϑ1 (

w −w′

2
∣ τ)∣

2

+ α′

4πτ2
(lm(w −w′))2 + k(τ, τ ′)

This gives us the following expectation value (work out the self contraction factor);

⟨
n

∏
i=1
∶ eikiX(zi,z̄i) ∶⟩

T 2

= iCXT 2(τ)(2π)dδd
⎛
⎝∑j

kj
⎞
⎠
×∏
i<j
∣ 2π

∂νϑ1(0∣τ)
ϑ1 (

wij

2π
) exp [−

(Imwij)2

4πτ2
]∣
α′ki.kj

7.2.2 The scalar partition function

We now compute the partition function as follows;

Z(τ) = Tr [exp (2πiτ1P − 2πτ2H)] where P = L0 − L̄0, H = L0 + L̄0 −
1

24
(c + c̃)

= Tr(e2πi(τ1+iτ2)L0e−2πi(τ1−iτ2)L̃0)e2πτ2
(c+c̃)
24

= Tr(qL0 q̄L̃0)(qq̄)−
(c+c̃)
48 where q = e2πiτ , q̄ = e−2πiτ̄

Now, for bosonic string, the c and c̃ can be the number of dimensions d and thus, we get;

Z(τ) = Tr(qL0 q̄L̃0)(qq̃)−d/24

To calculate this trace, we need arbitrary states in the theory. They are labelled by the occupation numbers
of the modes αµ−n and α̃µ−n which we will call Nµn and Ñµn. The levels of the state thus then become;

N = ∑
n,µ

nNµn, Ñ = ∑
n,µ

nÑµn

Now, L0’s are given as follows (they won’t have the zero mode constant now because these are the modes on
the plane -Is this the right explanation? I guess so-).

L0 =
α′k2

4
+N = α

′k2

4
+ ∑
n,µ

nNµn ⇒ qL0 = eπiτα
′k2/2∏

µn

qnNµn

L̃0 =
α′k2

4
+ Ñ = α

′k2

4
+ ∑
n,µ

nÑµn ⇒ q̃L0 = e−πiτ̃α
′k2/2∏

µn

q̄nÑµn

⇒ qL0 q̄L̃0 = eπiα̃
′k2(τ−τ̃)/2∏

µn

qnNµn q̄nÑµn = e−πα
′k2τ2∏

µn

qnNµn q̄nÑµn

Please notice that the expressions of qL0 and q̄L̄0 above in terms of the occupation numbers make sense
only when they are sandwiched between a state (and the corresponding bra) of a definite set of occupation
numbers (i.e. states which are eigenstates of the occupation number operator). Since we are going to do
this sandwiching when we take the trace, these expressions are good for us. Now to take the trace, we need
to sum over all possible occupancy numbers and integrate over the center of mass momentum. To keep the
integration measure dimensionless, we multiply the ddk measure with the volume of spacetime Vd. So, we
get;

Z(τ) = Vd(qq̄)−d/24 ∫
ddk

(2π)d
e−πα

′k2τ2∏
µ,n

∞
∑

Nµn,Ñµn=0
qnNµn q̄nÑµn

Now, we derive the following results;

∞
∑
N=0

qnN = 1 + qn + ... = 1

1 − qn
⇒∏

µ,n

∞
∑

Nµn,Ñµn=0
qnNµn q̄nÑµn =∏

µ

(
∞
∏
n=1

1

1 − qn
1

1 − q̄n
) = (

∞
∏
n=1

1

∣1 − qn∣2
)
d
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= (qq̄)d/24 1

∣η(τ)∣2d

Moreover,

∫
ddk

(2π)d
e−πα

′k2τ2 =
d−1
∏
j=0
(∫

∞

−∞

dkj

2π
e−(πα

′τ2)k2j)

In the above integrals, j = 0 integral is a problem because k20 is negative. For this, we do the Wick rotation
k0 → ikd and thus, k0 integral will give a factor of i. So, we get;

∫
ddk

(2π)d
e−πα

′k2τ2 = i
d

∏
j=1

1√
4π2α′τ2

= i( 1√
4π2α′τ2

)
d

So, the partition function becomes;

Z(τ) = iVd (ZX(τ))d , ZX(τ) =
1√

4π2α′τ2

1

∣η(τ)∣2

(Include the other arguments for partition function).

7.2.3 The bc CFT

For the bc ghost system with b having the weight of 2, the L0 mode (as derived in chapter 2), is given as
follows;

L0 = −
∞
∑
n=−∞

n ∶ bnc−n ∶ −1 = −
∞
∑
n=1

nc−nbn +
∞
∑
n=1

nb−ncn − 1 =
∞
∑
n=1

n (b−ncn − c−nbn) − 1

Moreover, recall that we have the following anti-commutation relation;

{bn, cm} = δm+n,0

We can see that L0 +1 is nothing but the number operator (or the level N operator). We verify it as follows;

∞
∑
n=1

n (b−ncn − c−nbn) b−m∣0⟩ =
∞
∑
n=1

nb−ncnb−m∣0⟩ =mb−m∣0⟩

∞
∑
n=1

n (b−ncn − c−nbn) c−m∣0⟩ = −
∞
∑
n=1

nc−nbnc−m∣0⟩ =mc−m∣0⟩

Each term in L0 + 1 tells us about the level generated by a different ghost field. Let’s call the occupancy
number of b−m and c−m be Bm and Cm (which can only be 0 or 1 due to anti-commutativity)

qL0 ∣{Bm},{Cn}⟩ = qmBm+nCnq−1∣{Bm},{Cn}⟩

So, we see that sandwiching between states of definite Bm and Cn quantum numbers will give us factors like

qmBm+nCn−1 and q̄mB̄m+nC̄n−1

Now, summing over all states, we get;

Tr(qL0 q̄L̄0) = (qq̄)−1
∞
∏
m=1

1

∑
Bm,B̃m=0

qmBm q̄mB̃m

∞
∏
m=0

1

∑
Cm,C̃m=0

qmCm q̄mC̃m

= (qq̄)−1 ∏
m=1
(1 + qm)(1 + q̄m) ∏

m=0
(1 + qm)(1 + q̄m) = 4

∞
∏
m=1
∣1 + qm∣4

For c, the product was started from m = 0 because c0 is a creaation operator but b0 isn’t. For bc ghost
system, we have c = c̃ = −26 and thus, the partition function becomes;

Z(τ) = 4(qq̄)13/12(qq̄)−1
∞
∏
m=1
∣1 + qm∣4 = 4(qq̄)1/12

∞
∏
m=1
∣1 + qm∣4
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We see that if we had calculated
(qq̄)−(c+c̃)/48Tr [(−1)F qL0 q̄L̃0]

then due to the c0 zero modes, we will get a factor of

(1 − q0)(1 − q̄0) = 0

and thus, this quantity vanishes. (Include the reasoning that this second partition function is
the actual quantity that calculates the partition function for the ghosts. Include the anti-
commutativity argument.) Since the torus has one metric modulus and one complex CKV, we need to
insert one b and one c in the expectation values on the torus. So, the simplest ghost correlation function
that we will need is as follows;

⟨c(w1)b(w2)c̃(w3)b̃(w4)⟩
(Show that only the zero modes contribute). The zero mode piece will project out the states that have
occupancy numbers C0 = C̃0 = 1 which is also the state ∣ ↑↑⟩. So, we get;

Tr((−1)F c0b0c̃0b̃0qL0 q̄L̄0) = (qq̄)1/12
∞
∏
m=1
(1 − qm)(1 − q̄m)

∞
∏
m=1
(1 − qm)(1 − q̄m) = (qq̄)1/12

∞
∏
m=1
∣1 − qm∣4

7.2.4 General CFTs

Only one simple result is derived. For a general CFT, the eigenvalue of L0 is the conformal weight. So, the
general partition function is as follows;

Z(τ) = ∑
i

qhi−c/24q̄h̄i−c̄/24(−1)Fi

Now, let τ = il and then, we have;

Z(il) = ∑
i

e−2πl(hi+h̄i−(c+c̄)/24)(−1)Fi

Now, we have;
τ → τ + 1⇒ il → il + 1⇒ l → l − i

and thus, this transformation gives the following phase in the partition function;

exp [2πi (hi + h̄i − (c + c̄)/24)]

This shows that to retain modular invariance, we should have;

hi + h̄i −
c + c̄
24
∈ Z∀i

However, for the unity operator, we have hi = h̄i = 0 and thus, c + c̄ should be a multiple of 24.
For the argument that follows, we assume that all the conformal weights are non-negative (i.e. the CFT
is unitary). Now, if l → 0, then the exponential in the partition function becomes unity and the partition
function is determined by the density of states. Now, usually density of states increases with increasing weight
(this is an underlying assumption for this argument) and thus, the partition function is dominated
by the density of states for high hi. Now, we also have the following constraint;

Z(il) = Z(τ) = Z (−1
τ
) = Z ( i

l
)

Thus, we have;

Z(il) = Z ( i
l
) = ∑

i

exp [−2π
l
(hi + h̄i − (c + c̄)/24)](−1)Fi

Now, if l → 0, then the exponential in Z(i/l) is dominated by lowest hi + h̄i which is 0 for the unity operator.
So, we have;

lim
l→0

Z ( i
l
) ∼ exp [π(c + c̄)

12l
]

So, we can say that;

lim
l→0

Z(il) ∼ exp [π(c + c̄)
12l

]
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7.2.5 Theta Functions

The definition of theta function is as follows;

ϑ(ν, τ) =
∞
∑
n=−∞

exp(πin2τ + 2πinν)

We can readily derive the following;

ϑ(ν + 1, τ) =
∞
∑
n=−∞

exp(πin2τ + 2πinν + 2πi) =
∞
∑
n=−∞

exp(πin2τ + 2πinν) = ϑ(ν, τ)

Moreover, we can derive the following;

ϑ(ν+τ, τ) =
∞
∑
n=−∞

exp(πin2τ+2πinν+2πinτ) =
∞
∑
n=−∞

exp(πin2τ+2πinν+2πinτ) =
∞
∑
n=−∞

exp(πi(n2+2n)τ+2πinν)

= exp(−πiτ − 2πiν)
∞
∑

m=−∞
exp(πim2τ + 2πimν) = exp(−πiτ − 2πiν)ϑ(ν, τ) where m = n + 1

The transformation under modular transformations is as follows;

ϑ(ν, τ + 1) =
∞
∑
n=−∞

exp (πin2τ + πin2 + 2πinν)

(complete this proof). The other modular transformation is as follows;

ϑ(ν
τ
,−1
τ
) = ∑

n

exp(−πin
2

τ
+ 2πinν

τ
) =
√
−iτ exp [iπτ (k + ν

τ
)
2

]

=
√
−iτ exp( iπν

2

τ
)∑
k

exp [iπτk2 + 2πiνk] =
√
−iτ exp( iπν

2

τ
)ϑ (ν, τ)

where we used the Poisson resummation formula. The zero of ϑ is as follows;

ϑ(ν = τ + 1
2

, τ) = ∑
n

exp (πiτ(n2 + n) + πin) = ∑
n even

exp (πiτ(n2 + n)) − ∑
n odd

exp (πiτ(n2 + n))

=
∞
∑
n=−∞

exp (πiτ(4n2 + 2n)) −
∞
∑
n=−∞

exp (πiτ((2n − 1)2 + 2n − 1))

=
∞
∑
n=−∞

exp (2πiτ(2n2 + n)) −
∞
∑
n=−∞

exp (2πiτ(2n2 − n)) = 2i
∞
∑
n=−∞

exp (4πiτn2) sin (2πiτn) = 0

The infinite product representation is easily derived using Jacobi triple product identity;

∞
∏
m=1
(1 − qm)(1 + qm−1/2z)(1 + qm−1/2z−1) = ∑

n∈Z
qn

2/2zn (7.2.1)

Setting q = e2πiτ and z = e2πiν , the right hand side of (7.2.1) becomes ϑ(ν, τ). Using the characteristics
definition of theta functions;

ϑ [a
b
] (ν, τ) =

∞
∑
n=−∞

exp (πi(n + a)2τ + 2πi(n + a)(ν + b))

We obtain, the following (with more notations included);

ϑ [0
0
] (ν, τ) = ϑ00(ν, τ) = ϑ3(ν∣τ) = ϑ(ν, τ) = ∑

n∈Z
qn

2/2zn

ϑ [ 0
1/2] (ν, τ) = ϑ01(ν, τ) = ϑ4(ν∣τ) = ∑

n∈Z
exp(πin2τ + 2πin(ν + 1

2
)) = ∑

n∈Z
(−1)nqn

2/2zn
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ϑ [1/2
0
] (ν, τ) = ϑ10(ν, τ) = ϑ2(ν∣τ) = ∑

n∈Z
exp(πi(n + 1

2
)
2

τ + 2πi(n + 1

2
)ν)

= ∑
n∈Z

q
1
2
(n+ 1

2
)2zn+

1
2 = ∑

n∈Z
q

1
2
(n− 1

2
)2zn−

1
2

where in the last step, we shifted the index from n to n − 1. Lastly, we have;

ϑ [1/2
1/2] (ν, τ) = ϑ11(ν, τ) = −ϑ1(ν∣τ) = ∑

n∈Z
exp(πi(n + 1

2
)
2

τ + 2πi(n + 1

2
)(ν + 1

2
))

= ∑
n∈Z

q
1
2
(n+ 1

2
)zn+

1
2 eπ(n+

1
2
) = i∑

n∈Z
(−1)nq

1
2
(n+ 1

2
)zn+

1
2 = −i∑

n∈Z
(−1)nq

1
2
(n− 1

2
)zn−

1
2

where we again shifted the index. Now, we derive the modular transformations of these theta functions as
follows;

ϑ3(ν∣τ + 1) = ∑
n∈Z

qn
2/2eπin

2

zn = ∑
n∈Z

qn
2/2eπinzn = ∑

n∈Z
(−1)nqn

2/2zn = ϑ4(ν∣τ)

where we used the fact that n2 is odd iff n is odd and n2 is even iff n is even and thus, we have eπin
2

= eπin.
Continuing, we have;

ϑ4(ν∣τ + 1) = ∑
n∈Z
(−1)nqn

2/2eπin
2

zn = ∑
n∈Z
(−1)nqn

2/2eπinzn = ∑
n∈Z

qn
2/2zn = ϑ3(ν∣τ)

ϑ2(ν∣τ + 1) = ∑
n∈Z

q
1
2
(n− 1

2
)2eπi(n−

1
2
)2zn−1/2 = ∑

n∈Z
q

1
2
(n− 1

2
)2eπi(n

2−n)+πi/4zn−1/2

= eπi/4∑
n∈Z

q
1
2
(n− 1

2
)2zn−1/2 = eπi/4ϑ2(ν∣τ)

ϑ1(ν∣τ + 1) = i∑
n∈Z
(−1)nq

1
2
(n− 1

2
)2eπi(n−

1
2
)2zn−1/2 = i∑

n∈Z
(−1)nq

1
2
(n− 1

2
)2eπi(n

2−n)+πi/4zn−1/2

= ieπi/4∑
n∈Z
(−1)nq

1
2
(n− 1

2
)2zn−1/2 = eπi/4ϑ1(ν∣τ)

The S transformations are done as follows;

ϑ3 (
ν

τ
∣ − 1

τ
) = ∑

n∈Z
e−πin

2/τ+2πinν/τ =
√
−iτ ∑

n∈Z
exp [−iπτ (k + ν

τ
)
2

] =
√
−iτeiπν

2/τ ∑
k∈Z

qk
2/2zk =

√
−iτeiπν

2/τϑ3(ν∣τ)

where we used the Poisson resummation formula. The others can be done similarly (do the others). The
Jacobi identity of the theta functions is as follows;

ϑ43(0∣τ) = ϑ42(0∣τ) + ϑ44(0∣τ) (7.2.2)

(Prove this). Prom the product representation, it can easily be seen that ϑ1(0∣τ) = 0 as follows;

ϑ1(ν∣τ) ∝ sin (πν) ⇒ ϑ1(0∣τ) = 0 (7.2.3)

We again used the fact that n2 −n is always even (i.e. for all n ∈ Z). The modular transformation of the eta
function is calculated now. We have the following;

η(τ) = q1/24
∞
∏
n=1
(1 − qn) ⇒ η(τ + 1) = q1/24eπi/12

∞
∏
n=1
(1 − qne2πin) = eπi/12η(τ)

To derive the S transformation, we first do another calculation. We will need the product representations of
the theta functions that can be derived using (7.2.1) (derive them). We proceed as follows;

ϑ3(0∣τ)ϑ4(0∣τ)ϑ2(0∣τ)
η3(τ)

=
2eπiτ/4∏∞n=1(1 − qm)3(1 + qm)2 (1 − qm−

1
2 )

2
(1 + qm− 1

2 )
2

eπiτ/4∏∞n=1(1 − qn)3
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⇒

¿
ÁÁÀϑ3(0∣τ)ϑ4(0∣τ)ϑ2(0∣τ)

2η3(τ)
=
∞
∏
n=1
(1 + qm) (1 − q2m−1)

Now, we derive an identity to proceed;

(1 − q2m−1) (1 − q2m) = 1 − q2m − q2m−1 + q4m−1 = 1 − (e2πi(2m))
τ
− (e2(2m−1)πi)

τ
+ (e2(4m−1)πi)

τ

= 1 − (1)τ − (−1)τ + (−1)τ = 1 − (1)τ = 1 − (e2πim)τ = 1 − qm ⇒ 1 − q2m−1 = 1 − qm

1 − q2m

So, we get the following;

¿
ÁÁÀϑ3(0∣τ)ϑ4(0∣τ)ϑ2(0∣τ)

2η3(τ)
=
∞
∏
n=1
(1 + qm) 1 − q

m

1 − q2m
=
∞
∏
n=1

1 − q2m

1 − q2m
= 1

Thus, we readily have the following;

η(τ) = 3

√
ϑ3(0∣τ)ϑ4(0∣τ)ϑ2(0∣τ)

2

⇒ η (−1
τ
) = 3

√
(−iτ)3/2ϑ3(0∣τ)ϑ4(0∣τ)ϑ2(0∣τ)

2
=
√
−iτ 3

√
ϑ3(0∣τ)ϑ4(0∣τ)ϑ2(0∣τ)

2
=
√
−iτ η(τ)

This implies the following;

η̄ (−1
τ̄
) =
√
iτ̄ η̄(τ̄) ⇒ ∣η(τ)∣2 = 1

∣τ ∣
∣η (−1

τ
)∣

2

We also note that;

τ1 + iτ2 = τ → −
1

τ
= − 1

τ1 + iτ2
= − τ1
∣τ ∣2
+ i τ2
∣τ ∣2
⇒ τ2 →

τ2
∣τ ∣2
⇒
√
τ2 →

√
τ2

∣τ ∣
⇒
√
τ2 = ∣τ ∣

√
τ ′2 (7.2.4)

where τ ′2 is the transformed τ2. This means that
√
τ2∣η(τ)∣2 is a modular invariant quantity (note that in T

transformation, τ2 is invariant).

7.3 The torus amplitude

Since the torus metric is invariant under the transformation

σa → −σa ⇒ w → −w, w̄ → −w̄

The torus has a symmetry group of Z2 and thus, we will have a factor of 2 in the denominator of the moduli
integration. Only one CKV is there for the torus and therefore, we insert one cc̃ insertion. Because of one
complex modulus, we have one BB̃ insertion where B is given as follows;

B = 1

4π
(b, ∂τg) =

1

4π
∫ d2wbww∂τgww = 2πibww(0)

(Include the metric derivative and the argument for bww being evaluated at zero). So, the torus
amplitude becomes;

S(1, ..., n)T 2 = 1

2
∫ dτdτ̄ ⟨BB̃cc̃V(w1, w̄1)

n

∏
i=2
∫ dwidw̄iVi(wi, w̄i)⟩

T 2

= 2π2 ∫ dτdτ̄ ⟨b(0)b̃(0)cc̃V(w1, w̄1)
n

∏
i=2
∫ dwidw̄iVi(wi, w̄i)⟩

T 2

We can average over the position w1 (include the argument that again, c(0) will pop up). It goes as
follows;

∫
dσ1dσ2

Area of torus
c(w1)c̃(w̄1)V(w1, w̄1) = ∫

dw1dw̄1

2Area of torus
c(w1)c̃(w̄1)V(w1, w̄1)
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= c(0)c̃(0)∫
dw1dw̄1

2(2π)2τ2
V(w1, w̄1)

So, torus amplitude becomes;

ST 2(1, ..., n) = ∫
dτdτ̄

4τ2
⟨b(0)b̃(0)c(0)c̃(0)

n

∏
i=1
∫ dwidw̄iVi(wi, w̄i)⟩

T 2

We first calculate the amplitude without any vertex operators and include the matter partition function for
26 dimensions, we get;

ZT 2 = ∫
dτdτ̄

4τ2
⟨b(0)b̃(0)c(0)c̃(0)⟩

T 2 iV26(ZX)26 = iV26 ∫
dτdτ̄

4τ2
(4πα′τ2)−13∣η(τ)∣4−2×26

= iV26 ∫
dτdτ̄

4τ2
(4πα′τ2)−13∣η(τ)∣−48

For a general CFT, we can write down the partition function similarly by integrating over the COM momen-
tum (with d non-compact dimensions and where d ≥ 2 so that ghosts can remove the oscillators corresponding
to these directions) as follows;

ZT 2 = Vd ∫
F0

dτdτ̄

4τ2
∫

ddk

(2π)d
e−πτ2α

′k2 ∑
i∈H⊥

qhi−1q̄hi−1 = iVd ∫
F0

dτdτ̄

4τ2
(4πα′τ2)−d/2 ∑

i∈H⊥
qhi−1q̄hi−1 (7.3.1)

The steps are like the torus partition function again. The momenta appear in the integrand because H⊥
doesn’t include non-compact momenta, ghosts, and µ = 0,1 (where µ = 0,1 are taken to the non-compact
directions). The field theory result for particles paths with circle topology is (derive this);

ZS1
(m2) = Vd ∫

ddk

(2π)d ∫
∞

0

dl

2l
e−(k

2+m2)l/2 = Vd ∫
ddk

(2π)d ∫
∞

0

dl

2l
e−k

2l/2e−m
2l/2

= iVd ∫
∞

0

dl

2l
(∫

dkj

2π
e−k

2
j l/2)

d

e−m
2l/2 = iVd ∫

∞

0

dl

2l
(2πl)−d/2e−m

2l/2

where again, the factor of i appears because we need to do wick rotation k0 → ik0 for the k0 integral to
converge (kj ’s are just integration variables but kµ are actual non-compact momenta). Now, we sum this
partition function over the string mass spectrum which is as follows;

m2 = 2

α′
(h + h̄ − 2) ⇒ m2l

2
= l

α′
(h + h̄ − 2)

Notice that the formula this time has h instead of the level N (this seems fine but find more justification
for this). However, we also have the level matching condition i.e. h = h̃. We can impose this condition as
follows;

∫
π

−π

dθ

2π
ei(h−h̄)θ = δ(h − h̄) = δh,h̄

The last step makes sense only if h − h̄ is an integer but we saw before that due to modular invariance, this
is the case and thus, there is no problem in the last step. So, we get;

∑
i∈H⊥

ZS1(m2
i ) = iVd ∫

∞

0

dl

2l
∫

π

−π

dθ

2π
(2πl)−d/2 ∑

i∈H⊥
e−l(hi+h̄i−2)/α′+i(hi−h̄i)θ

Now we change the variables. The new variables are as follows;

τ = θ

2π
+ il

2πα′
, τ̄ = θ

2π
− il

2πα′
⇒ θ = π(τ + τ̄), l = −i(τ − τ̄)πα′ (7.3.2)

Let’s calculate the range of these new coordinates. The real and imaginary parts of τ are in the following
ranges;

R ∶ −1
2
≤ τ1 ≤

1

2
, 0 ≤ τ2 < ∞
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We have called this region R. The Jacobian is calculated as follows;

dθdl = ∣∂θ/∂τ ∂θ/∂τ̄
∂l/∂τ ∂l/∂τ̄ ∣dτdτ̄ = 2π

2α′dτdτ̄

Moreover, we can also see that l = 2πα′τ2. Lastly, we see that;

−l(hi + h̄i − 2)/α′ + i(hi − h̄i)θ =
i(τ − τ̄)πα′

α′
(hi + h̄i − 2) + iπ(τ + τ̄)(hi − h̄i) = 2iπ(hi − 1)τ − 2πi(h̄i − 1)τ̄

⇒ e−l(hi+h̄i−2)/α′+i(hi−h̄i)θ = e2iπ(hi−1)τ−2πi(h̄i−1)τ̄ = qhi−1q̄h̄i−1

So, in these new variables, we get;

∑
i∈H⊥

ZS1(m2
i ) = iVd ∫

R

dτdτ̄

4τ2
(4π2α′τ2)−d/2 ∑

i∈H⊥
qhi−1q̄h̄i−1 (7.3.3)

The only difference between this partition function and the actual string partition function is in the domain
of τ integration. Now, let’s study divergences. Firstly, we see that;

ZS1(m2) ∼ ∫
∞

0

dl

ld/2+1
= −2

d
∣ 1

ld/2
∣
∞

0
= ∞ (d ≥ 2)

Notice that the divergence comes due to the fact that l = 0 is in the domain. Summing over string spectra
gives a sum of divergent terms (as all of the terms in (7.3.3) have the same sign) and thus, it is also divergent.
Notice from (7.3.2) that l = 0 means that τ = τ̄ i.e. τ is on the real axis. This axis is absent from F0 and
thus, the UV divergent region is absent.
Let’s investigate the τ2 →∞ region for (7.3.1) now. For that, let’s change the variables as follows;

τ = τ1 + iτ2, τ̄ = τ1 − iτ2 ⇒ dτdτ̄ = 2dτ1dτ2

We also do the following manipulation;

qhi−1q̄h̄i−1 = e2πi(hi−h̄i)τ1e−2π(hi+h̄i−2)τ2

Now, using these variables, we can write (7.3.1) for d = 26 as follows;

iV26 ∫
dτ1dτ2
2τ2

(4πα′τ2)−13 ∑
i∈H⊥

e2πi(hi−h̄i)τ1e−2π(hi+h̄i−2)τ2 = iV26 ∫
∞

τ2lower

dτ2
2τ2
(4πα′τ2)−13 ∑

i∈H⊥
e−4π(hi−1)τ2

where the τ1 integration just ensures that hi = h̄i. Now, we can sum over different hi (which is just level i.e.
N). For hi = 0, we have only one state i.e. the tachyon. For hi = 1, we have 242 states because the hi state
contains the following creation operators on the vacuum;

αi−1α̃
j
−1, i, j ∈ {1, ...,24}

So, the expansion of (7.3.1) is as follows;

iV26 ∫
∞

τ2lower

dτ2
2τ2
(4πα′τ2)−13 (e4πτ2 + (24)2 + ...)

The first tachyon term diverges. Using the fact that;

m2
i =

2

α′
(hi + h̄i − 2) =

4

α′
(hi − 1) ⇒ 4(hi − 1) = α′m2

i

(where the level matching condition is used i.e. hi = h̄i) we can write down the partition function in the form
above for d ≠ 26 as well. It is as follows;

iVd ∫
∞

τ2lower

dτ2
2τ2
(4πα′τ2)−d/2 ∑

i∈H⊥
exp (−πα′m2

i τ2)
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7.3.1 Physics of the vacuum amplitude

Since ZS1(m2) is the vacuum partition function for a circle topology path, the total vaccum amplitude will
comprise of all possible number of such paths (but don’t count a configuration more than once). SO, we get;

Zvac(m2) = 1 +ZS1(m2) + 1

2!
(ZS1(m2))2 + ... = exp [ZS1(m2)]

where 1/n! is added to avoid over counting the contributions. The vaccum amplitude also has another
expression which is as follows;

Zvac(m2) = ⟨0∣e−iHT ∣0⟩ = ⟨0∣e−iρ0V T ∣0⟩ = ⟨0∣e−iρ0Vd ∣0⟩ = e−iρ0Vd

where ρ0 is the vaccum energy density (which should be a constant to avoid breaking Lorentz invariance),
V is the volume of the space, T is time and Vd is the volume of spacetime. Now, comparing the above two
expressions for the vaccum amplitude, we get;

ZS1(m2) = −iρ0Vd ⇒ ρ0 =
i

Vd
ZS1(m2)

(Include the cut-off discussion). The generalization to particles with different spins is as follows (well
motivated but find more justification);

ρ0 =
i

Vd
∑
j

(−1)FjZS1(m2
j) (7.3.4)

7.4 Open and unoriented one loop graphs

7.4.1 The cylinder

The cylinder partition function is relevant for the open strings. The cylinder has one modulus that we call
t. The height of the cylinder is 2πt and the circumference is π. So, we have to calculate;

ZC2 =
1

2
.
1

2
(2π)2 ∫

∞

0

dt

2π2t
Tr′0 [e−2πtL0] = ∫

∞

0

dt

2t
Tr′0 [e−2πtL0]

where the first half comes due to the Jacobian of dσ1dσ2 → dwdw̄ transformation, the second one due to the
Z2 symmetry of the cylinder, (2π)2 from the B insertions (although they aren’t here, they were used in torus
case to have b(0) in the expectation value instead of B) and the 2π2t comes from the area of the cylinder.
L0 is the open string Hamiltonian and it is given as follows;

L0 = α′p2 +N

Now, we sum over all possible states and integrate over the momentum to get;

ZC2 = Vdn2 ∫
ddk

(2π)d
e−2πtα

′k2 ∫
∞

0

dt

2t
∏
µ,n
∑
Nµn

e−2πtnNµn

= iVdn2 (8π2α′t)−d/2 ∫
∞

0

dt

2t
∏
µ,n

∑
Nµn,H⊥

e−2πtnNµn = in2 ∫
∞

0

dt

2t
Vd (8π2α′t)−d/2 [

∞
∏
n=1

1

1 − e−2πtn
]

= in2 ∫
∞

0

dt

2t
Vd (8π2α′t)−d/2 [

∞
∏
n=1

1

1 − e2iπ(it)n
] = in2 ∫

∞

0

dt

2t
Vd (8π2α′t)−d/2 η(it)−(d−2) (7.4.1)

where in the second line H⊥ means that we sum over transverse excitations. The n2 factor comes due to
the Chan Paton degrees of freedom. The d− 2 comes because ghosts remove oscillators corresponding to two
non-compact directions. Now, setting d = 26, we have;

ZC2 = iV26 n2 ∫
∞

0

dt

2t
(8π2α′t)−13 η(it)−24
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We now want to study extreme t limits. t → ∞ limit is like τ2 → ∞ limit (expand on this). To study the
t→ 0 limit, we do a modular transformation. Define s = π/t, and we get;

η ( i
t
) =
√
tη(it) ⇒ η ( is

π
) =
√
π

s
η ( iπ

s
)

Then, the partition function becomes;

−iV26 ∫
∞

0

d(π/s)
2(π/s)

(8π
3α′

s
)
−13

η(iπ/s)−24 = −iV26 ∫
∞

0

d(π/s)
2(π/s)

(8π
3α′

s
)
−13

(π
s
)
12

η(is/π)−24

= iV26n
2

2π(8π2α′)13 ∫
∞

0
dsη(is/π)

Using the expansion of η(τ) i.e.;
η(τ) = q1/24(1 − q − q2 + ...)

we have;

η(τ)−24 = q−1(1−q+ ...)−24 = e−2πiτ(1+24q+ ...) ⇒ η(is/π)−24 = e2s(1+24e−2s+ ...) = e2s+24+O(e−2s) (7.4.2)

So, we have divergence from the massless states as well. The massless divergent part is as follows;

2
24iV26n

2

4π(8π2α′)13 ∫
∞

0
ds (7.4.3)

Include discussion about IR divergence, disk tadpole source term made out of dilaton and
graviton (which modifies field equation), and boundary states.

7.4.2 The Klein bottle

The Klein bottle partition becomes;

∫
∞

0

dt

4t
Tr′c [Ωexp(−2πt(L0 + L̃0))]

where 1/2 comes from the Z2 symmetry of K2 (think about this) and another 1/2 comes due to the
projection operator (Think about this as well... a problem is here). Using the expression for L0 and
L̄0 and noticing that the momentum integration is going to be like the torus case, we get;

iVd ∫
∞

0

dt

4t
(4πal′t)−d/2 ∑

i∈H⊥
Ωi exp [−2πt(hi + h̄i − 2)]

We see that we have to sum over the states with a definite value of Ωi i.e. the diagonal states of Ω. The
diagonal states of Ωi should have left and right-handed states in the same state (Not totally convinced,
find more), and thus, we won’t be summing over two different occupation numbers now as we did in the
torus case but on one occupation number only (like the cylinder case). The difference from the cylinder case
is that we will have an argument for the exponential appearing in the summation that is double the cylinder
case and thus, we won’t have η(iθ) now but η(2it) (Include steps if you want). So, we would have;

ZK2 = iV26 ∫
∞

0

dt

4t
(4πα′t)−13η(2it)−24

Include the rise of cross-cap here. For the modular transformations, we do the variable change to
s = π/2t and then =, we get;

ZK2 =
iV26
4
∫
∞

0

ds

s
(2πα′)−13s13η ( iπ

s
)
−24

π−13 = iV26
4π(2πα′)13 ∫

∞

0
ds η(is/π)−24

= iV262
26

4π(8πα′)13 ∫
∞

0
ds η(is/π)−24
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where we used the fact;

η(iπ/s) =
√
s

π
η(is/π)

We can extract the massless divergent part from this partition function just like the cylinder case by expanding
η(is/π) and we saw from the cylinder case that the relevant term from this expansion is 24 and thus, the
massless divergent part of ZK2 is;

24iV262
26

4π(8πα′)13 ∫
∞

0
ds (7.4.4)

7.4.3 The Mobius strip

The Mobius strip partition function will have the same form as the cylinder (because all the arguments of
the cylinder apply). However, it will have an additional 1/2 due to the projection operator (problem here
again). So the required partition function is a s follows;

ZM2 = iV26 ∫
∞

0

dt

4t
(8π2α′t)−13 ∑

i∈H⊥o
Ωie

−2πt(hi−1) = iV26 ∫
∞

0

dt

4t
(8π2α′t)−13e2πt ∑

i∈H⊥o
Ωie

−2πtNi

where Ni is the level of i−th state and H⊥o is the transverse Hilbert space for the open strings. Now, recall
that;

ΩαµnΩ
−1 = (−1)nαµn

and thus, we can find the trace as follows;

e2πt∏
µ,N

∞
∑

Nµn=0
(−1)nNµne−2πtnNµn = e2πt∏

µ,N

1

1 − (−1)ne−2πtn
= e2πt

∞
∏
n=1
[1 − (−1)ne−2πtn]−24

where Nµn is the occupation number again. (The expression for it not coming to be what Polchinski
writes). This expression can be written in terms of ϑ00(0,2it) as follows;

e2πt
∞
∏
n=1
[1 − (−1)ne−2πtn]−24 = ϑ00(0,2it)−12η−12(2it)

A digression here. All the states are constrained to have Ω2 = 1 but as we saw in chapter 6, the total
eigenvalue of Ω ∣N, ij⟩ (where i, j are SO(n) indices) which we call ω, is made up of two parts;

ω = ωNsa, ωN = (−1)N

where sa is +1 when λaij is symmetric and −1 when λaij is anti-symmetric. So, at even mass levels, we
should have λaij anti-symmetric and vice versa. However, in the calculation of the partition function above,
we included ωN part of ω only. We can now include sa part as well. The symmetric matrices contribute
with sa = 1 and vice versa. For the Sp(k) = Sp(n/2) case (where n = 2k and where Sp(k) contains 2k × 2k
matrices), this flips and we have the symmetric matrices contributing with sa = −1 and vice versa. All of this
is discussed in chapter 6.
For n × n matrices, we have n(n + 1)/2 symmetric matrices and n(n − 1)/2 anti-symmetric states. So, the
Chan Paton part of the partition function gives us the following factors;

SO(n) ∶ n(n + 1)
2

− n(n − 1)
2

= n

Sp(k) ∶ −n(n + 1)
2

+ n(n − 1)
2

= −n

So, the total partition function becomes;

ZM2 = ±inV26 ∫
∞

0

dt

4t
(8π2α′t)−13ϑ00(0,2it)−12η(2it)−12

where the upper sign is for SO(n) and lower sign is for Sp(k). We now do the modular transformation of
this partition function. We set s = π/4t and then, we get;

ZM2 = ±
inV26

4(2π3α′)13 ∫
∞

0
ds s12ϑ00 (0,

iπ

2s
)
−12

η ( iπ
2s
)
−12
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Using the modular properties of ϑ00(ν, τ) and η(τ) by setting ν = 0 and τ = 2is/π, we get the following;

ϑ00 (0,
iπ

2s
) =
√

2s

π
ϑ00 (0,

2is

π
) , η ( iπ

2s
) =
√

2s

π
η (2is

π
)

and thus, the partition function becomes;

ZM2 = ±
inV26

4(2π3α′)13
π12

212
∫
∞

0
ds ϑ00 (0,

2is

π
)
−12

η (2is
π
)
−12
= ±2 inV262

13

4π(8π2α′)13 ∫
∞

0
ds ϑ00 (0,

2is

π
)
−12

η (2is
π
)
−12

We now calculate the massless divergent part of this partition function. Using the expansion for η, we have;

η(τ) = q1/24 (1 − q − ...) = eπiτ/12 (1 − e2πiτ − ...) ⇒ η(2is/π) = e−s/6 (1 − e−4s − ...)

⇒ η(2is/π)−12 = e2s(1 − e−4s − ...)−12 = e2s + 12e−2s − ...

Moreover, from the expansion of ϑ00(0, τ), we have;

ϑ00(0, τ) = ∑
n∈Z

qn
2/2 = ∑

n∈Z
eπin

2τ = 1 + 2
∞
∑
n=1

eπin
2τ = 1 + 2eπiτ + 2e8iπτ + ...

⇒ ϑ00(0,2is/π) = 1 + 2e−2s + ...⇒ ϑ00(0,2is/π) = (1 + 2e−2s + ...)−12 = 1 − 24e−2s + ...

Therefore, we have;

ϑ00(0,2is/π)−12η(2is/π)−12 = (e2s + 12e−2s − ...) (1 − 24e−2s + ...) = e2s − 24 + ...

So, the massless divergent part from ZM2 is as follows;

∓ 2 24inV262
13

4π(8π2α′)13 ∫
∞

0
ds (7.4.5)

Now, we can add all the massless divergent terms (which are also known as tadpole divergences) from C2,K2

and M2 (recall that there is no massless divergent term from T 2). For the cylinder case, there will be an
additional factor of 1/2 in (7.4.3) because of the projection operator. Adding (7.4.4), (7.4.5) and half of
(7.4.3), we get;

24iV26
4π(8π2α′)13

⎛
⎜⎜⎜
⎝

n2

´¸¶
cylinder

∓2.213n
´¹¹¹¹¹¹¹¹¹¹¹¸¹¹¹¹¹¹¹¹¹¹¹¶

Mobius strip

+ 226

´¸¶
Klein bottle

⎞
⎟⎟⎟
⎠
∫
∞

0
ds = 24iV26

4π(8π2α′)13
(213 ∓ n)2 ∫

∞

0
ds

We see that this term doesn’t vanish for the plus sign, which is the lower sign, and if we recall that the lower
sign was for the Sp(k) = Sp(n/2) group, we see that this group isn’t free of tadpole divergences. For the
minus sign, this divergence cancels for n = 213 = 8192. The upper sign is for the SO(n) group; thus, the
divergence vanishes only for SO(8192).
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8 Chapter 8: Toroidal compactification and T-duality

8.1 Toroidal compactification in field theory

We consider a D = d + 1 dimensional theory with one dimension compactified xd ∼ xd + 2πR. The five-
dimensional metric is GDMN and we adopt a particular convention for the metric as follows;

ds2 = GDMNdx
MdxN = Gµνdxµdxµ +Gdd(dxd +Aµdxµ)2 (8.1.1)

Comparing the two-line elements, we have the following correspondences;

Gdd = GDdd, Gµd =
GDµd

Aµ
, Gµν = GDµν −GDddAµAν

All the fields depend on non-compact coordinates only and thus, the metric (8.1.1) is invariant in xd trans-
lations and it is also manifestly invariant in x′µ(xν) reparametrizations. The expanded form of the metric is
as follows;

(Gµν +GddAµAν)dxµdxν +Gdddxddxd + 2GddAµdxddxµ

This metric is invariant under the reparametrizations of the form (derive this);

xd → xd + λ(xµ)

if Aµ’s transform as follows;
Aµ → Aµ − ∂µλ

If we include xd dependence, then the fourier series for a scalar field ϕ(xM) is written as follows;

ϕ(xM) = ∑
n∈Z

ϕn(xµ)einx
d/R

and then, the D dimensional wave equation becomes;

∂M∂
Mϕ(xM) = 0⇒ ϕ(xM) = ∑

n∈Z
∂µ∂

µϕn(xµ) −
n2Gdd

R2
ϕn(xµ)einx

d/R = 0

⇒ ∂µ∂
µϕn −

n2Gdd

R2
ϕn = 0⇒ ∂µ∂

µϕn −
n2

R2
ϕn = 0

where in the last step, we set Gdd = 1 for simplicity. Comparing this equation with the Klein-Gordon equation,
we see that ϕn has the mass of n2/R2. This is called the Kaluza-Klein tower. (Write the massless effective
action and the relations between couplings).

8.2 Toroidal compactification in CFT

tt

8.2.1 Partition function

tt

8.2.2 Vertex operators

tt

8.2.3 A technicality

tt

8.2.4 DDF operators

tt
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8.3 Closed strings and T duality

tt

8.3.1 Enhanced gauge symmetries

tt

8.3.2 Scales and couplings

tt

8.3.3 Higgs mechanism

tt

8.3.4 T duality

tt

8.4 Compactification of several dimensions

If we compactify k dimensions, we have;

Xm ∼Xm + 2πR, 26 − k ≤m ≤ 25

8.4.1 The string spectrum

Then the internal metric is Gmn and we have a B field as Bmn. We also have Aµm bosons (from GMN ) and
Bµm bosons (from BMN ). We do the analysis for zero modes. We take the zero modes as follows;

Xm(σ1, σ2) = xm(σ2) +wmσ1

The worldsheet lagrangian is as follows;

L = 1

2π
(gabGmn + iϵabBmn)∂aXm∂bX

n

= 1

2α′
(g22Gmn∂2Xm∂2X

n + g11Gmn∂1Xm∂1X
n + iϵ12Gmn∂1Xm∂2X

n + iϵ21Gmn∂2Xm∂1X
n)

= 1

2α′
Gmn(ẋmẋn +wnwmR2) − i

α′
Bmnw

mẋnR

The conjugate momentum pm is given as;

pm = i
∂L

∂ẋm
= 1

α′
vm −

1

α′
Bmnw

mR⇒ vm = α′
nm
R
−BmnwnR

where vm = iẋm. Define pmL and pmR as follows;

pmL =
nm
R
+ (δmn −Bmn)

wnR

α′
= vLm

α′
, pmR =

nm
R
− (δmn +Bmn)

wnR

α′
= vRm

α′

where
vmL = vm +wmR, vmR = vm −wmR

This gives the following zero Virasoro operators;

L0 =
α′p2L
4
+N, L̃0 =

α′p2R
4
+ Ñ

The zero mode hamiltonian (derive this);

H = 1

2α′
Gmn(vmvn +wmwnR2) = 1

4α′
Gmn(vmL vmL + vmR vmR )
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Therefore, the mass in uncompactified dimensions is (motivated but think more about it);

m2 = 1

2α′2
Gmn(vmL vmL + vmR vmR ) +

2

α′
(N + Ñ − 2)

Moreover, from the L0, L̃0 modes above, we can compute the difference constraint as follows;

L0 − L̃0 = 0⇒ Gmn(vmL vnL − vmR vnR) + 4α′(N − Ñ) = 0⇒ nmwm +N − Ñ = 0

(Write about the torus partition function argument). Define the alternative momenta krL and krR
and coordinates Xr

L,X
r
R as follows;

Gmn = ermern, Xr = ermXm, krL = emr
vmL
α′

, krR = emr
vmR
α′

then the mass expression and the difference constraint become;

m2 = 1

2
(krLkrL + krRkrR) +

2

α′
(N + Ñ − 2), α′(krLkrL − krRkrR) + 4(N − Ñ) = 0 (8.4.1)

8.4.2 Narain compactification

For Narain compactifications, define dimensionless momenta as follows;

lL,R =
√

α′

2
kL,R

For single valuedness of the OPE;

∶ eikLXL(z)+ikRXR(z̄) ∶∶ eik
′
LXL(0)+ik′RXR(0) ∶∼ zα

′kLk
′
L/2z̄α

′kRk
′
R/2 ∶ ei(k+k

′)LXL(0)+i(k+k′)RXR(0) ∶

= zlLl
′
L z̄lRl

′
R ∶ ei(k+k

′)LXL(z)+i(k+k′)RXR(z) ∶

we need the following phase to be unity;

exp[2πi(lLl′L − lRl′R)] = 1⇒ lLl
′
L − lRl′R ∈ Z⇒ l ○ l′ ∈ Z

where a new dot product has been defined with signature (k, k). So, the lattice of l’s i.e. Γ is in its self dual
lattice Γ∗ i.e.

Γ ⊂ Γ∗

The partition function for a CFT (with c = c̄) on the torus is given as follows;

∑
∣ψ⟩
⟨ψ∣qL0− c

24 q̄L̃0− c
24 ∣ψ⟩ = ∑

∣ψ⟩
⟨ψ∣e2πiτ(L0− c

24
)e−2πiτ̄(L̃0− c

24
)∣ψ⟩

and it acquires the following phase under τ → τ + 1;

2πi(L0 − L̃0)

and thus, for single valuedness, we need L0 − L̃0 ∈ Z. Using the expressions above, we get;

L0 − L̃0 =
1

2
(lLrlLr − lRrlRr) +N − Ñ ∈ Z⇒ lLrlLr − lRrlRr ∈ 2Z⇒ l ○ l ∈ 2Z

From this condition, the singlevaluedness of the OPE can be derived;

(l + l′) ○ (l + l′) − l ○ l − l′ ○ l′ ∈ 2Z⇒ l ○ l′ ∈ Z

The partition function for mth direction with possible vaccua ∣0; lrL, lrR⟩ is as follows;

Zm =
1

∣η(τ)∣2 ∑lm
L
,lm
R

q
1
2 l

m2
L q̄

1
2 l

m2
R = 1

∣η(τ)∣2 ∑lm
L
,lm
R

exp (πiτ lm2
L − πiτ̄ lm2

R )
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which means that the partition function for all m directions is as follows;

ZΓ =
1

∣η(τ)∣2k ∑l∈Γ
exp (πiτ l2L − πiτ̄ l2R)

The S transformation is as follows;

ZΓ =
1

∣η(τ)∣2k ∑l′∈Γ
∫ d2klδ(l − l′) exp (πiτ l2L − πiτ̄ l2R) = V −1Γ

1

∣η(τ)∣2k ∑l′′∈Γ
∫ d2kl exp (2πil′′ ○ l + πiτ l2L − πiτ̄ l2R)

where we used the following identity (derive this);

∑
l′∈Γ

δ(l − l′) = V −1Γ ∑
l′′∈Γ∗

exp (2πil′′ ○ l)

Using Poisson resummation formula and the modular transformation of η function, we get;

ZΓ(τ) = V −1Γ ZΓ∗(−1/τ)

Then, Γ = Γ∗ is sufficient to ensure modular invariance. (Why is it necessary if modular invariance is
true for all τ ?) Thus Γ has to be an even, self dual lattice. If Λ ∈ O(k, k,R), then Γ is still an even, self
dual lattice because the modular invariance conditions depend on ○ dot product only. But O(k, k,R) is not
a symmetry because the expression for mass and the difference constraint aren’t invariant under it. They
are invariant only in O(k,R) ×O(k,R). Thus, the group that generates inequivalent theories (e.g. theories
on lattices of different radii) is as follows;

O(k, k,R)
O(k,R) ×O(k,R)

and the dimension of this group is;

2k(2k − 1)
2

− 2 × k(k − 1)
2

= k(2k − 1) − k(k − 1) = k2

which is the same as the DOF from Gmn and Bmn. We can start from a lattice (known as Γ0) with all
compact dimensions compact and all radii being self dual radii. If we denote the group that maps Γ0 to itself
as O(k, k,Z), then the following lattices are the same;

Λ′ΛΛ′′Γ0 = ΛΓ, Λ ∈ O(k, k,R), Λ′′ ∈ O(k, k,Z), Λ′ ∈ O(k,R) ×O(k,R)

Recalling the expressions for lrL and lrR;

lrL =
nr

R
+ (δrs −Brs)ωsR

α′
, lrR =

nr

R
− (δrs +Brs)ωsR

α′

we see that ZΓ is invariant if we do the following T duality transformation (what about nr,wr transfor-
mations?);

R ←→ α′

R

We see that if xm is periodic with period 2πR then so is the combination;

xm = Lmn xn, Lmn ∈ Z

but if detL ≠ 1, then the volume of the k torus changes and hence, we should have detL = 1. Thus,
L ∈ SL(2,Z). Another component in the T duality transformations is the following;

bmn → bmn +Nmn ⇒ Bmn → Bmn +
α′Nmn
R2

, Nmn ∈ Z

This transformation does the following;

vLm =
nm
R
+(δmn−Bmn)wnR →

(nm −Nmnwn)
R

+(δmn−Bmn)wnR =
n′m
R
+(δmn−Bmn)wnR, n′m = nm−Nmnwn ∈ Z

and similarly, for vRm. So, we see that the partition function doesn’t change because we are still summing
over integer nm and wm.
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8.4.3 An example

tt

8.5 Orbifolds

Let’s start with a Z2 orbifold. The orbifold action is;

X25 → −X25 (8.5.1)

which sends all the operators appearing in X25 to their negatives. A compact space is made by an additional
identification;

X25 → −X25, X25 ∼X25 + 2πRm, m ∈ Z (8.5.2)

This implies that there is a new sector in the game which is called the twisted sector. It is given as follows;

X25(σ + 2π) ∼ −X25(σ) (8.5.3)

Since X25 is anto periodic, we have the following expansion for it;

X25(z, z̄) = i
√

α′

2
∑
m∈Z

1

m + 1/2
( α25

m

zm+1/2
+ α̃25

m

z̄m+1/2
) (8.5.4)

For a compact orbifold, there is another twister sector as follows;

X25(σ + 2π) ∼ 2πR −X25(σ) (8.5.5)

For this sector, we have the following expansion;

X25(z, z̄) = πR + i
√

α′

2
∑
m∈Z

1

m + 1/2
( α25

m

zm+1/2
+ α̃25

m

z̄m+1/2
) (8.5.6)

Now, we talk about the allowed massless states. For the generic massless states, we have n = w = 0 and thus,
for the states to be invariant under the orbifold action, we should require that the number of 25 direction
creation operators in the state is even. This is violated only by the Kaluza Klein gauge bosons and the gauge
bosons from the anti-symmetric tensor. Thus, those states are ruled out. The zero point energy constant for
the twisted sector is determined as follows now (we have 23 periodic and 1 anti-periodic boson);

atwisted = −
23

24
+ 1

48
= −15

16
(8.5.7)

Then, the mass-shell condition becomes as follows;

α′p2

4
+N + atwisted =

α′p2

4
+N − 15

16
= 0⇒m2 = 4

α′
(N − 15

16
) (8.5.8)

Thus, the lowest mass state is tachyonic (N = 0). The level matching condition requires N = Ñ and due to
the anti periodicity, X25 oscillators make half integral contributions to the number operator. Thus, the next
excited state involves α25

−1/2α̃
25
−1/2 and hence, the this state is also tachyonic. There is no way to set N = 15/16

and hence, there is no massless state.
Vertex operators for twisted states are hard to find (find more about this). Untwisted external states for
a tree level amplitude only involves untwisted states. This is called the inheritance principle (find more
about this). The partition function for the untwisted sector is given as follows (this is well known and thus,
I won’t give the details);

Tr(1 + r
2

qL0− 1
24 q̄L̄0− 1

24 ) = 1

2
Ztor(R, τ) + ∣

η(τ)
ϑ2(τ)

∣ (8.5.9)

where r in the orbifold action and ϑ2 is given as follows;

ϑ2(τ) = 2η(τ)q
1
12 ∏
r≥1
(1 + qr)2 = ∑

n∈Z
q

1
2
(n+ 1

2
)2 = ϑ [1/2

0
] (0, τ) = ϑ10 (8.5.10)
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where I used another name for these functions that comes from a general formula for these functions (given
later). Moreover, the last expression can be derived from the Jacobi triple product identity;

q−
1
24 ∏
r≥1
(1 + qr+

1
2w)(1 + qr+

1
2w−1) = 1

η(τ) ∑n∈Z
q

n2

2 wn (8.5.11)

The partition function in (8.5.9) is not modular invariant because it is not invariant in S transformations.
We will have to add the twisted sector. The partition function for the twisted sector is as follows;

Tr(1 + r
2

qL0+ 1
48 q̄L̄0+ 1

48 ) = ∣ η(τ)
ϑ3(τ)

∣ + ∣ η(τ)
ϑ4(τ)

∣ (8.5.12)

The factor of 1/48 comes because of the additional 1/16 term (that comes from the weight of the first excited
state in the twisted sector. Find more about this). Moreover, the functions used are defined as follows;

ϑ3(τ) = q−
1
24 η(τ)

∞
∏
r=0
(1 + qr+

1
2 )2 = ∑

n∈Z
q

n2

2 = ϑ [0
0
] (0, τ) = ϑ00 (8.5.13)

ϑ4(τ) = q−
1
24 η(τ)

∞
∏
r=0
(1 − qr+

1
2 )2 = ∑

n∈Z
(−1)nq

n2

2 = ϑ [ 0
1/2] (0, τ) = ϑ01 (8.5.14)

These functions are related to each other by modular transformations as follows;

∣ η(τ)
ϑ2(τ)

∣ T←→ ∣ η(τ)
ϑ2(τ)

∣ S←→ ∣ η(τ)
ϑ4(τ)

∣ T←→ ∣ η(τ)
ϑ3(τ)

∣ S←→ ∣ η(τ)
ϑ3(τ)

∣ (8.5.15)

The general formula for ϑ functions is as follows;

ϑ [a
b
] (z, τ) = ∑

n∈Z
q

1
2 (n+a)

2

e2πi(n+a)(z+b) (8.5.16)

for which a product representation can found as follows (derive this);

ϑ [a
b
] (z, τ) = η(τ)e2πia(z+b)q

a2

2 −
1
24

∞
∏
n=1
(1 + qn+a−

1
2 e2πi(z+b)) (1 + qn−a−

1
2 e−2πi(z+b)) (8.5.17)

8.5.1 Twisting

tt

8.5.2 c = 1 CFTs

The moduli space of compact c = 1 CFTs contains the torus theories and the orbifold theories. These meet
at a point because of the following; (prove);

Zorb(
√
α, τ) = Ztor(2

√
α, τ)

i.e. partition function of the torus theory at twice the self dual radius has the same partition function as the
orbifold theory at the self dual radius. (Write about the Zk and Dk, T,O and I twists).

8.6 Open strings

Let’s start with a pure gauge A25(xM) = 0 which is gauge equivalent to the following (the coupling constant
is not included in there. Find out why);

A25(xM) = −i exp(
iθx25

2πR
)∂25 exp(

−iθx25

2πR
) = − θ

2πR

where θ is constant. Now, the Wilson line for this potential is as follows;

W = exp(iq∮ dx25A25) = exp(−
iqθ

2πR
∮ dx25) = exp(− iqθ

2πR
(2πR)) = exp (−iqθ) (8.6.1)
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where q is the coupling constant. Now, suppose that we have a point particle coupled to an electromagnetic
field. The action is as follows (where τ is the Euclidean time parameter -derive this-);

S = ∫ dτ (1
2
ẊM ẊM +

m2

2
− iqAM ẊM)

The conjugate momentum p25 is as follows;

p25 = ∂L

∂(∂X25/∂τMinkowski)
= − ∂L

i∂(∂X25/∂τEuclidean)
= i(Ẋ25 − iqA25) = iẊ25 + qA25 = v25 − qθ

2πR

where v25 = iẊ25. Now, due to the periodicity, p25 = l/R, l ∈ Z. and thus, we have;

v25 = l

R
+ qθ

2πR

The hamiltonian is derived as follows (derive this);

H = 1

2
(pµpµ + v225 +m2)

Since this hamiltonian annihilates the physical states, the mass-shell condition for the mass that is visible in
non-compact dimensions becomes;

−pµpµ =m2 + v225 =m2 + ( l
R
+ qθ

2πR
)
2

we see that if R →∞, then the mass doesn’t get any correction. Now, we talk about the non abelian gauge
gauge theory. Open string has Chan Paton indices for U(n) on its endpoints. If we have a constant Aa25T

a

where T a are generators of U(n), then since T a is hermitian, we can use a constant gauge factor (which is
unitary) to diagonalize Aa25T

a as follows;

Aa25T
a = − 1

2πR
diag(θ1, ..., θn)

For a general Chan paton state;
∣N ;k;a⟩ = ∑

ij

∣N ;k; ij⟩λaij

the guage field A25 couples as follows;

∣N ;k;a⟩ = ∑
ij

∣N ;k; ij⟩[A25, λ
a]ij

The required commutator is as follows;

[A25, λ
a]ik =

1

2πR
∑
j

(θiδijλjk − θjλijδjk) = (θi − θk)λik ⇒ [A25, λ
a]ij = (θi − θj)λij

So, we get see that the state ∣N ;k; ij⟩ has charge +1 in U(1)i and charge −1 in U(1)j . So, we can deduce
the expression for v25 in this case as follows;

v25 =
l

R
+
θi − θj
2πR

Thus, mass of the string state ∣N ;k; ij⟩ is as follows;

m2 = 1

α′
(N − 1) +

(2πl + θi − θj)2

4π2R2

The lowest non-tachyonic states have the following mass;

m2
ij =
(θi − θj)2

4π2R2
, l = 0,N = 1 (8.6.2)

These states are massive if all the θ’s are different. If θ’s are equal in s sets of size ri, then the massless
states form the following representation;

U(n) → U(r1) × ... ×U(rs)
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8.6.1 T duality
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8.7 D Branes

The gauge field in the compact direction dictates the translation of the D brane in the dual compact direction
and thus, it dictates the shape of the D brane. T dualizing a tangent direction reduces the dimension of the
D brane and vice versa. Coincident r branes will give the following massless states;

αµ−1∣k; ij⟩ i, j ∈ {1, ..., r}

and thus, we have r2 massless vectors and a U(r) symmetry. We also have r2 massless scalars as follows;

α25
−1∣k; ij⟩ i, j ∈ {1, ..., r}

8.7.1 The D-brane action

We now try to guess the low-energy D-brane action. This action is called the DBI action.For a p−brane,
we introduce the coordinates ξ0, ...ξp on the brane world volume. The fields to consider on the brane are
the embedding fields Xµ(ξ) and the gauge fields Aa(ξ) (recall that gauge fields live on the endpoints of the
strings). Now, we define the induced metric Gab(ξ) and induced Bab(ξ) field as follows;

Gab(ξ) =
∂Xµ

∂Xa

∂Xν

∂Xb
Gµν(X(ξ)), Bab(ξ) =

∂Xµ

∂Xa

∂Xν

∂Xb
Bµν(X(ξ))

Now, if we look at the Nambu-Goto action, the obvious generalization of the integrand would be
√
−[det (Gab +Bab)]

with an overall factor of −Tp i.e. the brane tension. (show that this determinant will give the factor
of i in the Polyakov type action for D-Branes). However, this is not the whole story. Since we are
trying to guess the open string tree level action, we want to have g−2o in the action. However, g−2o ∼ e−ϕ in
the lagrangian. Now, we prove that Bab should appear only with Fab. In string worldsheet action, we have
the following combination;

i

4πα′ ∫M
d2σ
√
gϵab∂aX

µ∂bX
νBµν + i∫

∂M
dXµAµ

where δAµ = ∂µλ is a guage symmetry of this action. The gauge transformation of Bµν is as follows;

Bµν = ∂µζν − ∂νζµ

Under this transformation, the action changes as follows;

i

4πα′ ∫M
d2σ
√
gϵab∂aX

µ∂bX
ν (∂µζν − ∂νζµ) =

i

2πα′ ∫M
d2σ
√
gϵab∂aX

µ∂bX
ν∂µζν

= i

2πα′ ∫M
d2σ
√
g (∂1Xµ∂2X

ν − ∂2Xµ∂1X
ν)∂µζν =

i

2πα′ ∫M
d2σ
√
g∂1X

µ∂2X
ν (∂µζν − ∂νζµ)

We now use the following identities;

∂1ζµ = ∂νζµ∂1Xν , ∂2ζµ = ∂νζµ∂2Xν

which imply;
∂1X

µ∂2X
ν (∂µζν − ∂νζµ) = ∂2Xν∂1ζν − ∂1Xµ∂2ζµ

and thus, the variation of the action becomes;

− i

2πα′ ∫M
d2σ
√
g (∂1Xµ∂2ζµ − ∂2Xµ∂1ζµ) (8.7.1)

The first term becomes;

− i

2πα′ ∫M
d2σ
√
g∂1 (Xµ∂2ζµ) +

i

2πα′ ∫M
d2σ
√
gXµ∂1∂2ζµ
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= − i

2πα′ ∫∂M
dσ2√g (Xµ∂2ζµ)∣boundary +

i

2πα′ ∫M
d2σ
√
gXµ∂1∂2ζµ (8.7.2)

The second term in (8.7.1) becomes;

i

2πα′ ∫M
d2σ
√
g∂2X

µ∂1ζµ =
i

2πα′ ∫M
d2σ
√
g∂2 (Xµ∂1ζµ) −

i

2πα′ ∫M
d2σ
√
gXµ∂2∂1ζµ

= − i

2πα′ ∫M
d2σ
√
gXµ∂2∂1ζµ (8.7.3)

where we used the fact that Aµ variation vanishes at starting and ending times. We also see that (8.7.3)
cancels the second term in (8.7.2). So, the variation in the B term becomes;

− i

2πα′ ∫∂M
dσ2√g (Xµ∂2ζµ)∣boundary = −

i

2πα′ ∫∂M
dσ2√gXµ∂2ζµ

where we have excluded the boundary label now because it is understood. This term can be canceled if Aµ
also transforms as δAµ = −ζµ/2πα′. This will give the following variation;

i∫
∂M

dXµδAµ = i∫ ∫
∂M

dσ2√g∂2XµδAµ = i∫
∂M

dσ2√g∂2(XµδAµ) − ∫ dσ2√gXµ∂2δAµ

= i

2πα′ ∫∂M
dσ2√gXµ∂2ζµ

where we used the fact that δAµ vanishes at the initial and final times (i.e. σ2). This exactly cancels the
variation of the B action. Now, the variation of Fµν = ∂µAν − ∂νAµ is as follows;

δFµν = ∂µ (−
ζν

2πα′
) − ∂ν (−

ζµ

2πα′
) = − 1

2πα′
(∂µζν − ∂νζµ) = −

1

2πα′
δBµν ⇒ δ(Bµν + 2πα′Fµν) = 0

Thus, the only gauge invariant quantity is Bµν+2πα′Fµν and the induced field on the D-brane is Bab+2πα′Fab.
So, this combination should appear in the action. The DBI action is thus as follows;

SDBI = −Tp ∫ dp+1ξe−ϕ[−det(Gab +Bab + 2πα′Fab)]1/2 (8.7.4)

For n separated branes, we have n copies of the action. For n coincident branes, the gauge field Aµ and Xµ

become n×n matrices. The gauge field becomes U(n) gauge field and the phenomenon of non-commutative
geometry arises (Find more about it and about the potential of the branes and its relation to the
number of flat directions).

8.7.2 D-Brane tension

We first derive the D-brane tension recursion relation. Since Tp doesn’t depend on fields, we can derive the
relation for static D-branes and that relationship should be the same for non-static branes. Firstly, consider
a static D-brane i.e. the B field and gauge field is zero, the dilaton is constant and the metric is flat (Is this
description correct?). Then, the action becomes;

S = −Tp ∫ dp+1ξe−ϕ = −Tpe−ϕ ∫ dp+1ξ

Now, the action for a static brane has no kinetic energy, and the only potential energy is the mass of the
brane. So, action is negative of the mass of the brane. Therefore, the mass per unit volume of the Dp-brane
is Tpe

−ϕ. Now, consider the case when Dp-brane is wrapped around a p-torus. The volume of that torus is;

p

∏
i=1
(2πRi)

and thus, the mass of the Dp-brane is;

Tpe
−ϕ

p

∏
i=1
(2πRi)
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Now, let T duality act on p-th direction of the torus. We saw in section 8.3 that ϕ changes as follows under
T-duality;

eϕ → e−ϕ
′

= R√
α′
e−ϕ ⇒ e−ϕ =

√
α′

R
e−ϕ

′

Under T-duality, mass is invariant and thus, the mass of the brane is still given as;

Tp

√
α′

Rp
e−ϕ

′
p

∏
i=1
(2πRi) = Tp

√
α′e−ϕ

′
p−1
∏
i=1
(2πRi)

But, this mass can also be written down as follows (because after T-duality, we have a D(p − 1) brane);

Tp−1e
−ϕ′

p−1
∏
i=1
(2πRi)

and thus, we get;

2π
√
α′Tp = Tp−1 ⇒ Tp =

Tp−1

2π
√
α′

(8.7.5)

To acquire the expression of D brane tension, we can calculate the cylinder partition function of an open
string stretched between two D branes. It is like the partition function calculated in chapter 7 but now,
the string’s endpoints can move only on the D branes, and thus, the momentum integration will be on p + 1
directions and we will have Vp+1 instead of V26. Moreover, there will be an additional contribution to the
conformal weight hi for the i−th state (which we also called level N before but it would not be the case now)
because the string is stretched between two D branes. Assume that the two D-branes are at Xm = 0 and
Xm = ym for m = p + 1, ...,25. Now, we know that the expansion for Xm

L and Xm
R is as follows;

Xm
L = xmL + α′pmL σ+ + ..., Xm

R = xmR + α′pmRσ− + ...

⇒Xm(τ, σ) = xmL + xmR + α′(pmL + pmR )τ + α′(pmL − pmR )σ + ...
Imposing Xm(0, τ) = 0 and Xm(π, τ) = ym gives us the following;

pmL + pmR = 0, α′(pmL − pmR ) = ym ⇒ pmL = −pmR =
ym

2α′π

Now, we can deduce that;

L0 = α′p2L +N = N +
y2

4π2α′

and thus, the additional contribution from stretching between the branes is y2/4π2α. Now, looking at (7.4.1),
we see that we have an additional factor;

∫
∞

0

dt

2t
Tr′0 [e−2πtL0] = ∫

∞

0

dt

2t
Tr′0 [e−2πt

(Lold
0 +y2/4π2α′)] = ∫

∞

0

dt

2t
e−y

2t/2πα′ Tr′0 [e−2πtL
old
0 ]

So, the cylinder partition function is as follows;

A = iVp+1 ∫
∞

0

dt

t
(8π2α′t)−(p+1)/2 exp (−ty2/2πα′)η(it)−24 =

iVp+1
(8π2α′)(p+1)/2 ∫

∞

0

dt

t(p+3)/2
exp (−ty2/2πα′)η(it)−24

Now, we need to do this integral and for that, we need to expand η(it) for large t and for that, we do the
following steps;

η(it) = 1√
t
η(i/t) ⇒ η(it)−24 = t12η(i/t)−24 = t12 (e2π/t + 24 + ...)

using this expansion, the amplitude becomes;

A =
iVp+1

(8π2α′)(p+1)/2 ∫
∞

0
dt t(21−p)/3 exp (−ty2/2πα′) (e2π/t + 24 + ...)

We now need to evaluate the second term in this partition function. It is done as follows;

24iVp+1
(8π2α′)(p+1)/2 ∫

∞

0
dt t(21−p)/3 exp (−ty2/2πα′) =

24iVp+1
(8π2α′)(p+1)/2

(2πα
′

y2
)
(23−p)/2

∫
∞

0
dµ µ21−pe−µ
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=
24iVp+1

(8π2α′)(p+1)/2
(2πα

′

y2
)
(23−p)/2

Γ(23 − p
2
) = iVp+1

24

212
(4πα′)11−pπ(p−23)/2Γ(23 − p

2
)∣y∣p−23

where we did the variable change µ = ty2/2πα′. Now, we use the result that Green’s function for the laplacian
−∇2 is (derive this);

Gd(∣y∣) =
1

4πd/2∣y∣d−2
Γ(d − 2

2
) (8.7.6)

and then, setting d = 25 − p, we get;

G25−p(∣y∣) =
1

4π(25−p)/2y23−p
Γ(23 − p

2
) ⇒ 4πG25−p(∣y∣) = π(p−23)/2Γ(

23 − p
2
) ∣y∣p−23

Therefore, we have;

A = iVp+1
24π

210
(4πα′)11−pG25−p(∣y∣)

We can convert this Green’s function to the momentum space picture for the massless particles. Then, the
amplitude becomes (confirm this step);

G25−p(∣y∣) =
1

k2⊥
⇒A = iVp+1

24π

210k2⊥
(4πα′)11−p (8.7.7)

Now, we do the analogous field theory calculation because, from this calculation, we will find an expression
for the required amplitude that will depend on Tp. We write the spacetime action for the strings with D = 26
but in the Einstein frame with Hµνα term excluded because the B field doesn’t couple to the D brane (Why?
because of unoriented?). The relevant terms are as follows;

S = 1

2κ2
∫ d26X

√
−G̃(R̃ − 1

6
∂µϕ̃∂

µϕ̃)

where recall that ϕ̃ has a zero vev because ϕ = ϕ̃ + ϕ0 where ϕ0 = ⟨ϕ⟩ Now, the relevant terms from the D
brane action is (Why no B field and gauge field);

S = −Tp ∫ dp+1ξe−ϕ
√
−detGab = −Tpe−ϕ0 ∫ dp+1ξe−ϕ̃

√
−detGab = −τp ∫ dp+1ξe−ϕ̃

√
−detGab

where τp = Tpe−ϕ0 Now, we recall that the Einstein frame metric G̃µν and Gµν are related as follows;

G̃µν = e−4ϕ̃/(D−2)Gµν = e−ϕ̃/6Gµν ⇒ Gµν = eϕ̃/6G̃µν ⇒ G̃ab = eϕ̃/6Gab ⇒ det G̃ = e(p+1)ϕ̃/6 detG

⇒
√
−det G̃ = e(p+1)ϕ̃/12

√
−detG

Therefore, the D Brane action becomes;

S = −τp ∫ dp+1ξ e(p−11)ϕ̃/12
√
−G̃

In the linear approximation;
G̃µν = ηµν + hµν

while raising the indices by the flat metric, the spacetime action become (derive them);

S = − 1

8κ2
∫ d26X (∂µhνλ∂µhνλ −

1

2
∂µh∂

µh + 2

3
∂µϕ̃∂

µϕ̃) (8.7.8)

where h = hµµ. The D-brane field action becomes;

Sp = −τp ∫ dp+1ξ exp(p − 11
12

ϕ̃) [−det (ηab + hab)] = −τp ∫ dp+1ξ (1 + p − 11
12

ϕ̃)(1 − 1

2
haa)

= −τp ∫ dp+1ξ − τp ∫ dp+1ξ [p − 11
12

ϕ̃ − haa
2
] +O(hϕ̃) → −τp ∫ dp+1ξ [p − 11

12
ϕ̃ − haa

2
] +O(hϕ̃) (8.7.9)
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where we dropped the term that doesn’t have fields in it. We also kept the indices on the trace in compact
directions to differentiate it from h. (Why not this linear term). From (8.7.8), we can read off the
propagators. Look at the kinetic terms for ϕ̃. We can define a new dilaton as;

ϕ′ = i

κ
√
6
ϕ̃

and then, the kinetic term for ϕ′ becomes;

− 1

12κ2
∂µϕ̃∂

µϕ̃ = 1

2
∂µϕ

′∂µϕ′

i.e. the canonical kinetic term. The propagator for ϕ′ is well known from QFT and thus, we have;

⟨ϕ′ϕ′⟩ = i

k2
⇒ − 1

6κ2
⟨ϕ̃ϕ̃⟩ = i

k2
⇒ ⟨ϕ̃ϕ̃⟩ = −6iκ

2

k2

We see that for an arbitrary number of dimensions, we can define a dilaton as follows;

ϕ′ = 2i

κ
√
D − 2

ϕ̃

and ϕ′ will still have the canonical kinetic term. So, for arbitrary number of dimensions, we have the following
result.

⟨ϕ′ϕ′⟩ = i

k2
⇒ − 4

(D − 2)κ2
⟨ϕ̃ϕ̃⟩ = i

k2
⇒ ⟨ϕ̃ϕ̃⟩ = −(D − 2)iκ

2

4k2
(8.7.10)

The kinetic term for hµν is as follows (derive this);

⟨hµνhαβ⟩ = −
2iκ2

k2
(ηµαηνβ + ηµβηνα −

2

D − 2
ηµνηαβ) (8.7.11)

The Feynman graph is read to give (derive this);

A =
iκ2τ2p

k2⊥
Vp+1 [6(

p − 11
12
)
2

+ 1

2
(2(p + 1) − 1

12
(p + 1)2)]

=
iκ2τ2p

k2⊥
Vp+1 [

1

24
(p − 11)2 + p + 1 − 1

24
(p + 1)2] =

iκ2τ2p

k2⊥
Vp+1 [

1

24
(p2 − 22p + 121) + p + 1 − 1

24
(p2 + 2p + 1)]

=
6iκ2τ2p

k2⊥
Vp+1 (8.7.12)

Now, comparing (8.7.7) and (8.7.12), we get;

6iκ2τ2p

k2⊥
Vp+1 = iVp+1

24π

210k2⊥
(4π2α′)11−p ⇒ τ2p =

π2

256κ2
(4π2α′)11−p ⇒ τp =

π

16κ
(4π2α′)(11−p)/2

⇒ Tpe
−ϕ0 = π

16κ
(4π2α′)(11−p)/2 ⇒ Tp = eϕ0

π

16κ
(4π2α′)(11−p)/2 (8.7.13)

Now, we can see that (8.7.13) satisfies (8.7.5) as follows;

Tp−1 = eϕ0
π

16κ
(4π2α′)(11−(p−1))/2 = eϕ0

π

16κ
(4π2α′)(11−p)/2(4π2α′)1/2 = Tp2π

√
α′ ⇒ Tp =

Tp−1

2π
√
α′

(Derive the relation between coupling constants).

8.8 T duality of unoriented string

tt

8.8.1 Open strings
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9.5 Large order behaviour
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9.6 High energy and high temperature
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9.6.1 Hard scattering
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9.6.2 Regge scattering
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9.6.3 High temperature
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10 Chapter 10: Type I and type II strings

10.1 The superconformal algebra

In order to add spinors in the game, we need a two-dimensional analogue of the Dirac equation that is given
as follows;

ρα∂αψ
µ = 0 (10.1.1)

where α ∈ {τ, σ} and ρα are two dimensional Dirac matrices. Now, the Dirac matrices are supposed to satisfy;

{ρα, ρβ} = 2ηαβ (10.1.2)

which means that (ρ0)2 = −1, (ρ0)2 = 1 and {ρ0, ρ1} = 0. This is satisfied if we take;

ρ0 = −iσ2, ρ1 = σ1 (10.1.3)

Using the procedure described in the appendix B in volume 2 of Polchinski, we get the expression of the
chiral matrix ρ as follows;

ρ0+ = (0 0
1 0

) , ρ0− = (0 1
0 0

) ⇒ ρ = 2S0 = 2(ρ0+ρ0− −
1

2
I) = (−1 0

0 1
)

Since the matrices in (10.1.3) are real, it is a Majorana representation and we can take the spinors to be real.
We define ψ̄ (for Majorana spinor) as follows;

ψ̄ = ψ†ρ0 = ψT ρ0 (10.1.4)

The first equality is true for any spinor.
We can now start with the following action;

S = Sbosonic + Sfermionic =
1

2πα′ ∫
d2z ∂X∂̄X + 1

4π
∫ d2z (ψµ∂̄ψµ + ψ̃µ∂̄ψ̃µ)

= 1

4π
∫ d2z ( 2

α′
∂X∂̄X + ψµ∂̄ψµ + ψ̃µ∂ψ̃µ) (10.1.5)

The OPE’s are as follows;

Xµ(z)Xν(0) ∼ −α
′

2
ηµν ln ∣z∣2 (10.1.6)

ψµ(z)ψν(0) ∼ η
µν

z
, ψ̃µ(z)ψ̃ν(0) ∼ η

µν

z
(10.1.7)

which implies that;
{ψµ0 , ψ

ν
0} = {ψ̃

µ
0 , ψ̃

ν
0} = ηµν (10.1.8)

Now, we calculate the energy momentum tensor for (10.1.5). We do remind ourselves that;

gzz = gz̄z̄ = 0, gzz̄ = gz̄z =
1

2zz̄
⇒
√
∣g∣ = 1

2zz̄
(10.1.9)

which implies that;
∂z = gzz̄∂z̄ = 2zz̄∂̄, ∂z̄ = gz̄z∂z = 2zz̄∂ (10.1.10)

Now, we have (not derived yet);

− 1

2π
T z̄z =

∂L
∂(∂z̄Xµ)

∂zX
µ + ∂L

∂(∂z̄ψµ)
∂zψ

µ − gzzL =
∂L

∂(∂̄Xµ)
∂Xµ + ∂L

∂(∂̄ψµ)
∂ψµ + ∂L

∂(∂̄zψ̃µ)
∂ψ̃µ

⇒ T z̄z = −
1

α′
∂Xµ∂Xµ −

1

2
ψµ∂ψµ (10.1.11)

− 1

2π
T zz̄ =

∂L
∂(∂zXµ)

∂z̄X
µ + ∂L

∂(∂zψ̃µ)
∂z̄ψ̃

µ − gz̄z̄L =
∂L

2∂(∂Xµ)
∂̄Xµ + ∂L

2∂(∂ψ̃µ)
∂̄ψ̃µ
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⇒ Tz̄z̄ = −
1

α′
∂̄Xµ∂̄Xµ −

1

2
ψ̃µ∂ψ̃µ (10.1.12)

It can be shown that T zz = T z̄z̄ = 0. We define the stress tensor as follows;

TB(z) = −
1

α′
∂Xµ∂Xµ −

1

2
ψµ∂ψµ, T̃B(z̄) = −

1

α′
∂̄Xµ∂̄Xµ −

1

2
ψ̃µ∂ψ̃µ (10.1.13)

The names TB and T̄B(z) come from following Polchinski. We will use these names from now on. Now, we
define the (1,1) superconformal transformations as follows;

δXµ =
√

α′

2
(ϵ(z)ψµ(z) + ϵ∗(z)ψ̃µ(z))

δψµ = −
√

2

α′
ϵ(z)∂Xµ(z)

δψ̃µ = −
√

2

α′
ϵ∗(z̄)∂̄Xµ(z̄) (10.1.14)

It can be checked that the action (10.1.5) is invariant under these transformations. We can calculate the
quantity that is conserved in these symmetries by using the Noetherian method.

δS = 1

2π
∫ d2z

⎡⎢⎢⎢⎢⎣
∂ϵ∗
⎛
⎝

√
2

α′
ψ̃µ∂̄Xµ

⎞
⎠
+ ∂̄ϵ
⎛
⎝

√
2

α′
ψµ∂Xµ

⎞
⎠

⎤⎥⎥⎥⎥⎦

and we define the conserved quantities, known as worldsheet supercurrents (following Polchinski);

TF (z) = i
√

2

α′
ψµ∂Xµ(z), T̃F (z̄) = i

√
2

α′
ψ̃µ∂̄Xµ(z̄) (10.1.15)

Using (10.1.7), we can check that TB and TF close an operator algebra (same is the case for anti-holomorphic
counterparts). We get;

TB(z)TB(0) ∼
(3D/2)
2z4

+ 2TB(0)
z2

+ ∂TB(0)
z

TB(z)TF (0) ∼
3

2z2
TF (0) +

∂TB(0)
z

TF (z)TF (0) ∼
D

z3
+ 2TB(0)

z
(10.1.16)

which gives us a central charge of c = 3D/2 for the theory. It also shows that TF is a primary field of conformal
weight ( 3

2
,0). Written in terms of the central charge, we have;

TB(z)TB(0) ∼
c

2z4
+ 2TB(0)

z2
+ ∂TB(0)

z

TB(z)TF (0) ∼
3

2z2
TF (0) +

∂TB(0)
z

TF (z)TF (0) ∼
2c

3z3
+ 2TB(0)

z
(10.1.17)

This operator algebra is called the (1,1) superconformal algebra. He then gives two examples of SCFTs.
One of them is the superconformal generalization of the bc ghost system given as follows;

Sbc =
1

2π
∫ d2zb∂̄c, hb = λ, hc = 1 − λ (10.1.18)

with the generalization including the fermionic, commuting ghosts named β and γ. The SCFT action is then
given as follows;

Sbcβγ =
1

2π
∫ d2z (b∂̄c + β∂̄γ) , hβ = λ −

1

2
, hγ =

3

2
− λ (10.1.19)
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10.2 NS and R sectors

If we start with the theory on the cylinder for the closed string (with coordinates w = σ + iτ, w̄ = σ − iτ ⇒ z =
e−iw, z̄ = eiw̄ with 0 ≤ σ ≤ 2π,−∞ ≤ τ ≤ ∞), then we have the following cases;

ψµ(w + 2π) =
⎧⎪⎪⎨⎪⎪⎩

ψµ(w) (Ramond)

−ψµ(w) (Neveu Schwarz)
⇒ ψµ(w + 2π) = e2πiνψµ(w) where

⎧⎪⎪⎨⎪⎪⎩

ν = 0 (Ramond)

ν = 1
2
(Neveu Schwarz)

(10.2.1)
Similarly,

ψ̃µ(w + 2π) =
⎧⎪⎪⎨⎪⎪⎩

ψ̃µ(w) (Ramond)

−ψ̃µ(w) (Neveu Schwarz)
⇒ ψ̃µ(w + 2π) = e2πiν̃ψ̃µ(w) where

⎧⎪⎪⎨⎪⎪⎩

ν̃ = 0 (Ramond)

ν̃ = 1
2
(Neveu Schwarz)

(10.2.2)
We will take Xµ(w) to be periodic. Note that in this choice, TB(w) is periodic in any of the choices in
(10.2.1) but TF (w) has the same periodicity as ψµ(w) (the same thing goes for the anti-holomorphic sector).
For the open string, we take 0 ≤ σ ≤ π. The holomorphic fermion field on the cylinder can be expanded as
follows;

ψµ(w) = i−1/2 ∑
r∈Z+ν

ψµ(c)re
irw (10.2.3)

where the (c) subscript indicates that these are cylinder modes. Now, since the free fermion is a primary
field with conformal weight 1/2, we can find the fermion field on the plane as follows;

ψµ(z) = ( ∂z
∂w
)
−1/2

ψµ(w) = (−i)
−1/2

z1/2
ψµ(w) = (−i)

−1/2

z1/2
∑
r∈Z+ν

ψµ(c)re
irw = ∑

r∈Z+ν
ψµ(p)rz

−r− 1
2 (10.2.4)

where we defined ψµ(p)r = (−i)
−1/2ψµ(c)r as the modes on the plane. We will drop the (p) subscript from now

on. Please note that on the plane, Ramond fermions are anti-periodic and vice versa (which is
the opposite of the cylinder story). Similar expression is obtained for the anti-holomorphic fermionic
field;

ψ̃µ(z̄) = ∑
r∈Z+ν̃

ψ̃µr z̄
−r− 1

2 (10.2.5)

The modes expansions of the bosonic currents are already known to us i.e.

∂Xµ(z) = −i
√

α′

2
∑
m∈Z

αµm
zm+1

, ∂̄Xµ(z̄) = −i
√

α′

2
∑
m∈Z

α̃µm
z̄m+1

(10.2.6)

Using the following identities;

∮ dz[∂Xµ(z), ∂Xν(w)] = ∮
C(w)

dzR[∂Xµ(z)∂Xν(w)]

∮ dz{ψµ(z), ψν(w)} = ∮
C(w)

dzR[ψµ(z)ψν(w)] (10.2.7)

where R means radial ordering (which gives the OPE of the operators of the in this operator), and the OPE
of ∂Xµ with itself and OPE of ψµ with itself gives us the following (anti) commutators;

[αµm, ανn] = [α̃µm, α̃νn] =mηµνδm+n, {ψµr , ψνs } = {ψ̃µr , ψ̃νs } = ηµνδr+s (10.2.8)

Using the mode expansions of TB and TF

TB(z) = ∑
m∈Z

Lm
zm+2

, TF (z) = ∑
r∈Z+ν

Gr

zr+
3
2

(10.2.9)

we can derive the following algebra;

[Lm, Ln] = (m − n)Lm+n +
c

12
m(m2 − 1)δm+n

{Gr,Gs} = 2Lr+s +
c

12
(4r2 − 1)δr+s

[Lm,Gr] = (
m

2
− r)Gm+r (10.2.10)

called the RNS algebra or the Ramond algebra for r, s integers and Neveu-Schwarz algebra for r, s half
integers.
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10.2.1 NS and R spectrum

The NS spectrum is easy to construct. ∣0⟩NS is the ground state (and it is unique) such that;

ψµr ∣0⟩NS = 0 if r > 0 (10.2.11)

The R sector has more than one ground state. If ∣0⟩R is a ground state, then so is ψµ0 ∣0⟩R and due to (10.1.8),
these states form a representation of the Clifford algebra. Seeing the similarity in (21.1.1) and (10.2.8), we
identity the following;

Γµ ∼
√
2ψµ0

Therefore e−
i
2ωµνΣ

µν

will take Ramond ground states to Ramond ground states and hence, ∣0⟩R can be thought
of having a spinor index and as living in a representation of Clifford algebra. Since a basis for spinors is
given in (21.1.6) and a member of this basis is represented by the k-tuple s, we can choose this basis for the
Ramond ground states. So, the basis for R-ground states is as follows;

∣s0, ..., s4⟩ = ∣s⟩ sa = ±
1

2
(10.2.12)

Because of (21.1.9), we see that half integral values of sa mean that R-ground states are spinors. We now
construct an operator called the fermion number operator denoted as F . Since Γµ is identified as the
zero mode of ψµ, and since Γ anti commutes with Γµ, we can work out a quantity that anticommutes with
the full ψµ. This quantity is eπiF where F is the fermion number operator (which is defined only mod 2)
with the following desired property;

F ∣ψ⟩ = f ∣ψ⟩ ⇒ F ((ψ2a
s ± iψ2a+1

s )∣ψ⟩) = (f ± 1)((ψ2a
s ± iψ2a+1

s )∣ψ⟩) = (ψ2a
s ± iψ2a+1

s )F ∣ψ⟩ ± (ψ2a
s ± iψ2a+1

s )∣ψ⟩

⇒ [F, (ψ2a
s ± iψ2a+1

s )] = ±(ψ2a
s ± iψ2a+1

s ) (10.2.13)

where ∣ψ⟩ is an arbitrary state and f is just a number. So, ψµ increases F by one. Using (10.2.13), we get;

eπiF ∣ψ⟩ = eπif ∣ψ⟩ ⇒ eπiFψµ∣ψ⟩ = eπi(f+1)ψµ∣ψ⟩ = −ψµeπif ∣ψ⟩ = −ψµeπiF ∣ψ⟩ ⇒ {eπiF , ψµ} = 0

So, if we can construct an F that satisfies (10.2.13), then eπiF satisfies our requirements. Before constructing
F , we extend Σαβ and Sa as well (like we extended Γµ and Γ). Here are the extensions;

Σαβ = − i
4
[Γα,Γβ] = − i

2
[ψα0 , ψ

β
0 ] → −

i

2
∑
r∈Z+ν

[ψαr , ψ
β
−r] = −i ∑

r∈Z+ν
ψαr ψ

β
−r

Sa = iδa,0Σ2a,2a+1 ⇒ S0 = ∑
r∈Z+ν

ψ0
rψ

1
−r, Sa = −i ∑

r∈Z+ν
ψ2a
r ψ

2a+1
−r , (a ≠ 0) (10.2.14)

Now, the claim is that F is given as follows;

F = S0 + S1 + S2 + S3 + S4 (10.2.15)

We now derive some anti-commutation relations. For a = 1,2,3,4, we have the following two anti-commutation
relations;

Saψ
2a
s = −i ∑

r∈Z+ν
ψ2a
r ψ

2a+1
−r ψ2a

s = iψ2a+1
s − iψ2a

s ∑
r∈Z+ν

ψ2a
r ψ

2a+1
r

= iψ2a+1
s + ψ2a

s Sa ⇒ [Sa, ψ2a
s ] = [F,ψ2a

s ] = iψ2a+1
s

Saψ
2a+1
s = −i ∑

r∈Z+ν
ψ2a
r ψ

2a+1
−r ψ2a+1

s = −iψ2a
s − iψ2a+1

s ∑
r∈Z+ν

ψ2a
r ψ

2a+1
r

= −iψ2a
s + ψ2a+1

s Sa ⇒ [Sa, ψ2a+1
s ] = [F,ψ2a+1

s ] = −iψ2a
s

The above two relations give the following;

[F,ψ2a
s ± iψ2a+1

s ] = iψ2a+1
s ± i(−iψ2a

s ) = ±(ψ2a
s ± iψ2a+1

s ) (10.2.16)

which is consistent with (10.2.13). Moreover, for the remaining spinors, we have the following;

S0ψ
0
s = ∑

r∈Z+ν
ψ0
rψ

1
−rψ

0
s = − ∑

r∈Z+ν
ψ0
rψ

0
sψ

1
−r = − ∑

r∈Z+ν
(−δr+s − ψ0

sψ
0
r)ψ1

−r
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= ψ1
s + ψ0

s ∑
r∈Z+ν

ψ0
rψ

1
−r = ψ1

s + ψ0
sS0 ⇒ [S0, ψ

0
s] = ψ1

s

S0ψ
1
s = ∑

r∈Z+ν
ψ0
rψ

1
−rψ

1
s = ∑

r∈Z+ν
ψ0
r(δ−r+s − ψ1

sψ
1
−r)

= ψ0
s + ψ1

s ∑
r∈Z+ν

ψ0
rψ

1
−r = ψ0

s + ψ1
sS0 ⇒ [S0, ψ

1
s] = ψ0

s

Therefore, we get;
[F,ψ0

r ± iψ1
r] = ψ1

r ± iψ0
r = ±i(ψ0

r ∓ iψ1
r)

This doesn’t agree with (10.2.13). We will get back to that. An alternative definition of F (e.g. in
Blumenhagen) is as follows (in NS sector);

F = ∑
r>0

8

∑
a=2

ψa−rψ
a
r − 1 (10.2.17)

This implies the following (for b > 2);

[F,ψbs] = ∑
r>0

8

∑
a=2
[ψa−rψar , ψbs] = ∑

r>0

8

∑
a=2
(ψa−rψarψbs − ψbsψa−rψar ) = ∑

r>0

8

∑
a=2

ηab(δr+sψa−r − δs−rψar )

= ∑
r>0
(δr+sψb−r − δs−rψbr)

Now, we have the following two cases;

[F,ψbs] = ∑
r>0
(δr+sψb−r − δs−rψbr) = −ψbs (s > 0)

[F,ψbs] = ∑
r>0
(δr+sψb−r − δs−rψbr) = ψbs (s < 0)

which implies the following;
[F,ψb±s] = ∓ψb±s (s > 0)

and this in turn implies the following;

F ∣ψ⟩ = f ∣ψ⟩ ⇒ F (ψb±s∣ψ⟩) = (ψb±sF ∓ ψb±s)∣ψ⟩ = (f ∓ 1)ψb±s∣ψ⟩

So, ψbs decreases F by one and ψb−s increases F by one.

10.2.2 Closed string spectra

In the closed string case, the NS-NS vacuum is ∣0⟩NS ⊗ ∣0⟩NS and thus, the vacuum has integer spin. In the
R-R sector, the vacuum is ∣s, s′⟩ = ∣s⟩ ⊗ ∣s′⟩. This vacuum lies in 32Dirac × 32Dirac representation and using
(21.1.35), we can break it down as follows;

32Dirac × 32Dirac = [0]2 + [1]2 + [2]2 + [3]2 + [4]2 + [5]

If the left and right vaccua have a definite chirality (which is the same as eπiF on the vaccua), the vaccua
have a definite fermion number on left F and on the the right F̃ . For different choices of F, F̃ , the breakdown
of RR vaccua is as follows (using (21.1.37));

F F̃ eπiF eπiF̃ SO(1,9) rep
0 0 1 1 [1] + [3] + [5]+
0 1 1 -1 [0] + [2] + [4]
1 0 -1 1 [0] + [2] + [4]
1 1 -1 -1 [1] + [3] + [5]−

The NS-R or R-NS vaccua have to be spacetime fermions because they contain one fermion index.
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10.3 Vertex operators and bosonization

Using (10.2.4), we see that in the NS sector (with ν = 1/2), the fermion is single-valued. Moreover, (10.1.7),
we see that ψψ OPE is single value. Hence, the products and derivatives of ψ in the NS sector must be in
the NS sector. We now calculate the state corresponding to the k−th derivative of ψ in the NS sector.

∂kψµ(z) = ∑
r∈Z+ 1

2

ψµr
(−r − 1

2
)!

(−r − k − 1
2
)!
z−r−k−

1
2

So, the state corresponding to ∂kψµ is as follows;

∣∂kψµ⟩ = lim
z→0

∂kψµ(z)∣0⟩ = lim
z→0

∑
r∈Z+ 1

2

(−r − 1
2
)!

(−r − k − 1
2
)!
z−r−k−

1
2ψµr ∣0⟩

Now, ψµr ∣0⟩ have to be zero for r + k > 1/2 for all k. The tightest bound comes from k = 0 and thus;

ψµr ∣0⟩ = 0, r =
1

2
,
3

2
, ...

So, we get;
∣∂kψµ⟩ = k! ψµ−k− 1

2

∣0⟩

So, we see that for every derivative, we have one state in the NS sector.
For the Ramond vertex operators, we need bosonization. Let H(z) be a holomorphic field (with α′ = 2). The
OPE’s can be calculated using the following;

VkL,kR(z1, z̄1)Vk′L,k′R(z2, z̄2) ∼ z
α′kLk

′
L/2

12 z̄
α′kRk

′
R/2

12 VkL+k′L,kR+kR(z2, z̄2)

where VkL,kR(z, z̄) = e
ikLXL(z)+ikRXR(z̄) (10.3.1)

The OPE’s are as follows;

eiH(z)e−iH(z) ∼ 1

z
, eiH(z)eiH(z) ∼ O(z) e−iH(z)e−iH(z) ∼ O(z) (10.3.2)

Now, consider two Majorana-Weyl fermions;

ψ(z) = 1√
2
(ψ1(z) + iψ2(z)), ψ̄(z) = 1√

2
(ψ1(z) − iψ2(z)) (10.3.3)

and the OPE’s for fermions is calculated using (10.1.7) as follows;

ψ(z)ψ̄(z) ∼ 1

2
(ψ1(z)ψ1(z) + ψ2(z)ψ2(z)) = 1

z
, ψ(z)ψ(z) ∼ (O)(z), ψ̄(z)ψ̄(z) ∼ (O)(z) (10.3.4)

We identify ψ ∼ eiH(z) and ψ̄(z) ∼ e−iH(z). This identification goes to all the operators as they can be built
using these fundamental operators. Using the following OPEs (derive using Taylor’s expansion);

eiH(z)e−iH(z) ∼ 1

2z
+ i∂H(0) + 2zTHB (0) +O(z2)

ψ(z)ψ(−z) ∼ 1

2z
+ ψψ̄(0) + 2zTψB (0) +O(z

2)

So, the stress tensors match and we have ψψ̄ ∼ i∂H. We can see (derive this) using BCH formula that
eiH(z) anti-commute with each other. Now, if we consider the general periodicity condition for (10.3.3) (as
compared to (10.2.1));

ψ(w + 2π) = e2πiνψ(w), ν ∈ R (10.3.5)

and we define a reference state (is it a general state) as follows (it is not the vacuum);

ψn+ν ∣0⟩ν = ψ̄n−ν+1∣0⟩ν = 0 (10.3.6)
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This gives the Laurent series of ψ(z) and ψ̄(z) as follows;

ψ(z) =
∞
∑
n=1

ψν−n
zν−n+1/2

∼ O(z1/2−ν) ⇒ ψ(z)Aν(0) ∼ O(z1/2−ν)

ψ̄(z) =
∞
∑
n=0

ψ−ν−n
z−ν−n+1/2

∼ O(zν−1/2) ⇒ ψ̄(z)Aν(0) ∼ O(zν−1/2)

where Aν is the corresponding operator for ∣0⟩ν . Using the identifications for ψ(z) and ψ̄(z) from before, we
deduce the following;

ψ(z)Aν(0) ∼ O(z1/2−ν) ⇒ eiH(z)Aν(0) ∼ O(z1/2−ν) ∼ eiH(z)ei(1/2−ν)H(z) ⇒Aν(z) ∼ ei(1/2−ν)H(z)

ψ̄(z)Aν(0) ∼ O(zν−1/2) ⇒ e−iH(z)Aν(0) ∼ O(zν−1/2) ∼ e−iH(z)ei(1/2−ν)H(z) ⇒Aν(z) ∼ ei(1/2−ν)H(z)

So, we get a consistent expression for Aν . The weight of Aν is easily seen to be as follows;

h(Aν) =
1

2
(ν − 1

2
)
2

The fermionic way to derive this weight. We see that (10.3.5) is the same if ν → ν + 1 but the state
in (10.3.6) changes. It the ground state for 0 ≤ ν ≤ 1 (WHY?). Now, we will show that ∣0⟩ν+1 = ψ̄−ν ∣0⟩ν by
showing that this satisfies (10.3.6) with ν → ν + 1.

ψn+ν+1∣0⟩ν+1 = ψn+ν+1ψ̄−ν ∣0⟩ν = −ψ̄−νψn+ν+1∣0⟩ν = 0

ψ̄n−ν ∣0⟩ν+1 = ψ̄n−νψ̄−ν ∣0⟩ν = −ψ̄−νψ̄n−ν ∣0⟩ν =
⎧⎪⎪⎨⎪⎪⎩

0 if n ≠ 0 (∣0⟩νcondition)
0 if n = 0 (ψ̄−νψ̄−ν = 0)

This phenomenon is called spectral flow. For the Ramond case, we have ν = 0 but the state ∣0⟩0 will flow
into ∣0⟩1. The corresponding operators for these states are as follows;

∣0⟩0 ∼ eiH(z)/2, ∣0⟩1 ∼ e−iH(z)/2

We relabel these states as follows;

∣s⟩ ∼ eisH(z), s = 1

2

This resembles the ground state of the Ramond sector. However, for Ramond sector, we need five different s
values and thus, five different H’s. These are dual to five different complex fermions. They are constructed
as follows;

1√
2
(±ψ0(z) + ψ1(z)) ∼ e±iH

0

1√
2
(±ψ2a(z) + ψ2a+1(z)) ∼ e±iH

a

, a = 1,2,3,4

Thus finally, we can come up with the vertex operator for the Ramond ground state (denoted as Θs) as
follows;

∣s⟩ ∼ Θs = exp [i∑
a

saH
a]

Θs is also called a spin field. (Bosonization of the bc ghost system and equivalence to linear
dilaton)
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10.4 The superconformal ghosts

The action of the superconfromal ghost action is as follows;

S = 1

2π
∫ d2z(b∂̄c + β∂̄γ)

and the stress tensor for this theory is as follows (see (2.5.5));

TB(z) =∶ ∂bc ∶ (z) − λ∂ ∶ bc ∶ (z)+ ∶ ∂βγ ∶ (z) − (λ −
1

2
)∂ ∶ βγ ∶ (z) (10.4.1)

If we choose λ = 2, we get;

TB(z) =∶ ∂bc ∶ (z) − 2∂ ∶ bc ∶ (z)+ ∶ ∂βγ ∶ (z) −
3

2
∂ ∶ βγ ∶ (z) (10.4.2)

The expression for TF is (derive this);

TF (z) =∶ ∂βc ∶ (z) +
3

2
∶ β∂c ∶ (z) − 2 ∶ bγ ∶ (z) (10.4.3)

So, the conformal weights of the fields are as follows;

h(b) = 2, h(c) = −1; h(β) = 3

2
; h(γ) = −1

2
(10.4.4)

and the mode expansions are thus as follows (using the fact that the periodicities of these ghosts should be
the same as TF );

b(z) = ∑
m∈Z

bm
zm+2

, c(z) = ∑
m∈Z

cm
zm−1

, β(z) = ∑
r∈Z+ν

βr
zr+3/2

, γ(z) = ∑
n∈Z+ν

γr
zr−1/2

, (10.4.5)

Now we define the ground state as follows;

βr ∣0⟩NS = 0, r ≥
1

2
, γr ∣0⟩NS = 0, r ≥

1

2

βr ∣0⟩R = 0, r ≥ 0, γr ∣0⟩R = 0, r ≥ 1

bm∣0⟩NS,R = 0, m ≥ 0, cm∣0⟩NS,R = 0, m ≥ 1 (10.4.6)

Notice that in the NS case, βr with positive r’s are annihilation operators and thus, their conjugates (based
on the commutation relations) γ−r’s are creation operators. The same thing happens with the R case but
they problem of zero modes is there. We choose β0 to be an annihilation operator and thus, its conjugate
γ0 is the creation operator. A similar story happens but bm’s and cm’s (b0 is chosen to be the annihilation
operator).

10.4.1 Vertex operators

We consider the state corresponding to the unit operator. Let’s call it ∣1⟩. It has to be in the NS sector
because the unit operator doesn’t have a branch. Now, this state has to satisfy the following properties (see
(10.4.4));

βr ∣1⟩ = 0, (r > −
3

2
) , γr ∣1⟩ = 0, (r >

1

2
) , bm∣1⟩ = 0, (m > −2) , cm∣1⟩ = 0, (r > 1) (10.4.7)

∣1⟩ is not ∣0⟩NS. We can show that ∣0⟩NS = c1∣1⟩. It trivially satisfies all the properties of ∣0⟩NS as listed in
(10.4.6). We now want to find the vertex operator for ∣0⟩NS in terms of γ. Let’s call it δ(γ(z)) i.e.

∣0⟩NS = δ(γ(0))∣1⟩

. We now derive the following results;

γ(z)δ(γ(0))∣1⟩ = ∑
r∈Z+ 1

2

γr

zr−
1
2

∣0⟩NS = ∑
r< 1

2

γr

zr−
1
2

∣0⟩NS = γ− 1
2
z∣0⟩NS + ...
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∼ O(z)∣0⟩NS ⇒ γ(z)δ(γ(0)) ∼ O(z) (10.4.8)

β(z)δ(γ(0))∣1⟩ = ∑
r∈Z+ 1

2

βr

zr+
3
2

∣0⟩NS = ∑
r< 1

2

βr

zr+
3
2

∣0⟩NS =
1

z
β− 1

2
∣0⟩NS + ...

∼ O(z−1)∣0⟩NS ⇒ β(z)δ(γ(0)) ∼ O(z−1) (10.4.9)

Now we will bosonize the βγ system to look it like the bosonisation of bc system. We consider the following
OPE;

β(z)γ(z)β(0)γ(0) = β(z)γ(0)γ(z)β(0) ∼ − 1

z2
(10.4.10)

This matches the OPE of ∂ϕ with itself where ϕ is the chiral, free boson. So, we have the following corre-
spondence;

βγ(z) ∼ ∂ϕ(z) (10.4.11)

Moreover, we can get another correspondence. Firstly, we get the following results;

β(z)γ(z)β(0) ∼ β(0)
z
⇒ ∂ϕ(z)β(0) ∼ β(0)

z
, β(z)γ(z)γ(0) ∼ −γ(0)

z
⇒ ∂ϕ(z)γ(0) ∼ −γ(0)

z

and then, we consider the following OPEs

∂ϕ(z)e−ϕ(0) ∼ e
−ϕ(0)

z
, ∂ϕ(z)eϕ(0) ∼ −e

ϕ(0)

z

Comparing the OPEs in the above two equations, we get the following;

β(z) ∼ e−ϕ(z), γ(z) ∼ eϕ(z) (10.4.12)

This will cause a problem. Consider the following OPEs;

e±ϕ(z)e±ϕ(0) ∼ O(z−1), eϕ(z)e−ϕ(0) ∼ O(z) (10.4.13)

this implies that we will have the following OPEs;

β(z)β(0) ∼ O(z−1), γ(z)γ(0) ∼ O(z−1), β(z)γ(0) ∼ O(z)

but these are the wrong OPEs. We can fix this by adding additional fields which are non-singular with
respect to ϕ in order to retain the OPE in (10.4.10). The new bosonization is as follows;

β(z) ∼ e−ϕ(z)∂ξ(z), γ(z) ∼ eϕ(z)η(z) (10.4.14)

and we need to impose the βγ OPEs to get the OPEs between ∂ξ and η as follows;

β(z)γ(0) ∼ e−ϕ(z)∂ξ(z)eϕ(0)η(0) = e−ϕ(z)eϕ(0)∂ξ(z)η(0) ∼ O(z−1) ⇒ ξ(z)η(0) ∼ O(z−1)

β(z)β(0) ∼ e−ϕ(z)∂ξ(z)e−ϕ(0)∂ξ(0) = e−ϕ(z)e−ϕ(0)∂ξ(z)∂ξ(0) ∼ O(1) ⇒ ∂ξ(z)∂ξ(0) ∼ O(z)

γ(z)γ(0) ∼ eϕ(z)η(z)eϕ(0)η(0) = eϕ(z)eϕ(0)η(z)η(0) ∼ O(1) ⇒ η(z)η(0) ∼ O(z)

This makes this theory look like a bc theory (although this will imply that ∂ξ(z)∂ξ(0) ∼ O(1) but the O(1)
term should vanish due to the anti commutativity). Now, we determine the stress tensor of the ϕ theory.
The stress tensor of βγ theory (with β having a weight of λ) is as follows (I have excluded the normal order
sign);

T (z) = (1 − λ)∂β(z)γ(z) − λβ(z)∂γ(z)

The OPE of this T (z) can be calculated with βγ but we will calculate the fully contracted term only. The
calculation is as follows;

T (z)β(0)γ(0) ∼ (1 − λ)∂β(z)γ(z)β(0)γ(0) − λβ(z)∂γ(z)β(0)γ(0) + ... = (1 − λ)
z3

− λ

z3
+ ... = 1 − 2λ

z3
+ ...
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This can be compared with the following OPE;

−1
2
∂ϕ(z)∂ϕ(z)∂ϕ(0) − 1

2
∂ϕ(z)∂ϕ(z)∂ϕ(0) + 1

2
(1 − 2λ)∂2ϕ(z)∂ϕ(0) = 1 − 2λ

z3
+ ∂ϕ(0)

z2
+ ∂

2ϕ(0)
z

This gives the conclusion that the stress tensor for the ϕ theory is as follows;

TϕB(z) = −
1

2
∂ϕ(z)∂ϕ(z) + 1 − 2λ

2
∂2ϕ(z) (10.4.15)

The weights of the exponentials in (10.4.14) are calculated as follows;

TϕB(z)e
ϕ(0) ∼ −1

2
∂ϕ(z)∂ϕ(z)eϕ(0) + 1 − 2λ

2
∂2ϕ(z)eϕ(0) ∼ 1/2 − λ

z2
eϕ(0) + ∂ϕ(z)e

ϕ(0)

2z
∼ − λ

z2
eϕ(0) +O(z−1)

TϕB(z)e
−ϕ(0) ∼ −1

2
∂ϕ(z)∂ϕ(z)e−ϕ(0) + 1 − 2λ

2
∂2ϕ(z)e−ϕ(0) ∼ λ − 1/2

z2
e−ϕ(0) − ∂ϕ(z)e

−ϕ(0)

2z
∼ λ − 1

z2
eϕ(0) +O(z−1)

which means that the weights of ξ(z) and η(z) have to be 0 and 1 respectively. Therefore, the ηξ system is
a λ = 1 bc system with η being like b and ξ being like c. Using (2.5.5), the stress tensor of ηξ theory is as
follows;

T ηξB = − ∶ η∂ξ ∶ (z) (10.4.16)

We now calculate the central charges of the ϕ theory and the ηξ theory. Observing (10.4.15), we see that it
is a one-dimensional linear dilaton CFT with α′ = 2 and V = (1− 2λ)/2. So, the central charge of ϕ theory is
as follows;

cϕ = 1 + 12V 2 = 1 + 12(1 − 2λ
2
)
2

= 3(1 − 2λ)2 + 1 (10.4.17)

Moreover, since ηγ is equivalent to a bc system with λ = 1 we can use (2.5.6) to get the following;

cηγ = 1 − 3(2(1) − 1)2 = −2 (10.4.18)

So, the central charge of the βγ system is 3(1− 2λ)2 + 1− 2 = 3(1− 2λ)2 − 1 which is the right central charge.
Write about the representation of beta gamma system in terms of the free boson.
For string theory, the relevant value of λ is 3/2. Using (10.4.9) and (10.4.8), we can identify δ(γ(z)) as the
following;

δ(γ(z)) ∼ e−ϕ(z) (10.4.19)

which has h = 1/2. Now, we can do a similar analysis for the vertex operator of R ground state. Let’s call it
Σ. It means that we have;

∣0⟩R = Vs(0∣1⟩ = Σ(0)Θs(0)∣1⟩ (10.4.20)

Using (10.4.6) and (10.4.5), we can derive the following;

β(z)Σ(0)∣1⟩ = ∑
r∈Z

βr

zr+
3
2

∣0⟩R = ∑
r<0

βr

zr+
3
2

∣0⟩R = β−1z−1/2∣0⟩R + ... ∼ O(z−1/2) ∼ β(z)Σ(0) ∼ O(z−1/2)

γ(z)Σ(0)∣1⟩ = ∑
r∈Z

γr

zr−
1
2

∣0⟩R = ∑
r<1

γr

zr−
1
2

∣0⟩R = γ0z1/2∣0⟩R + ... ∼ O(z1/2) ∼ γ(z)Σ(0) ∼ O(z1/2)

We can compare these OPEs with the following OPEs;

eϕ(z)e−ϕ(0)/2 ∼ O(z1/2), e−ϕ(z)e−ϕ(0)/2 ∼ O(z−1/2)

Using these OPEs and (10.4.14), we can get the following identification;

Σ(z) ∼ e−ϕ(z)/2 (10.4.21)

The worldsheet fermion number F is defined to be odd for β and γ because {F,TF } = 0 and we want F
to commute with BRST charge which contains the term γTF (write more about this). This justifies the
negative fermion number of ∣0⟩NS. Another way to see F is that we see it as the charge associated to the
current in (10.4.11) and this charge is l for elϕ(z) (Derive this). Since the NS vaccum has e−lϕ in its vacuum,
its fermion number is −1 (why R doesn’t have F = −1/2 then? because of the spin field?).
(Write about cocycles)
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10.5 Physical states

The constraints are applied on the physical states as follows;

Ln∣ψ⟩ = 0, Gr ∣ψ⟩ = 0, n ≥ 0, r ≥ 0 (10.5.1)

where we only talk about the matter generators right now. The mass-shell condition is as follows;

L0∣ψ⟩ =H ∣ψ⟩ = 0 (10.5.2)

where this generator is the matter+ghost generator. H is derived as follows (derive this);

H =
⎧⎪⎪⎨⎪⎪⎩

α′p2 +N − 1
2
(Neveu Schwarz)

α′p2 +N (Ramond)
(10.5.3)

The NS ground state is ∣k,0⟩NS and is labelled by a momentum k. The constraints (10.5.1) are trivially
satisfied for this state. The mass shell condition gives the following;

L0∣k,0⟩NS = (α′p2 +N −
1

2
) ∣k,0⟩NS = 0⇒ k2 = 1

2α′

a positive k2 indicates a tachyon. We will call the theory built on this vacuum NS− (because eπiF = −1).
(Calculate the fermion number by adding ghost contribution). The first excited state is given as
follows;

∣e;k⟩NS = eµψµ−1/2∣0;k⟩NS (10.5.4)

where eµ is the polarization vector. The constraints are calculated as follows;

Lm∣e;k⟩NS =
1

4
∑
r>0
(2r −m)ψµm−rψµreνψν−1/2∣0;k⟩NS +

1

4
∑
r>0
(2r +m)ψµr ψµm+reνψν−1/2∣0;k⟩NS

= 1

4
(1 − 3m)ψµ

2m− 1
2

eµ∣0;k⟩NS +
1

4
(m + 1)ψµ1

2

eµ∣0;k⟩NS = 0 (m > 0)

So, this constraint is trivially satisfied. The next constraint is imposed as follows;

Gr ∣e;k⟩NS = (αµ0ψµr + ∑
n>0

αµnψµr−n + ∑
n>0

αµ−nψµr+n) eνψν−1/2∣0;k⟩NS

= αµ0 eµδr− 1
2
∣e;k⟩NS + ∑

n>0
αµ−neµδr+n− 1

2
∣e;k⟩NS = αµ0 eµδr− 1

2
∣e;k⟩NS

So, the only non-trivial constraint comes from G 1
2
. This constraint implies the following;

αµ0 eµ∣e;k⟩NS = 0⇒ kµeµ = 0

Finally, the mass shell constraint gives the following;

(α′p2 +N − 1

2
) ∣e;k⟩NS = (α′k2 +

1

2
− 1

2
) ∣e;k⟩NS = 0⇒ k2 = 0

The fermion number for this state has to be +1. We now show that G−1/2∣e;k⟩NS is a null state. It is done
as follows;

⟨ψ∣G−1/2∣e;k⟩NS = ⟨e;k∣G−1/2∣ψ⟩ = 0

LmG− 1
2
∣e;k⟩NS = G− 1

2
Lm∣e;k⟩NS +

m + 1
2

Gm− 1
2
∣e;k⟩NS = 0 (m > 0)

GrG− 1
2
∣e;k⟩NS = 2Lr− 1

2
∣e;k⟩NS = 0 (r ≥

1

2
)

The form of this null state is as follows;

G− 1
2
∣e;k⟩NS = αµ0ψµ− 1

2
∣e;k⟩NS =

√
2α′kµψµ− 1

2
∣e;k⟩NS
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Thus, the general first excited state is as follows;

(eµ + λkµ)ψµ− 1
2

∣e;k⟩NS ⇒ eµ ∼ eµ + λkµ

We will refer to the theory built on this vacuum NS+ theory (because eπiF = 1 on this vacuum). Now, a
general Ramond vacuum can be expanded in terms of the basis states labelled by s as follows;

∣u;k⟩R = ∣s;k⟩Rus (10.5.5)

The mass shell condition calculation goes as before and we get that k2 = 0 for the ground state. The Lm and
Gr (for r ≠ 0) constraints are again trivially satisfied. The G0 constraint gives us the following;

G0∣s;k⟩Rus = αµ0ψµ0∣s;k⟩Rus =
√
α′∣s′;k⟩RkµΓµs′sus = 0⇒ k.Γs′sus = 0

which is the massless Dirac equation. Now, since the state is massless, we can go to the frame where k0 = k1.
In that frame, the Dirac equation becomes;

(k0Γ0 + k1Γ1)u = k0(Γ0 − Γ0Γ0Γ1)u = −k0Γ0(Γ0Γ1 − 1)u = −k0Γ0(2S0 − 1)u = −2k0Γ0 (S0 −
1

2
)u = 0

and thus, only the states with s0 = 1/2 survive. Now, using (21.1.40) with k = 4 and l = 0, we get the following
decomposition for SO(9,1) → SO(1,1) × SO(8);

16 = (1,8) ⊕ (1′,8′) = (1
2
,8) ⊕ (−1

2
,8′)

16’ = (1,8′) ⊕ (1′,8) = (1
2
,8′) ⊕ (−1

2
,8)

So the massless Dirac equation allows a vacuum with SO(8) representation of 8 with chirality +1 (which is
the same as eπiF on the vacuum) and a vacuum with SO(8) representation of 8 with eπiF = −1. We will call
these sectors R+ and R−. The open string sectors are then as follows;

Sector eπiF m2 SO(8)
NS+ 1 0 8v
NS− −1 −1/2α′ 1
R+ 1 0 8
R− −1 0 8′

For the closed string vacuum, we need to have the level matching condition (i.e. the mass shell condition
on the left and right movers must give the same mass). It is written as follows (derive by rescaling the
momentum);

α′

4
m2 = N − ν = Ñ − ν̃ (10.5.6)

Since the mass of NS− vacuum is different from all the other sectors, it can’t be coupled with any other
sector. So, the only closed string sector that contains NS− is (NS−,NS−). We can make the following table
to help us work out the possible closed string sectors;

Sector N ν N − ν α′m2/4
NS+ 1/2 1/2 0 0
NS− 0 1/2 −1/2 −1/2
R+ 0 0 0 0
R− 0 0 0 0

So it is very clear that the allowed sectors are (we exclude sectors that are reflections of other sectors - i.e.
that can be obtained by flipping left and right sectors -);

(NS−,NS−), (NS+,NS+), (NS+,R+), (NS+,R−), (R+,R+), (R+,R−), (R−,R−)

Among these sectors, (NS−,NS−) has the tachyon. Before writing down the spectrum of the other sectors,
we need to work out the following decompositions. 8v × 8v is a tensor representation but can be broken
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sector So(8) rep decomposition dimensions
(NS−,NS−) 1 - -
(NS+,NS+) 8v × 8v [0] + (2) + [2] 1+28+35
(NS+,R+) 8v × 8 - 8’+56
(NS+,R−) 8v × 8′ - 8+56’
(R+,R+) 8 × 8 [0] + [2] + [4]+ 1 + 28 + 35+
(R−,R−) 8′ × 8′ [0] + [2] + [4]− 1 + 28 + 35−
(R+,R−) 8 × 8′ [1] + [3] 8+56

Table 1: Spectrum for closed string sectors

down to a traceless symmetric tensor with 8(8 + 1)/2 − 1 = 35 components, an anti-symmetric tensor with
8(8−1)/2 = 28 components and a pure trace with one component (just like the closed bosonic string massless
state). So, we have;

8v × 8v = 1 + 28 + 35 (10.5.7)

From (21.1.37), we get the following three decompositions for k = 3,

8 × 8 = [0] + [2] + [4]+ = 1 + 28 + 35+

8′ × 8′ = [0] + [2] + [4]− = 1 + 28 + 35−
8 × 8′ = [1] + [3] = 8 + 56 (10.5.8)

where we used the fact that the number of independent components in an antisymmetric tensor of rank r
in d dimensions is (d

r
). We chose d = 8. Lastly, we talk about 8v × 8. We can take a general state in this

representation and label it as ∣i; s⟩. We can now make eight different linear combinations, labeled by s′ as
follows;

Γis′s∣i; s⟩

The chirality of this combination is different from ∣i; s⟩ which can be shown as follows;

Γ∣i; s⟩ = α∣i; s⟩ ⇒ Γ(Γis′s∣i; s⟩) = −Γis′sΓ∣i; s⟩ = −αΓis′s∣i; s⟩

Under the action of SO(8), this combination maps to a similar combination (derive this). Therefore, there
is an 8′ representation on there. The other 56 states make a single representation (derive this). So, we
have the following;

8v × 8 = 8′ + 56

8v × 8′ = 8 + 56′ (10.5.9)

Now, the closed string sectors are as follows; (Write BRST quantization)

10.6 Superstring theories in ten dimensions

Instead of naming the theories with ν and F , we adopt the more convenient numbers (α,F ) where α = 1−2ν.
This gets rid of the fractions in ν and makes α defined up to mod 2 only. In the open string case, we have
the following correspondences;

(α,F ) ν sector
(0,1) 1/2 NS+
(0,−1) 1/2 NS−
(0,1) 0 R+
(0,−1) 0 R−

For closed string, we label the sectors by four numbers (α,F, ᾱ, F̄ ). The correspondences are tabulated as
follows;
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(α,F, α̃, F̃ ) sector
(0,0,0,0) (NS+,NS+)
(0,0,0,1) -
(0,0,1,0) (NS+,R+)
(0,0,1,1) (NS+,R−)
(0,1,0,0) -
(0,1,0,1) (NS+,NS−)
(0,1,1,0) -
(0,1,1,1) -
(1,0,0,0) (R+,NS+)
(1,0,0,1) -
(1,0,1,0) (R+,R+)
(1,0,1,1) (R+,R−)
(1,1,0,0) (R−,NS+)
(1,1,0,1) -
(1,1,1,0) (R−,R+)
(1,1,1,1) (R−,R−)

Some of the possibilities aren’t connected to an allowed sector because they involve coupling NS− to another
sector. Some sectors are reflections of other sectors. So, we still have only seven possible sectors. Now, we
impose conditions to make consistent theories.

1- We want operators to be mutually local (i.e. they don’t pick up phase when one operator circles around
another). All of the operators can’t be mutually local because the vertex operator of Ramond vaccum
has branch cuts. Consider two operators in (α1, F1, α̃1, F̃1) (α2, F2, α̃2, F̃2) theories. Then the phase
acquired by this circling is (derive this);

exp [πi(F1α2 − F2α1 − F̃1α̃2 + F̃2α̃1)] (10.6.1)

Note that since α = 0 for NS sector, if all the α’s vanish, then the phase is unity and it makes sense
because there are no branch cuts in the NS sector. So, the first consistency condition is;

F1α2 − F2α1 − F̃1α̃2 + F̃2α̃1 ∈ 2Z (10.6.2)

2- We recall that in the plane, Ramond operators have half-integer modes and NS operators have integer
modes. So, for the operator products in the plane, we have the following;

R ×R = NS⇒ 1 × 1 = 0 (= 1 + 1 mod 2)

R ×NS = R⇒ 1 × 0 = 1 (= 1 + 0 mod 2)

NS ×NS = NS⇒ 0 × 0 = 0 (= 0 + 0 mod 2)

where we wrote the same thing in terms of corresponding α values. So, we see that in the operator
products, α’s just add up (up to mod 2). It is easier to see that the fermion number also adds up and
thus, F is also conserved mod 2. Now, we can state our second condition. We want the OPEs to close
and thus, if (α1, F1, α̃1, F̃1) and (α2, F2, α̃2, F̃2), then we should also have the following sector;

(α1 + α2, F1 + F2, α̃1 + α̃2, F̃1 + F̃2) mod 2

3- When we study modular invariance (which we will study later), we get these modular connections
between NS and R sectors (e.g. partition function connections). This tells us that we should have
at least one left and right moving Ramond sector (a theory with NS sectors alone won’t be modular
invariant).

Now, if we assume that we have at least one NS−R sector, it has to be (R+,NS+) = (1,0,0,0) or (R−,NS+) =
(1,1,0,0) sector or both. The phase in (10.6.1) for these two sectors is as follows;

exp [πi((0)(1) − (1)(1) − (0)(0) + (0)(0))] = −1
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So, these two sectors can’t co-exist in a theory. We should also have NS−R or R−R sectors (or both sectors)
according to the third requirement. Since we already have R −NS sector by assumption, we see that if we
have an R −R sector, then the operator product goes as follows;

R −NS ×R −R = NS −R

So, we will have an NS sector in any case (i.e. whether or not we have an R sector). So, we have the following
possibilities;

IIB ∶ (R+,NS+) with (NS+,R+) ⇒ (1,0,0,0) with (0,0,1,0)

IIA ∶ (R+,NS+) with (NS+,R−) ⇒ (1,0,0,0) with (0,0,1,1)

IIA′ ∶ (R−,NS+) with (NS+,R+) ⇒ (1,1,0,0) with (0,0,1,0)

IIB′ ∶ (R−,NS+) with (NS+,R−) ⇒ (1,1,0,0) with (0,0,1,1)

where we have put labels on these possibilities. Let’s take IIB possibility first. It has (1,0,0,0) and (0,0,1,0)
possibilities. Condition 2 requires us to have the following sectors as well.

(1,0,0,0) + (1,0,0,0) = (0,0,0,0) (mod 2) = (NS+,NS+)

(1,0,0,0) + (0,0,1,0) = (1,0,1,0) (mod 2) = (R+,R+)

So, the full type IIB possibility is as follows;

IIB ∶ (R+,NS+) , (NS+,R+) , (NS+,NS+) , (R+,R+) (10.6.3)

Let’s take the possibility IIA now. We already have (1,0,0,0) and (0,0,1,1) there. Closure of OPEs requires
us to have the following sectors;

(1,0,0,0) + (1,0,0,0) = (0,0,0,0) (mod 2) = (NS+,NS+)

(1,0,0,0) + (0,0,1,1) = (1,0,1,1) (mod 2) = (R+,R−)

All the other OPEs close after adding these two sectors ((check mutual localities)). So, the full IIA
possibility is as follows;

IIA ∶ (R+,NS+) , (NS+,R−) , (NS+,NS+) , (R+,R−) (10.6.4)

Let’s take the possibility IIA’ now. We already have (1,1,0,0) and (0,0,1,0) there. Closure of OPEs requires
us to have the following sectors;

(1,1,0,0) + (1,1,0,0) = (0,0,0,0) (mod 2) = (NS+,NS+)

(1,1,0,0) + (0,0,1,1) = (1,1,1,0) (mod 2) = (R−,R+)

All the other OPEs close after adding these two sectors. So, the full IIA possibility is as follows;

IIA′ ∶ (R−,NS+) , (NS+,R+) , (NS+,NS+) , (R−,R+) (10.6.5)

Finally, we consider the possibility IIB’ now. We already have (1,1,0,0) and (0,0,1,1) there. Closure of
OPEs requires us to have the following sectors;

(1,1,0,0) + (1,1,0,0) = (0,0,0,0) (mod 2) = (NS+,NS+)

(1,1,0,0) + (0,0,1,1) = (1,1,1,1) (mod 2) = (R−,R−)

All the other OPEs close after adding these two sectors. So, the full IIA possibility is as follows;

IIA ∶ (R−,NS+) , (NS+,R−) , (NS+,NS+) , (R−,R−) (10.6.6)

If we do a spacetime reflection on an axis e.g. X2 → −X2, ψ2 → −ψ2 ψ̃2 → −ψ̃2. It flips the sign of S1

(see (10.2.14)) and thus, it changes the value of F by 1 (see (10.2.15)). Thus, eπiF changes the sign as well.
(Why is this argument true for Ramond only?). So, IIA and IIA’ (as well as IIB and IIB’) are re-
lated by a spacetime reflection. (Check that action and constraints are unchanged in this reflection).
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Now, if we assume that we have no R−NS sector, condition 3 requires us to have (R+,R+) = (1,0,1,0),(R+,R−) =
(1,0,1,1) , (R−,R+) = (1,1,1,0) or (R−,R−) = (1,1,1,1) sector. Condition 2 requires us to have (NS+,NS+)
sector as well as shown below.

(1,0,1,0) + (1,0,1,0) = (0,0,0,0) = (NS+,NS+)

(1,0,1,1) + (1,0,1,1) = (0,0,0,0) = (NS+,NS+)

(1,1,1,0) + (1,1,1,0) = (0,0,0,0) = (NS+,NS+)

(1,1,1,1) + (1,1,1,1) = (0,0,0,0) = (NS+,NS+)

Since all α’s and F ’s vanish for (NS+,NS+), the mutual locality is trivially satisfied but these possibilities
are not modular invariant (give reasons for it, probably partition function). The modular invariance
is restored if we include (NS−,NS−) sector. Then, the two possibilities are as follows;

0A ∶ (NS+,NS+), (R+,R−), (R−,R+), (NS−,NS−) (10.6.7)

0B ∶ (NS+,NS+), (R+,R+), (R−,R−), (NS−,NS−) (10.6.8)

These theories obviously have tachyons but they are modular invariant. For IIB theory, all chiralities are +1
and thus, we have:

IIB ∶ eπiF = eπiF̃ = 1 (10.6.9)

For IIA theory, the left-handed chiralities are positive but the right-handed chiralities are +1 for NS sector
(for which α̃ = 0) and −1 for R sector (for which α̃ = 1). So, the right-handed chiralities are given by (−1)α̃.
Thus, have the following;

IIA ∶ eπiF = 1, eπiF̃ = (−1)α̃ (10.6.10)

These projections are known as GSO projections. The 0B theory has same chirality for left and right movers
and it has the same kind of periodicity for left and right movers. So, we get;

0B ∶ eπiF = eπiF̃ , α = α̃ (10.6.11)

This projection is called the diagonal GSO projection. Usingm table 1, we can write down the spectrum of
IIA and IIB theories.

IIA ∶ [0] + [1] + [2] + [3] + (2) + 8′ + 56 + 8 + 56′ (10.6.12)

IIB ∶ [0]2 + [2]2 + (2) + [4]+ + 8′2 + 562 (10.6.13)

(Talk about gravitinos, oriented strings, open strings and other topics) The closed unoriented type
I has the spectrum;

IA (closed): [0] + (2) + [2] + 8 + 56 (10.6.14)

where [2] comes from (R,R) spectrum and not from (NS+,NS+) spectrum. The open string can couple with
unoriented closed string only (because it has one gravitino only include the reason why this matters)
and thus, the spectrum is;

IA (closed, open): [0] + (2) + [2] + 8 + 56 + 8 + 56 (10.6.15)

Include chirality reason why the other open string can’t appear. (oriented strings, open strings
and other topics)

10.7 Modular invariance

We can calculate the torus amplitude for superstrings. We have two species i.e. bosons and fermions and
thus, there will be a relative negative sign for the spacetime fermions (find justification as the negative
sign was coming in energy density). So, we put d = 10 in (7.3.1) and use the following facts;

qq̄ = e−4πτ2 ⇒ e−πτ2α
′k2 = (qq̄)α

′k2/4

Moreover,

m2
i =

4

α′
(hi − 1) =

4

α′
(h̄i − 1)
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So, using these two facts, (7.3.1) becomes (for d = 10);

ZT 2 = V10 ∫
F0

dτdτ̄

4τ2
∫

d10k

(2π)10 ∑i∈H⊥
(−1)Fiqα

′(k2+m2
i )/4q̄α

′(k2+m2
i )/4

We now have to sum over all possible states. The states are labelled by occupancy numbers of the bosonic
modes and fermionic modes. So, we have to add over all possible modes. We also have to do the k integration.
We saw in chapter 7 that the contribution from each X is as follows;

ZX(τ) = (4π2α′τ2)−1/2∣η(τ)∣2

So, the total bosonic contribution will be Z8
X (because there are eight transverse directions). However, the

k0 and k1 directions are still undone, and doing them will give an additional factor of i(4π2α′τ2)−1 (i comes
because we need to Wick rotate k0 → ik0).
For the fermionic sector, we need to consider general periodicities. We can do the calculation for periodicities
much more general than ν = 0 (R sector) or ν = 1/2 (NS sector). Such periodicities were considered in
subsection 10.3 when deriving the vertex operators for R vacuum. Recall that α = 1 − 2ν and then, the
following facts are relevant.
The ground state is;

∣0⟩ν , 0 ≤ ν ≤ 1⇒ 0 ≤ α ≤ 1

and the creation operators are as follows;

ψn+ν , ψ̃n+1−ν , n = −1,−2, ... or ψ−n+(1−α)/2, ψ̃−n+1−(1−α)/2 = ψ̃−n+(1+α)/2, n = 1,2, ...

The weight of the ground state is as follows;

hν =
1

2
(ν − 1

2
)
2

= α
2

8

The contribution of these two fermions to the conformal weight (or the hamiltonian as hamiltonian is L0+L̄0)
is as follows;

α2

8
+
∞
∑
m=1
(m − 1 − α

2
)Nm +

∞
∑
m=1
(m − 1 + α

2
) Ñm + zero point

where Nm is the occupancy number of ψ−m+(1−α)/2 and Ñm is the occupancy number of ψ̃−m+(1+α)/2. Now,
we have to determine the zero-point energy. The combination;

α2

8
+ zero point

should be 2×(−1/48) = −1/24 when α = 0 because in this case, the fermions will be in the NS sector (i.e. they
are anti-periodic fermions) and since they are two in number, we have a factor of 2. So, zero point should
be −1/24. So, the total contribution to the hamiltonian by these two fermions is;

α2

8
+
∞
∑
m=1
(m − 1 − α

2
)Nm +

∞
∑
m=1
(m − 1 + α

2
) Ñm −

1

24

=
∞
∑
m=1
(m − 1 − α

2
)Nm +

∞
∑
m=1
(m − 1 + α

2
) Ñm +

3α2 − 1
24

To take the trace, we proceed as follows;

Trα(qH) = q(3α
2−1)/24

∞
∏
m=1

1

∑
Nm,Ñm=0

q(m−
1−α
2
)Ñmq(m−

1+α
2
)Ñm = q(3α

2−1)/24
∞
∏
m=1
(1 + qm−(1−α)/2) (1 + qm−(1+α)/2)

The occupation numbers are only 0 and 1 because these are fermions. Now we want to define the fermion
number for ψ and ψ̃. Since ψ’s and ψ̃’s are of the following form in the bosonization;

ψa = 1√
2
(ψ2a + iψ2a+1) , ψ̃a = 1√

2
(ψ2a − iψ2a+1) , a ∈ {1,2,3,4}
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we see using (10.2.16), we see that F gives a fermion number +1 for ψ and −1 for ψ̃. In the bosonization
picture, it is the momentum for H and the ground state charge is α/2 (derive this). So, Q mod 2 should
be F . One derivation might be as follows. Define Q = −i(∂H(z))−1 and then, we have;

−i∂H(z)∣0⟩ν = −i∂H(z) exp(i(−ν +
1

2
)H(0))∣1⟩ = −i∂H(z) exp(−iα

2
H(0))∣1⟩

∼ α

2z
exp(−iα

2
H(0))∣1⟩ + ... = α

2z
∣0⟩ν + ...

where we used the OPE between −i∂H and the H exponential. This OPE can be converted to the following
commutation relation;

[(∂H)m, [exp(−i
α

2
H)]

n
] = α

2
[exp(−iα

2
H)]

m+n

(There is a problem with the subscripts when calculating the charge. Solve this). Using Q, we
can define a general partition function as follows;

Zαβ (τ) = Trα (qHeπiβQ)

This partition function will have two differences. Firstly, we will have an additional factor because of the
vacuum charge underQ. Secondly, it will have an additional factor in the terms that have a fermion occupancy
number equal to 1. So, we will have the following;

Zαβ (τ) = q(3α
2−1)/24eπiαβ/2

∞
∏
m=1
[1 + eπiβqm−(1−α)/2] [1 + e−πiβqm−(1+α)/2] (10.7.1)

We can write this in a compact form. Using the generalized theta functions, we have;

ϑ [α/2
β/2] (0, τ) = ∑

n∈Z
eπi(n+

α
2
)2τ+πiβ(n+α

2
) = eπiα

2τ/4eπiαβ/2∑
n∈Z

eπin
2τeπin(ατ+β)

= qα
2/8eπiαβ/2∑

n∈Z
qn

2/2eπin(ατ+β) = qα
2/8eπiαβ/2

∞
∏
m=1
(1 − qm)(1 + qm−1/2eπi(ατ+β))(1 + qm−1/2e−πi(ατ+β))

= qα
2/8−1/24eπiαβ/2η(τ)

∞
∏
m=1
(1 + qm−1/2eπi(ατ+β))(1 + qm−1/2e−πi(ατ+β))

= q(3α
2−1)/24eπiαβ/2η(τ)

∞
∏
m=1
(1 + qm−(1−α)/2eπiβ)(1 + qm−(1+α)/2e−πiβ) = η(τ)Zαβ (τ)

⇒ Zαβ (τ) =
1

η(τ)
ϑ [α/2
β/2] (0, τ)

Now, the four types of partition functions relevant to superstrings are as follows;

Z0
0(τ) = TrNS(qH), Z0

1(τ) = TrNS (eπiF qH) , Z1
0(τ) = TrR(qH), Z1

1(τ) = TrR (eπiF qH)

The total partition function for all fermions is thus given as follows;

Z±ψ(τ) =
1

2
[Z0

0(τ)4 −Z0
1(τ)4 −Z1

0(τ)4 ±Z1
1(τ)4]

(These minus signs look dubious. They should have appeared inside the partition functions
and the fourth power should eliminate them. The projection thing also isn’t clear). The ± refers
to eπiF = ±1 projection. In type IIA theory, eπiF in the right handed sector is −1 and thus, we will have
Z−∗ψ and in type IIB theory, eπiF in the right handed sector is +1 and thus, we will have Z+∗ψ . So, the total
partition function becomes;

ZT 2 = V10 ∫
F0

dτdτ̄

4τ2

i

4πiα′τ2
Z8
XZ

+
ψZ
±∗
ψ
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The + sign is for IIB theory and the − sign is for IIA theory. We now check the modular invariance of this
partition function. We see that under T transformation;

d2τ → d2τ, τ2 → τ2 ⇒
d2τ

τ22
→ d2τ

τ22

Under S transformation, we have;

d(−1
τ
) = dτ

τ2
, d(−1

τ̄
) = dτ̄

τ̄2
, τ2 →

τ2
∣τ ∣2

, τ̄2 →
τ̄2
∣τ ∣2
⇒ d2τ

τ22
→ d2τ

τ22

Thus, the measure is modular invariant. Moreover, ZX is modular invariant as we already know. For Zψ, note
that Zαβ is the partition function that arises in the following boundary conditions along the two directions of
the torus (motivate that this is the correct path integral);

ψ(w + 2π) = −e−πiαψ(w), ψ(w + 2πτ) = −e−πiβψ(w) (10.7.2)

This implies the following;

ψ (w + 2π(τ + 1)) = ψ (w + 2πτ + 2π) = −e−πiαψ (w + 2πτ) = e−πi(α+β)ψ (w) = −e−πi(α+β−1)ψ (w)

This is just the second boundary condition in (10.7.2) with the following changes;

τ → τ + 1, β → α + β − 1

So, it seems that the following is true;

Zαβ (τ) = ξZαα+β−1(τ + 1)

where ξ can be a proportionality constant. We will see that this is a phase and it is not zero (Polchinski says
that naively, ξ = 1 but then he proves that ξ ≠ 1. So, I am inserting ξ from the start). Therefore, we see that
sending τ → τ + 1 gives us another partition function. We can write the above equation as follows;

Zαβ (τ + 1) = ξ−1Zαβ−α+1(τ)

which explicitly gives the T transformation of Zαβ . Now, we turn towards S transformation. Define w′ = w/τ
and ψ′(w′) = ψ(w). Then in terms of ψ′ the boundary conditions become;

ψ′(w′ + 2π) = ψ′ (w
τ
+ 2π) = ψ′ (w + 2πτ

τ
) = ψ (w + 2πτ) = −e−πiβψ (w) = −e−πiβψ′ (w′)

ψ′ (w′ − 2π

τ
) = ψ′ (w

τ
− 2π

τ
) = ψ′ (w − 2π

τ
) = ψ(w − 2π) = −eiπαψ(w) = −eiπαψ′(w′)

These conditions should give us Zαβ (τ) but with β → −α,α → β, τ → −1/τ . So, we see that we should have;

Zαβ (τ) = ζZ
β
−α(−1/τ)

where ζ is again a constant. Since ζ is independent of τ , we can set τ = i and then, τ = −1/τ . Thus, we can
derive the following;

Zαβ (i) = ζZ
β
−α(i) = ζ2Z−α−β (i) = ζ3Z−βα (i) = ζ4Zαβ (i) ⇒ ζ4 = 1

So, we see that ζ4 = 1. We will see that ζ = 1. It can be seen from the following calculation;

Zβ−α(−1/τ) =
1

η(−1/τ)
ϑ [ β/2−α/2] =

1√
−iτη(τ)

∑
n∈Z

exp [−πi
τ
(n + β

2
)
2

− πi(n + β
2
)α]

= 1√
−iτη(τ)

exp(−πi
4τ
(β2 + 2αβτ)) ∑

n∈Z
exp [−πin

2

τ
− πi(β

τ
+ α)n]
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=
√
−iτ√
−iτη(τ)

exp(−πi
4τ
(β2 + 2αβτ)) ∑

n∈Z
exp [iπτ (n − 1

2
(β
τ
+ α))

2

]

= 1

η(τ)
exp(−πi

4τ
(β2 + 2αβτ)) ∑

n∈Z
exp [iπτn2 − iπτn(β

τ
+ α) + iπτ

4
(β
τ
+ α)

2

]

= 1

η(τ) ∑n∈Z
exp [iπτ (n2 − nα + α

2

4
) − 2πinβ

2
] = 1

η(τ) ∑n∈Z
exp [iπτ (n − α

2
)
2

− 2πinβ
2
]

= 1

η(τ) ∑n∈Z
exp [iπτ (n + α

2
)
2

+ 2πinβ
2
] = Zαβ (τ)

where in the last step, we changed the summation variable i.e. n→ −n. Also note from this calculation that
Z−α−β (τ) = Zαβ (τ). Also, we have shown that ζ = 1. To find ξ, we need (10.7.1) to calculate Zαα+β−1(τ + 1). We

establish the following identities first. We will use q2 for e2πi(τ+1). We start with the following results;

eπi(β+α−1)q
m−(1−α)/2
2 = eπi(β+α−1)qm−(1−α)/2e−πi(1−α) = eπi(β+2α)qm−(1−α)/2

e−πi(β+α−1)q
m−(1+α)/2
2 = e−πi(β+α−1)qm−(1+α)/2e−πi(1+α) = e−πi(β+2α)qm−(1+α)/2

q
(3α2−1)/24
2 = q(3α

2−1)/24eπi(3α
2−1)/12

eπiα(β+α−1)/2 = eπiαβ/2eπiα(α−1)/2 = eπiα(β+2α)/2e−πiα(α+1)/2

But this gives;

Zαα+β−1(τ + 1) = exp [πi(
3α2 − 1

12
) − πiα(α + 1)

2
]Zαβ+2α(τ)

This isn’t the right transformation. We can now show that we can always come to α = 1 if we start from
α = 0 (for β = 0,1 which are present in Z±ψ) and thus, the Ramond sector should be present due to modular
invariance. We use the following two transformations of the partition functions;

Zαβ
TÐ→ Zαβ+α−1, Z

α
β

SÐ→ Zβ−α

Moreover, we also use the previously noted result that Zαβ (τ) = Z−α−β (τ). The required transformations are
as follows;

Z0
1

SÐ→ Z1
0

Z0
0

TÐ→ Z0
−1

SÐ→ Z−10 = Z1
0

The second transformation can be done as following as well;

Z0
0

TÐ→ Z0
−1

SÐ→ Z−10

SÐ→ Z0
1

SÐ→ Z1
0

(What about general beta?). Observe that Z0
0 and Z0

1 are both brought to Z1
0 and since the modular

transformations are invertible, Z1
0 can be brought to Z0

1 or Z0
0 . However, none of Z0

0 or Z0
1 can be brought

to Z1
1 and thus, we choose at least one Ramond sector to be in the left and right sectors because choosing

one NS sector won’t be enough. We can also see the following;

Z1
1

TÐ→ Z1
1 , Z1

1

SÐ→ Z1
−1

⎧⎪⎪⎨⎪⎪⎩

TÐ→ Z1
−1

SÐ→ Z−1−1 = Z1
1

So, Z1
1 transforms into itself under all modular transformations (up to phases). (What if we make a

partition function just out of this?). We now see how Z±ψ transforms under modular transformations.
Let’s do the T transformation first;

Z±ψ(τ + 1) =
1

2
[Z0

0(τ + 1)4 −Z0
1(τ + 1)4 −Z1

0(τ + 1)4 ∓Z1
1(τ + 1)4]

= 1

2
[e−πi/3Z0

1(τ)4 − e−πi/3Z0
2(τ)4 − e2πi/3Z1

0(τ)4 ∓ e2πi/3Z1
1(τ)4]
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= 1

2
[−e2πi/3Z0

1(τ)4 + e2πi/3Z0
2(τ)4 − e2πi/3Z1

0(τ)4 ∓ e2πi/3Z1
1(τ)4]

= 1

2
e2πi/3 [Z0

2(τ)4 −Z0
1(τ)4 −Z1

0(τ)4 ∓Z1
1(τ)4]

Now using (10.7.1), we see that;

Zαβ+2(τ) = eπiαZαβ (τ) ⇒ Z0
β+2(τ) = Z0

β(τ) ⇒ Z0
2(τ) = Z0

0(τ)

So, we get the following;

Z±ψ(τ + 1) =
1

2
e2πi/3 [Z0

0(τ)4 −Z0
1(τ)4 −Z1

0(τ)4 ∓Z1
1(τ)4] = e2πi/3Z±ψ(τ)

⇒ Zψ(τ + 1)Z∗ψ(τ̄ + 1) = Zψ(τ)Z∗ψ(τ̄)

for all subscripts of Zψ. For S transformations, we proceed as follows;

Z±ψ(−1/τ) =
1

2
[Z0

0(−1/τ)4 −Z0
1(−1/τ)4 −Z1

0(−1/τ)4 ∓Z1
1(−1/τ)4]

= 1

2
[Z0

0(τ)4 −Z−10 (τ)4 −Z0
1(τ)4 ∓Z−11 (τ)4]

Now, using the fact that Z−10 (τ) = Z1
0(τ) and Z−11 (τ) = eπiZ−1−1(τ) = −Z−1−1(τ) = −Z1

1(τ), we get;

Z±ψ(−1/τ) =
1

2
[Z0

0(τ)4 −Z1
0(τ)4 −Z0

1(τ)4 ∓Z1
1(τ)4] = Z±ψ(τ)

So, Z±ψ(τ) is invariant under S transformation.
It is much easier to show that the Z±ψ is modular invariant by showing that it vanishes. Firstly, we see that;

Z0
0(τ)4 −Z1

0(τ)4 −Z0
1(τ)4 =

1

η(τ)4
(ϑ [0

0
] (τ)4 − ϑ [1/2

0
] (τ)4 − ϑ [ 0

1/2] (τ)
4)

= 1

η(τ)4
(ϑ3(0∣τ)4 − ϑ4(0∣τ)4 − ϑ2(0∣τ)4) = 0

where we used (7.2.2). Moreover, using (7.2.3), we can deduce that Z1
1(τ) = 0.

10.7.1 More on c = 1 CFT

tt

10.8 Divergences of type I theory

10.8.1 The cylinder

We need to compute the cylinder, Mobius strip, and Klein bottle partition functions and their massless
divergences. For the cylinder partition function, just write the bosonic part, set d = 10, and add an additional
1/2 because of the projection operator. Moreover, for the fermionic part, multiply Z+ψ. So, we get;

ZIIC2
= iV10n2 ∫

∞

0

dt

4t
(8πα′t)−5η(it)−8.1

2
[Z0

0(it)4 −Z0
1(it)4 −Z1

0(it)4 −Z1
1(it)4]

= iV10n2 ∫
∞

0

dt

8t
(8πα′t)−5η(it)−8 [Z0

0(it)4 −Z1
0(it)4] + iV10n2 ∫

∞

0

dt

8t
(8πα′t)−5η(it)−8 [−Z0

1(it)4 −Z1
1(it)4]

= ZC2,0 +ZC2,1

where ZC2,0 and ZC2,1 equal to the two terms shown above. Since there is no eπiF in the definition of
ZC2,0, the fermions appearing in this expression are anti-periodic (this is related to a related problem
in chapter 7. Explain this thing.). So, ZC1,0 comes from the NS −NS sector. We now focus on ZC2,0
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because ZC2,0 = −ZC2,1 due to supersymmetry (Add more detail if possible). The modular transformation
of ZC2,0 is done as follows;

−iV10n2 ∫
∞

0

d(π/s)
8(π/s)

(8π
3α′

s
)
−5

η ( iπ
s
)
−8
[Z0

0 (
iπ

s
)
4

−Z1
0 (

iπ

s
)
4

]

= −iV10n2 ∫
∞

0

d(π/s)
8(π/s)

(8π
3α′

s
)
−5

(π
s
)
4

η ( is
π
)
−8
[Z0

0 (
is

π
)
4

−Z0
−1 (

is

π
)
4

]

= iV10n
2

8π(8π2α′)5 ∫
∞

0
ds η ( is

π
)
−8
[Z0

0 (
is

π
)
4

−Z0
1 (

is

π
)
4

]

where we used the modular transformations of η and Zαβ and we also used the fact that Z0
β+2 = Z0

β ⇒ Z0
−1 = Z0

1 .
Now, we extract the massless divergence from this partition function. We use the following fact;

η(is/π)−8 = (e−s/12)
−8
(1 − e−2s + ...)−8 = e2s/3(1 + 8e−2s + ...) = e2s/3 + 8e−4s/3 + ... = e2s/3 +O(e−4s/3) (10.8.1)

Moreover, we have;

Z0
0 (

is

π
)
4

−Z0
1 (

is

π
)
4

= 1

η(is/π)4
ϑ [0

0
] (0, is/π)4 − 1

η(is/π)4
ϑ [ 0

1/2] (0, is/π)
4

= ϑ3(0, is/π)
4

η(is/π)4
− ϑ4(0, is/π)

4

η(is/π)4
= ϑ2(0, is/π)

4

η(is/π)4

where we used (7.2.2). Now, we expand ϑ2(0, τ) as follows;

ϑ2(0, τ) = ∑
n∈Z

q
1
2
(n− 1

2
)2 = q1/8 +

∞
∑
n=1

q
1
2
(n− 1

2
)2 +

∞
∑
n=1

q
1
2
(n+ 1

2
)2 = 2q1/8 +

∞
∑
n=2

q
1
2
(n− 1

2
)2 +

∞
∑
n=1

q
1
2
(n− 1

2
)2

= 2q1/8 + 2
∞
∑
n=1

q
1
2
(n+ 1

2
)2

where we merged the two sums by shifting the index n→ n + 1 in the first sum. Continuing, we get;

ϑ2(0, τ) = 2eπiτ/4 + 2
∞
∑
n=1

eπiτ(n+
1
2
)2 = 2eπiτ/4 + 2e9πiτ/4 + ...

⇒ ϑ2(0, is/π) = 2e−s/4 + 2e−9s/4 + ... = 2e−s/4 (1 + e−4s + ...)

⇒ ϑ2(0, is/π)4 = 16e−s (1 + e−4s + ...)
4 = 16e−s (1 + 4e−4s + ...) = 16e−s + 64e−4s + ...

Moreover, we have;

η(is/π)−4 = es/3 (1 − e−2s + ...)−4 = es/3 + 4e−5s/3 + ...

Therefore, we get;

ϑ(0, is/π)4

η(is/π)4
= (es/3 + 4e−5s/3 + ...) (16e−s + 64e−4s + ...) = 16e−2s/3 +O(e−8s/3) (10.8.2)

Using (10.8.1) and (10.8.2), we get;

η(is/π)−8 [Z0
0(is/π)4 −Z0

1(is/π)4] = η(is/π)−8
ϑ(0, is/π)4

η(is/π)4

= (e2s/3 +O(e−4s/3)) (16e−2s/3 +O(e−8s/3)) = 16 +O(e−2s) (10.8.3)

So, the massless divergence from the cylinder partition function becomes;

ZC2 =
16iV10n

2

8π(8π2α′)5 ∫
∞

0
ds

(Write about the paradox and the Ramond Ramond field resolution).
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10.8.2 The Klein bottle

To do the Klein bottle partition function, we see that we have already the bosonic part. We can convert that
to d = 10 case and then, we have;

Zbosonic
K2

= iV10 ∫
∞

0

dt

4t
(4πα′t)−5η(2it)−8

However, we have to derive the fermionic part. In the torus case, we defined a general partition function Zαβ
which has eiβQ = eiβF in the trace. The partition function corresponds to the following boundary conditions
(recall that we are discussing the torus case tight now);

ψ(w + 2π) = −e−πiαψ(w), ψ(w + 2πτ) = −e−πiβψ(w)

However, in the Klein bottle case, ψ(w + 2πit) can not be proportional to ψ(w) because in the Klein bottle
case, we have w + 2πit ∼ −w̄. So, it should be proportional to ψ̃(w̄). Therefore, we will need to insert
something in the trace that gives such a boundary condition. Moreover, obviously we need to have Ω and
the GSO projection operators in the trace as well. The required object is;

R = Ωexp (πiβF + πiβ̃F̃)

This gives the following boundary conditions (derive these);

ψ(w + 2πit) = −eπiβψ̃(w̄), ψ(w̄ + 2πit) = −eπiβ̃ψ(w)

This implies;

ψ(w + 4πit) ∼ −eπiβψ̃(w̄ + 4πit) = eiπ(β+β̃)ψ(w) (10.8.4)

This agrees with the fact that for the Klein bottle,

w + 4πit ∼ −w̄ + 2πit = −(w + 2πit) = −(−w̄) = w

Since the fundamental region for Klein bottle can be taken to be;

0 ≤ σ1 < π, 0 ≤ σ2 < 4πit

The NS −NS sector (write about why NS-NS or R-R are considered) corresponds to the case where
we have anti-periodic boundary conditions in (10.8.4). This corresponds to (β, β̃) = (0,1) or (1,0), which
means that R = ΩeπiF or R = ΩeπiF̃ . R − R sector corresponds to the case where (β, β̃) = (0,0) or (1,1)
which gives R = Ω or R = ΩeiπF+iπF̃ . The NS −NS and R −R partition functions are then (derive these);

NS −NS ∶ Z0
0(2it), R −R ∶ −Z1

0

and thus, the full Klein bottle partition function is;

ZK2 = iV10 ∫
∞

0

dt

8t
(4π2α′t)−5η(2it)−8 [Z0

0(2it)4 −Z1
0(2it)4]

where the minus sign in again due to the spacetime statistics. (The extra factor of 1/2 is due to GSO
projection?). Now, we do a modular transformation by defining s = π/2t. We get;

ZK2 = iV10 ∫
∞

0

d(π/2s)
8(π/2s)

(2π
3α′

s
)
−5

η ( iπ
s
)
−8
[Z0

0(iπ/s)4 −Z1
0(iπ/s)4]

= iV10
8(2π3α′)5 ∫

∞

0

ds

s
s5 ( s

π
)
−4
η ( is

π
)
−8
[Z0

0(is/π) −Z0
−1(is/π)]

= i210V10
8π(8π2α′)5 ∫

∞

0
ds η ( is

π
)
−8
[Z0

0(is/π) −Z0
1(is/π)]

where we again used the fact that Z0
−1 = Z0

1 . Now, we extract the massless divergence from this partition
function. For that, we already have the expansion of the integrand in (10.8.3). So, we have;

ZK2 =
i210V10

8π(8π2α′)5 ∫
∞

0
ds (16 +O(e−2s))
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10.8.3 The Mobius strip

Firstly, let’s work out the effect of Ω on fermionic fields. We first review the doubling trick for the open
string fermions. We have ψµ(σ1 + iσ2) = ψµ(w) and ψ̃µ(σ1 + iσ2) = ψ̃µ(w̄). Here, we have 0 ≤ σ1 ≤ π. Now,
we make an extended fermion that we will call Ψµ(σ1, σ2) (Polchinski calls this ψµ as well) which is defined
as follows;

Ψµ(σ1, σ2) = Ψµ(w) =
⎧⎪⎪⎨⎪⎪⎩

ψµ(σ1, σ2) = ψµ(w), 0 ≤ σ1 ≤ π
ψ̃µ(2π − σ1, σ2) = ψ̃µ(2π − w̄), π ≤ σ1 ≤ 2π

Now, Ω sends (σ1, σ2) to (π −σ1, σ2) which sends w = σ1 + iσ2 to π −σ1 + iσ2 = π − w̄. It is easily shown that
Ψ depends on w only (include its small proof). Now, Ω acts as follows;

ΩΨµ(w)Ω−1 = Ωψµ(w)Ω−1 = ψ̃µ(π − w̄) = ψ̃(π − σ1, σ2) = Ψµ(σ1 + π,σ2) for 0 ≤ σ1 ≤ π

ΩΨµ(w)Ω−1 = Ωψ̃µ(2π − w̄)Ω−1 = ψ̃µ(π − w̄) = ψ̃(π − σ1, σ2) = Ψµ(σ1 + π,σ2) for π ≤ σ1 ≤ 2π

(Complete this. This is so confusing because of multiple domains). In terms of modes, we have
(complete its proof);

ΩψµrΩ
−1 = e−πirψµr

In the NS sector, r ∈ Z + 1/2 and thus, Ω2 = −1. For the NS vacuum, Ω2 is the same as eπiF i.e. both are −1
(check that this is true for arbitrary NS states). Now, the combined Ω and GSO projection operators
get the following form in the NS sector;

1 +Ω
2

1 + eπiF

2
= 1 +Ω

2

1 +Ω2

2
= 1 +Ω +Ω2 +Ω3

4

(Complete this calculation)
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11 Chapter 11: The Heterotic String

11.1 World sheet supersymmetries

We want to classify all the worldsheet symmetry algebras with the following constraints;

• The spins of the holomorphic current are less than or equal to 2. The higher spin currents (called W
algebras) have been used as symmetry currents (find more about this) but the constructions (e.g.
of the BRST operator) are non-trivial because of the non-linear commutators. Some cases turn out to
be special cases of bosonic strings.

• The spin is a multiple of 1/2. If they are not, then the OPE;

j(z)j(0) ∼
djj

z2h

(where djj is a constant) will be multi-valued. The string theories that relax this condition are frac-
tional strings and it is not clear if these theories exist.

The only spins left then are as follows;

h = 0, 1
2
,1,

3

2
,2

We can make algebras with different number of different types of currents. Before proceeding, we need to
calculate the central charge of the ghosts corresponding to a current of spin h (derive this). The formula is
as follows;

cg = (−1)2h+1(3(2h − 1)2 − 1)

⇒ c0 = −2, c1/2 = −1, c1 = −2, c3/2 = 11, c2 = −26 (11.1.1)

The Jacobi identity allows only the following algebras;

n0 n1/2 n1 n3/2 n2 cg
0 0 0 0 1 −26
0 0 0 1 1 −26 + 11 = −15
0 0 1 2 1 −2 + 2(11) − 26 = −6
0 1 3 3 1 −1 + 3(−2) + 3(11) − 26 = 0
0 4 7 4 1 4(−1) + 7(−2) + 4(11) − 26 = 0
1 4 6 4 1 −2 + 4(−1) + 6(−2) + 4(11) − 26 = 0
0 0 3 4 1 3(−2) + 4(11) − 26 = 12

The first two possibilities are Virasoro and N = 1 superconformal algebras. The third possibility is called
N = 2 superconformal algebra. After the first three, no algebra has a negative ghost central charge and thus,
none of them will have a positive critical dimension. (Write some details about N = 2 superconformal
algebra).

11.2 The SO(32) and E8 ×E8 heterotic strings

The heterotic string appears when we choose the left and right moving algebra to be different. We will study
(N, Ñ) = (0,1) heterotic. The other possibilities are (N, Ñ) = (0,2) or (N, Ñ) = (1,2) heterotic (the order is
kept ascending because the flipped possibility is realized if we we the flip z → z̄. To have (N, Ñ) = (0,1), we
need to have bosonic string on the left moving side and fermionic string on the right moving side. To keep
the dimension the same, we need to have the following fields;

Xµ
L(z) (µ = 0, ...,9) for left moving side

Xµ
R(z̄), ψ̃

µ(z̄) (µ = 0, ...,9) for right moving side (11.2.1)

However, if we do this, then the central charges for the ghosts are (cg, c̃g) = (−26,−15). The central charge
on the right is canceled out by the matter central charge but the central charge on the left will be canceled
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out only if we put some internal CFT with (c, c̃) = (16,0) into the game. One way to do this is to introduce
32 fermion fields on the left moving side as follows;

Xµ
L(z) (µ = 0, ...,9), λ

A(z), (A = 1, ...32) for left moving side

Xµ
R(z̄), ψ̃

µ(z̄) (µ = 0, ...,9) for right moving side (11.2.2)

This will give us the following action;

S = 1

4π
∫ d2z ( 2

α′
∂Xµ∂̄Xµ + λA∂̄λA + ψ̃µ∂ψ̃µ) (11.2.3)

Note that there won’t be any TF (z) field now and thus, no fermion constraint on the right moving side. This
forbids us to choose timelike directions for any λA(z). The theory has SO(1,9) × SO(32) symmetry now
where SO(32) is the internal symmetry. The periodicity of TB(z) (which will contain λA’s instead of ψµ’s
now) only requires to have the following boundary condition on λA(w) (notice the w coordinate and hence
notice that we are imposing this boundary condition on the cylinder field);

λA(w + 2π) = OABλB(w), (O ∈ SO(32))

The world sheet current for spacetime symmetry is Vs (derive this). Now, every vertex operator in R sector
has Vs, the OPE of Vs with itself should be single-valued. So, we have the following;

Vs(z)Vs(0) ∼ e−ϕ(z)/2 exp [∑
a

saH
a(z)]e−ϕ(0)/2 exp [∑

a

saH
a(0)]

∼ z−1/4
4

∏
j=0

eisjH
j(z)eis

′
jH

j(z) ∼ z−
1
4 zs.s

′

ei∑a(s+s′)aHa(0)

The power of z should be an integer. So, we have the following condition;

s.s′ − 1

4
∈ Z (Ramond sector)

In the NS sector, this condition becomes (what does it mean to have these spins in NS sector?);

s.s′ − 1

2
∈ Z (NS sector)

the appearance of −1/2 instead of −1/4 can be understood because of the appearance of e−ϕ(z) in the NS
vertex operators instead of e−ϕ(z)/2. (Problem with recovering GSO projection from it).
(Write about the closure of OPEs and modular invariance).
Now we find the states in the heterotic theory. Let’s start with the left-handed sector. This sector has
SO(8)×SO(32) symmetry (SO(8) coming from the transverse Xi’s and SO(32) from the λA’s). The normal
ordering constants in the left-handed sector are as follows;

NS ∶ − 8

24
− 32

48
= −1, R ∶ − 8

24
+ 32

24
= 1 (11.2.4)

Therefore, the R sector has no massless states. So, the transverse Hamiltonian is as follows;

H = α
′p2

4
+N − 1 (NS), H = α

′p2

4
+N + 1 (R) (11.2.5)

Using the mass shell condition, we see that for N = 0, the NS ground state is a tachyon. The first excited
states are as follows;

λA−1/2∣0⟩NS

but they are forbidden due to the GSO projection (because F is odd for this state). So, the actual first
excited states are as follows;

αi−1∣0⟩NS, λ
A
−1/2λ

B
−1/2∣0⟩NS
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They satisfy the GSO projection and the mass shell condition implies that these are massless states. The
α state lives in (8v,1) representation of SO(8) × SO(32) and λ states lives in (1, [2]) representation of
SO(8) × SO(32). The λ’s live in the adjoint representation of SO(32) with the dimension of 496. So, the
massless sector lives in (8v,1) + (1,496).
Now, the right-handed sector (because of the GSO projection), has no tachyon. Moreover, the massless states
(like type IIB theory) live in 8v + 8 representation (8v comes from the NS sector and 8 comes from the R
sector). So, the massless states are as follows;

[(8v,1) + (1,496)] × (8v + 8) (11.2.6)

These states can be broken down using the results that we derived before. This breakdown can be divided
into two parts. They are as follows;

(8v,1) × (8v + 8) = (1,1) + (28,1) + (35,1) + (56,1) + (8′,1) (type I supergravity multiplet) (11.2.7)

(1,496) × (8v + 8) = (8v,496) + (8,496) (SO(32) N=1 gauge multiplet) (11.2.8)

(Write about the similarity of this theory and type I theory).
Another heterotic theory is obtained by having the following boundary conditions;

λA(w + 2π) =
⎧⎪⎪⎨⎪⎪⎩

ηλA(w) A = 1, ...,16
η′λA(w) A = 17, ...,32

(11.2.9)

where η and η′ can be ±1. So, we have four NS −NS′,NS −R′,R −NS′ and R −R′ sectors in the left-moving
theory. In the left sector, the GSO projection is applied to both subsectors separately. (Write about the
closure of OPE and modular invariance).
For the NS−NS′ sector, the normal ordering constant is still −1 and thus, we still have a tachyon in the left
sector and the first allowed excited states are as follows;

αi−1∣0⟩NS−NS′ , λ
A
−1/2λ

B
−1/2∣0⟩NS−NS′ (11.2.10)

but because of the GSO projection, A and B should be from the same left subsector. So, the left sector has
SO(8) × SO(16) × SO(16) symmetry. The α state lives in (8v,1,1) representation of this symmetry and λ
states live in either (1,120,1) representation or (1,1,120) representation. 120 comes from the fact that
SO(16) has an adjoint representation of dimension 16 × 15/2 = 120.
For the R − NS′ sector, we have 16 periodic and 16 anti-periodic fermions and thus, the normal ordering
constant is;

− 8

24
+ 16

24
− 16

48
= 0

So, there is no tachyon in the left sector now. Since there is a R sector now, we have 16 zero modes i.e. λA0
for A = 1, ...,16. So, the ground states are degenerate and they live in a 216/2 = 28 = 256 dimensional spinor
representation of the first SO(16). The GSO projection retains only one chirality and thus, only 128 is
retained from 256 = 128+128′. These ground states thus live in (1,128,1) representation. The same thing
happens with NS−R sector but with SO(16)′ instead of SO(16). Thus, the ground state in this sector lives
in (1,1,128) representation. Notice that 120 is the adjoint representation and 128 is a spinor representation
of SO(16). For the R−R′ sector, the normal ordering sector is again 1 and thus, there are no massless states
in the R −R′ spectrum.
The left moving massless spectrum is thus written as follows;

(8v,1,1) + (1,120 + 128,1) + (1,1,120 + 128)

Coupling this left spectrum with the right spectrum of 8v × 8, we get the following;

(8v × 8v,1,1) + (8v,120 + 128,1) + (8v,1,120 + 128) + (8 × 8v,1,1) + (8,120 + 128,1) + (8,1,120 + 128)

= (1,1,1) + (28,1,1) + (35,1,1) + (8′,1,1) + (56,1,1)

+(8v,120 + 128,1) + (8v,1,120 + 128) + (8,120 + 128,1) + (8,1,120 + 128)
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Now, if we want the massless vectors to be in the adjoint representation (why do we need it?, I know
a reason but is there a better reason? Spacetime consistency?) then we need to find a group with
120 + 128 = 248 generators such that it has SO(16) as a subgroup and under SO(16), it transforms like
120+128 of SO(16). E8 is such a subgroup (Find more about its justification). So, the full symmetry
in the left sector is SO(8) ×E8 ×E8. Thus, the full massless spectrum is as follows;

(1,1,1) + (28,1,1) + (35,1,1) + (8′,1,1) + (56,1,1)

+(8v,248,1) + (8v,1,248) + (8,248,1) + (8,1,248)

(Talk about bosonisation currents and modular invariance.)

11.3 Other ten-dimensional heterotic strings

11.4 A little lie algebra

Let the Lie algebra G generators be T a. The Lie bracket of the corresponding Lie algebra g is;

[T a, T b] = ifabc T c (11.4.1)

which satisfies the Jacobi identity;

[T a, [T b, T c]] + [T c, [T a, T b]] + [T b, [T c, T a]] = 0 (11.4.2)

The finite Lie group element is as follows;

I + iθaT a +
1

2!
(θaT a)2 + ... = exp (iθaT a) (11.4.3)

For a compact group (why only for this?), the Lie algebra has an inner product (called the Cartan-Killing
form). We define it by defining it for the generators as follows;

dab = (T a, T b) = Tr (ad(T a)ad(T b)) (11.4.4)

where ad(T a) means T a in the adjoint representation. This product is symmetric due to the cyclic property
of the trace;

(T a, T b) = Tr (ad(T a)ad(T b)) = Tr (ad(T b)ad(T a)) = (T b, T a) (11.4.5)

This inner product has the following property as well;

([T a, T b], T c) + (T b, [T a, T c]) = Tr (T aT bT c) −Tr (T bT aT c) +Tr (T bT aT c) −Tr (T bT cT a) = 0 (11.4.6)

where we will have to use the cyclic property on the last trace to cancel it with the first trace. This condition
is equivalent to the following;

([T a, T b], T c) + (T b, [T a, T c]) = ifabd (T d, T c) + ifacd (T b, T d) = 0⇒ fabdd
dc + facddbd = 0 (11.4.7)

A subalgebra h of the Lie algebra g is a subset of g such that if X,Y ∈ h, then [X,Y ] ∈ h. An ideal I of g
is a subalgebra such if X ∈ g and Y ∈ I, then [X,Y ] ∈ I.
Now, g has no non-trivial ideals, then g is called a simple Lie algebra. A Lie algebra is g is called semi-
simple if it has no abelian ideals. We can establish a theorem (prove it if possible) that a semi-simple Lie
algebra is a direct sum of simple Lie algebras. For simple Lie algebra, the inner product is unique (prove
this). It can be set to δab by choosing a basis. We can generalize (11.4.4) to arbitrary representations as
follows;

Tr (tar tbr) = Trdab

where tar is the generator in r representation of g and Tr is an r dependent constant. We see from (11.4.4)
that adjoint representation, Tr = 1.
We also see that the following is true;

[tar tbrdab, tcr] = dab [tar , tcr] tbr + dabtar [tbr, tcr] = idabfacd tdrtbr + idabf bcdtar tdr
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Renaming the indices in the second term as a→ d, d→ b, b→ a, we get;

[tar tbrdab, tcr] = −i (ddaf cab + dabf cad ) tdrtbr = −i (f cdb + f cbd) tdrtbr = 0 (11.4.8)

where we used the antisymmetry of fabc in the last step. So, tar t
b
rdab commutes with all generators, and thus,

(by Schur’s lemma), it should be a constant but dependent on r. So, we have;

tar t
b
rdab = Qr

where Qr is a constant called the Casimir invariant of r. The well-known Lie groups series and their Lie
algebras are as follows;

• An = SO(n + 1) for n > 1. The matrices are unitary matrices with determinant 1. The infinitesimal
U ∈ SO(n) manipulation gives us the following;

Uab = Iab + iθαTαab +O(θ2) ⇒ U−1ab = U
†
ab = Iab − iθα(T

∗α)Tab +O(θ2)

⇒ Iab = (UU−1)ab = I + iθα (Tαab − T ∗αba ) +O(θ2) ⇒ Tαab = T ∗αba
Moreover, we have the following;

1 = detU = det (I + iθαTα +O(θ2)) = 1 + iθαTr (Tα) +O(θ2) ⇒ Tr (Tα) = 0

So, the generators are traceless Hermitian matrices.

• Bn = SO(2n + 1), Dn = SO(2n) for n > 1. The infinitesimal M ∈ SO(2n) or M ∈ SO(2n + 1) is given
as follows;

Mab = Iab + θαTαab +O(θ2) ⇒M−1
ab =MT

ab = Iab + θα(Tα)Tab +O(θ2)
⇒ Iab = (MMT )ab = I + θα (Tαab + (Tα)Tba) +O(θ2) ⇒ Tαab + TTαba = 0

So, T is antisymmetric and thus, also traceless. Moreover, we have the following;

1 = detM = det (I + θαTα +O(θ2)) = 1 + θαTr (Tα) +O(θ2) ⇒ Tr (Tα) = 0

But this gives us no new information. So, the generators are antisymmetric matrices.

• Cn = USp(k) which consists of 2n × 2n unitary matrices such that if U ∈ USp(n), then;

MUM−1 = (UT )−1 where M = i [ 0 Ik
−Ik 0

] ⇒M−1 =M

The infinitesimal version of U is as follows;

U = I + iθαTα +O(θ2) ⇒MUM−1 = I + iθαMTαM−1 +O(θ2) (11.4.9)

Since U is unitary, Tα’s should be hermitian. Moreover, we have;

UT = I + iθα(Tα)T +O(θ2) ⇒ (UT )−1 = I − iθα(Tα)T +O(θ2) (11.4.10)

Comparing (11.4.9) and (11.4.10), we get;

MTαM−1 = −(Tα)T ⇒MTM−1 = −TT ∀α (11.4.11)

So, the generators satisfy the condition in (11.4.11). We now constrain the form of T by this information.
First of all, we write T in the block form (where all the matrices are n × n matrices);

T = (A B
C D

)

Now, using (11.4.11), we have;

−( 0 Ik
−Ik 0

)(A B
C D

)( 0 Ik
−Ik 0

) = −(A
T CT

BT DT) ⇒ (
D −C
−B A

) = (−A
T −CT

−BT −DT)

This implies;

D = −AT , C = CT , B = BT ⇒ T = (A C
B −AT) (11.4.12)
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with B and C being symmetric matrices. Now, we use the fact that T is hermitian. Then, we have;

(A
† C†

B† D†) = (
A B
C D

) ⇒ A = A†,B = C†,C = B†,D =D† (11.4.13)

Therefore, using (11.4.13) and (11.4.12) we get;

D =D† = (−AT )† = −A∗

B = C† = (CT )∗ = C∗ ⇒ C = B∗

Therefore, we have;

T = ( A B
B∗ −A∗) with A† = A, BT = B (11.4.14)

(derive the number of independent components and about the non-compact symplectic group).
We divide the set of generators into two sets. Let H be the set of all the generators that commute among
themselves but H is the maximal such set (the elements of this set are called Hi). The number of elements
in H is called the rank of . The subspace of that is spanned by the elements of H is called the Cartan
subalgebra. The other set E contains the rest of the generators. The Lie algebra can then be written as
follows;

[Hi,Hj] = 0, [Hi,Eα] = αiEα (11.4.15)

We will first show that Hj ’s can’t appear in [Eα,Eβ] commutator if α + β ≠ 0. The most general form of
this commutator is as follows;

[Eα,Eβ] = fαβi Hi + ζαβµ Eµ (11.4.16)

with not all f ’s vanishing. Taking commutator with Hj gives us the following;

[Hj , [Eα,Eβ]] = ζαβµ [Hj ,Eµ] = ζαβµ µjEµ (11.4.17)

We calculate this commutator using Jacobi identity and (11.4.15) as follows;

[Hj , [Eα,Eβ]] + [Eβ , [Hj ,Eα]] + [Eα, [Eβ ,Hj]] = 0

⇒ [Hj , [Eα,Eβ]] = [[Hj ,Eα],Eβ] + [Eα[Hj ,Eβ]] = (αj + βj)[Eα,Eβ] = (αj + βj) (fαβi Hi + ζαβµ Eµ)
(11.4.18)

Comparing (11.4.18) with (11.4.17), we see that if α + β ≠ 0, then all fαβi are zero. So, we have proved what
we wanted to show. We also notice that;

ζαβµ (αj + βj − µj) = 0 ∀α,β

Therefore, we see that ζαβµ ≠ 0 only when α + β = µ where µ is a root. If α + β is a root, then ζαβµ = 0 for all

µ except µ = α + β. We denote ζαβα+β as ϵ(α,β).
We might still have H in (11.4.16) if α + β = 0 and thus, we rewrite fαβi as fαi only because fαβi is non-zero
only if β = −α. We see by comparing (11.4.17) and (11.4.18) that if α + β = 0, then ζαβµ µj = 0 for all µ. But
all µ can’t be zero in general because that will make the whole lie algebra equal to Cartan subalgebra but
we know that this isn’t true in general. So, for β = −α, all ζαβµ ’s vanish. Therefore, we see that;

[Eα,Eβ] = ϵ(α,β)Eα+β (α + β is a root), [Eα,Eβ] = fαi Hi (α + β = 0), [Eα,Eβ] = 0 (Otherwise)

It is easy to see that ϵ(β,α) = −ϵ(α,β). The possible values of ϵ(α,β) are ±1 (derive this). Using a
particular (EEE) Jacobi identity, we have (with β ≠ α and β ≠ −α);

[Eα, [E−α,Eβ]] + [Eβ , [Eα,E−α]] + [E−α, [E−β ,Eα]] = 0⇒ fαi β
i = 0

Similarly, for β = α, we get fαi α
i = 0. At the end, we get (derive this);

fαi =
2αi
α2
⇒ [Eα,E−α] = 2αi

α2
Hi = 2α.H

α2
(11.4.19)
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The matrices that represent Hi’s are mutually commuting and thus, they have simultaneous eigenvectors.
Let the eigenvalues of the j−th eigenvector under the matrix representing Hi be wij . We can get weight
vectors where the k−th weight vector is;

(w1
k,w

2
k, ...,w

rank(g)
k ), k = 1,2,3, ...,dim(r)

The number of weight vectors is equal to the dimension of the representation. For reference, we quote the
α−th root vector as well;

(α1, α2, ..., αrank(g)) , α = 1, ...,dimg

dimg equals dim(r) when r is the adjoint representation. So, it turns out that the weight vectors of adjoint
representation are the same as the root vectors (derive this). Examples of the weights and roots are as
derived now.

• The vector representation of the Cartan subalgebra for SO(2n) consists of the matrices that have all
entries equal to zero but a 2×2 submatrix. Hj has the following non-zero 2×2 submatrix in (2j−1,2j)
rows and columns;

[ 0 i
−i 0

]

Therefore, we have;
Hj
ab = i (δa+1−2jδb−2j − δa−2jδb+1−2j) , a, b = 1, ...,2n

(Show that they commute). The rank of SO(2n) is thus n. The eigenvectors of Hj are such that
they have zeros except in the (2j − 1,2j) positions. The eigenvectors are as follows

V j± = (0, ...,0,1,∓i, ...0)

We just manipulate the 2 dimensional spaces to find the eigenvalues;

[ 0 i
−i 0

] [ 1∓i] = [
±1
−i] = ±[

1
∓i]

So, the eigenvalues of V j± under Hk are as follows;

ωj± = (0, ...,±1, ...,0)

where the nonzero entry is in the j−th position. So, ωj± are the weight vectors of the vector represen-
tation.
The adjoint representation is the product of two vector representations (justify this) and the weights
add under the products (justify this). So, there are four possibilities. We can add a ωj+ with ωk+
which gives us +1 in j−th and k−th positions. Moreover, we can add a ωj− with ωk− which gives us −1 in
j−th and k−th positions. In all of these possibilities, j ≠ k because of the antisymmetry of the tensor
representation (justify). However, we add a ωj+ with ωk− which gives us a +1 in j−th position and −1
in k−th position for j ≠ k. However, if j = k, then we get a zero root. There are k such roots. Since
these are zero roots, they obviously correspond to Hi for (i = 1, ..., n). Therefore, the weight vectors
for the adjoint representation which are also the root vectors are as follows;

(+1,+1,0, ...,0
´¹¹¹¹¹¹¸¹¹¹¹¹¶
n−2

) + permutations (11.4.20)

(+1,−1,0, ...,0
´¹¹¹¹¹¹¸¹¹¹¹¹¶
n−2

) + permutations (11.4.21)

(−1,−1,0, ...,0
´¹¹¹¹¹¹¸¹¹¹¹¹¶
n−2

) + permutations (11.4.22)

(0, ...,0
´¹¹¹¹¹¹¸¹¹¹¹¹¶

n

) (n of them) (11.4.23)

The weights for spinor representations are as follows (justify). The entries in the weight vectors are
±1/2. For 2n−1 representation, the weight vectors have an even number of 1/2 and for 2n−1 representa-
tion, the weight vectors have an odd number of 1/2.
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• Bn = SO(2n + 1) has the same Cartan generators with an additional row and column of zeros. So,
the weight vectors are the same as SO(2n) case but we also have another eigenvector for Hi’s and it
is just the zeros. The eigenvalues for this eigenvector for all Hi’s are obviously zeros. So, there is an
additional weight vector i.e.;

(0, ...,0
´¹¹¹¹¹¹¸¹¹¹¹¹¶

n

)

The number of generators of SO(2n) and SO(2n + 1) are as follows;

SO(2n) ∶ 2n(2n + 1)
2

= n(2n+1) = 2n2+n, SO(2n+1) ∶ (2n + 1)(2n + 2)
2

= (n+1)(2n+1) = 2n2+3n+1

So, we have an additional 2n2 + 3n + 1 − 2n2 − n = 2n + 1 generators in SO(2n + 1) as compared to
SO(2n). The root vectors corresponding to these additional 2n+ 1 generators are as follows (justify);

(±1,0, ...,0
´¹¹¹¹¹¹¸¹¹¹¹¹¶
n−1

) + permutations

(One root vector missing. Do the other algebras).

We also define the dual Coexter number h(g) as follows;

−∑
b,c

fabc f
dc
b = h(g)ψ2dad (11.4.24)

where ψ2 = ψiψjdij . This means that ψ2dad = ψiψjdijdad and thus, the normalization of ψ2 doesn’t change
ψ2dad and hence, the normalization also doesn’t change h(g). The properties of the Lie algebras are sum-
marized as follows (derive these).

Group Simply-laced dimension h(g)
An−1 = SU(n)(n > 1) Yes n2 − 1 n
Bn = SO(2n + 1)(n ≥ 1) No 2n(n + 1) 2n − 1
Cn = USp(n)(n ≥ 1) No 2n2 + n n + 1
Dn = SO(2n)(n ≥ 1) Yes n(2n + 1) 2n − 2

E6 Yes 78 12
E7 Yes 133 18
E8 Yes 248 30
F4 ? 52 9
G2 ? 14 4

11.4.1 Other useful facts for grand unification

tt

11.5 Current algebras

Let ja(z) be a field with conformal weights (1,0) (also called a holomorphic current). The OPE of ja with
jb is constrained by conformal invariance (prove this) and it is as follows;

ja(z)jb(0) ∼ k
ab

z2
+ ic

ab
c

z
jc(0)

where kab and cabc are constants. Note that both terms have the same conformal weight as they should. The
mode expansion of ja(z) is as follows;

ja(z) = ∑
n∈Z

z−n−1jan ⇒ jan = ∮
C(0)

dz

2πi
znja(z)

where C(0) is the contour around 0. The commutation relation can be derived via normal procedure as
follows;

[jan, jbm] = ∮
C(0)

dz

2πi
∮
C(0)

dw

2πi
wmznja(z)jb(w) = ∮

C(0)

dw

2πi
wm ∮

C(w)

dz

2πi
znR(ja(z)jb(w))
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= ∮
C(0)

dw

2πi
wm ∮

C(w)

dz

2πi
zn ( kab

(z −w)2
+ icabc
z −w

jc(0)) = ∮
C(0)

dw

2πi
wm (kabnwn−1 + icabc jc(w)wn)

= nkab ∮
C(0)

dw

2πi
wm+n−1 + icabc ∮

C(0)

dw

2πi
ja(w)wm+n = icabc jam+n + nkabδm+n (11.5.1)

where R denotes the radial ordering operator which just picks the singular OPE of jajb (write more about
it). (11.5.1) also implies;

[ja0 , jb0] = icabc ja0 (11.5.2)

So, ja0 ’s span a Lie algebra with fabc = cabc . Let’s call this Lie algebra g. This means that the following is
satisfied;

cbcd c
ad
e + cabd ccde + ccad cbde = 0 (11.5.3)

The ja1 j
b
0j
c
−1 Jacobi identity gives us the following;

[ja1 , [jb0, jc−1]] + [jc−1, [ja1 , jb0]] + [jb0, [jc−1, ja1 ]] = 0

⇒ (cbcd cade + cabd ccde + ccad cbde ) je0 + kadcbcd + kcdcabd = 0⇒ kadcbcd + kcdcabd = 0

where we used (11.5.3) in the last step. Using (11.4.7) we see that if g is simple, then kab is proportional to
dab since the inner product is unique for simple g. So, we have;

kab = k̂dab

where k̂ is a constant. We also see that k̂ is positive if the theory is unitary. If ∣1⟩ is the state corresponding
to the unit operator, then we have;

kab = k̂daa = [ja1 , ja−1] = [ja1 , ja−1]⟨1∣1⟩ = ⟨1∣[ja1 , ja−1]∣1⟩ = ⟨1∣ja1 , ja−1∣1⟩ − ⟨1∣ja−1, ja1 ∣1⟩ = ⟨1∣ja1 , ja−1∣1⟩ = ∣∣ja−1∣1⟩∣∣2 ≥ 0

where we used the fact that j1 should annihilate ∣1⟩. Now, for compact Lie algebra, daa is positive definite

(prove this) and thus, k̂ ≥ 0. Since the weight of ja is 1, the vertex operator of ja−1 is ja(z) and thus, k̂
vanishes only if ja(z) vanishes.
To show that k̂ is quantized, take any root of g. Denote this root by α. Define three generators as follows;

J3 = α.H
α2

, J± = E±α

Then, we can derive that;

[J3, J±] = [α.H
α2

,E±α] = dij
αi

α2
[Hj ,E±α] = ±dij

αi

α2
[HjE±α] = ±E±α = ±J±

[J+, J−] = 2α.H

α2
= 2J3

From the SU(2) representation theory, we know that the representations of SU(2) are labeled by the eigen-
value of J3 and they are integers or half integers. So, 2J3 is always an integer. So, 2α.H/α2 has integer
eigenvalues.
There is another SU(2) subalgebra in the current algebra. For that, let’s call the Cartan generators as H0

and define the following;

J3 = α.H0 + k̂
α2

, J± = E±α1

The 1 subscript on E denotes that it is made by linear combinations of ja1 and ja−1. (Prove that they also

satisfy the SU(2) algebra by writing the exact forms of E±α1 ). So, we deduce that 2k̂/α2 is also an
integer for all roots. If this condition is satisfied for long roots, then it is automatically satisfied for short
roots. So, we have;

k = 2k̂

ψ2
∈ Z (11.5.4)

where ψ is a long root. k is called the level. (Write about different normalizations). From now, we will
take dab = δab. For g = U(1) × U(1) × ... × U(1), there are no roots (because the generators commute) and
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thus, there is no concept of a level. Moreover, cabc = 0 because the group is abelian (so, there is no z−1 term
in the jj OPE). So, we can normalize the OPE to the following;

ja(z)jb(0) ∼ δ
ab

z2

This OPE matches the OPE of the free boson current OPE which is as follows;

i∂Ha(z)i∂Hb(0) ∼ δ
ab

z2

So, we have the equivalence ja ∼ i∂Ha. (check the equivalence between stress tensors as well).
An example of currents is the fermion bilinear;

iλAλB

which lives in the vector × vector representation of SO(n). The z−2 term of the OPE of this current is as
follows;

iλAλB(z)iλAλB(w) = −λAλB(z)λAλB(w) ∼ −λAλB(z)λAλB(w) = 1

(z −w)2

where we used the anti-commutativity of fermions and the OPE of λA which is as follows;

λA(z)λB(w) ∼ δAB

z −w

So, the coefficient of 1/(z −w)2 term is 1. So, for this current, we compare this to the result of the general
currents;

1 = k̂daa = k̂δaa = ψ2k/2

daa appears because we took the OPE of a current with itself (i.e. iλAλB with itself). Now, the long roots
of SO(n) have length squared equal to 2 (except n = 3). So, we have;

k = 1 for iλAλB (n ≠ 3)

For n = 3, there is no long root and ψ2 = 1 and thus, k/2 = 1⇒ k = 2. (Why rescale diagonal current?).
Another example can be constructed from any real representation r. Take dim(r) real fermions (Why
everything real?) and construct the following current;

1

2
λAλBtr,AB

The z−2 term in the OPE is as follows;

1

4
tr,ABtr,CDλ

A(z)λB(z)λC(w)λD(w) ∼ 1

4
tr,ABtr,CDλ

A(z)λB(z)λC(w)λD(w)+1
4
tr,ABtr,CDλ

A(z)λB(z)λC(w)λD(w)

= 1

4(z −w)2
tr,ABtr,CD (−δACδBD + δBCδAD) =

1

4(z −w)2
(tr,ABtr,BA − tr,ABtr,AB) =

1

4(z −w)2
(Tr(trtr) −Tr(trtTr ))

Now, using the fact that Tr(trtr) = −Tr(trtTr ) = Tr (justify the second equality), we get;

1

4
tr,ABtr,CDλ

A(z)λB(z)λC(w)λD(w) ∼ Tr
2(z −w)2

(+O(z−1))

Comparing it to the general case, we have;

Tr/2 = kaa = k̂daa = k̂δaa = k̂ = ψ2k/2⇒ Tr = ψ2k⇒ k = Tr/ψ2

(Write the other examples)
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11.5.1 Sugawara construction

We now show that ∶ jj ∶ (z) has the same OPE with jc(w) as the stress tensor TB(z) which is as follows;

TB(z)jc(w) ∼
1

(z −w)2
jc(w) + 1

z −w
∂jc(w) (11.5.5)

since jc(w) is a Virasoro primary field and has conformal weight (1,0). Now, ∶ jj ∶ (z) is defined as follows’

∶ jj ∶ (z) = lim
z1→z
(ja(z)ja(z1) −

k̂ δaa

(z − z1)2
) = lim

z1→z
(ja(z)ja(z1) −

k̂ dim(g)
(z − z1)2

)

where the sum over a is implicit. We consider the following OPE such that z1 and z2 are far;

ja(z1)ja(z2)jc(z3) ∼ ja(z1)ja(z2)jc(z3) + ja(z1)ja(z2)jc(z3)

= k̂jc(z2)
(z1 − z3)2

+ ifacd

z1 − z3
ja(z2)jd(z3) +

k̂jc(z1)
(z2 − z3)2

+ ifacd

z2 − z3
ja(z1)jd(z3)

= k̂jc(z2)
(z1 − z3)2

+ ifacd

z1 − z3
ja(z2)jd(z1) +

k̂jc(z1)
(z2 − z3)2

+ ifacd

z2 − z3
ja(z1)jd(z2) + (holomorphic terms in z3)

Now, we expand this expression as a Laurent expansion in (z2 − z1). We keep terms up to (z2 − z1)0 only. It
is as follows;

k̂jc(z1)
(z1 − z3)2

+ if
acd

z1 − z3
[ k̂δad

(z2 − z1)2
+ if

adeje(z1)
z2 − z1

]+ k̂jc(z1)
(z2 − z1 + z1 − z3)2

+ ifacd

z2 − z1 + z1 − z3
[ k̂δad

(z1 − z2)2
+ if

adeje(z2)
z1 − z2

]

∼ k̂jc(z1)
(z1 − z3)2

− facdfadeje(z1)
(z1 − z3)(z2 − z1)

+ k̂jc(z1)
(z1 − z3)2

[1 + (z2 − z1)
(z1 − z3)

]
−2

+ facdfadeje(z1)
(z1 − z3)(z2 − z1)

[1 + (z2 − z1)
(z1 − z3)

]
−1

∼ k̂jc(z1)
(z1 − z3)2

− facdfadeje(z1)
(z1 − z3)(z2 − z1)

+ k̂jc(z1)
(z1 − z3)2

+ facdfadeje(z1)
(z1 − z3)(z2 − z1)

− f
acdfadeje(z1)
(z1 − z3)2

∼ 2k̂jc(z1)
(z1 − z3)2

+ f
cadfeadje(z1)
(z1 − z3)2

where we made heavy use of antisymmetry of fabc and dropped all terms of the order of O(z2−z1) or higher.
Using (11.4.24) (where we have kept all the indices upwards), we have;

f cadfead = ψ2h(g)δce

Therefore, we have (what about the other term in definition? See that);

∶ jj ∶ (z1)jc(z3) ∼
2k̂ + ψ2h(g)
(z1 − z3)2

jc(z1) ∼ (k + h(g))ψ2 ( 1

(z1 − z3)2
jc(z3) +

1

z1 − z3
∂jc(z3))

where we used the fact 2k̂ = ψ2k. Therefore, we see that;

∶ jj ∶ (z1)
(k + h(g))ψ2

jc(z3) ∼
1

(z1 − z3)2
jc(z3) +

1

z1 − z3
∂jc(z3)

This OPE matches (11.5.5) and we can thus define;

T sB(z) =
∶ jj ∶ (z)

(k + h(g))ψ2
(11.5.6)

where s stands for Sugawara. We can also derive the following result;

T sB(z1)jc(z3) ∼
1

(z1 − z3)2
jc(z3) +

1

z1 − z3
∂jc(z3)
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⇒ jc(z3)T sB(z1) ∼
1

(z3 − z1)2
jc(z1) +

1

z3 − z1
∂jc(z1) −

1

z3 − z1
∂jc(z1) =

1

(z3 − z1)2
jc(z1)

Now, we derive the following OPE where again z2 and z1 are far;

ja(z1)ja(z2)T sB(z3) ∼ ja(z1)ja(z2)T sB(z3) + ja(z1)ja(z2)T sB(z3)

= 1

(z3 − z1)2
ja(z1)ja(z2) +

1

z3 − z1
∂ja(z1)ja(z2) +

1

(z3 − z2)2
ja(z1)ja(z2) +

1

z3 − z2
∂ja(z2)ja(z1) (11.5.7)

Before doing the expansion in z2 − z1, we need the following OPEs;

ja(z1)ja(z2) ∼
k̂

(z1 − z2)2
⇒ ∂ja(z1)ja(z2) ∼

−2k̂
(z1 − z2)3

, ja(z1)∂ja(z2) ∼
2k̂

(z1 − z2)3

Now, we do the z2−z1 Laurent expansion in (11.5.7) and keep terms up to (z2−z1)0 only, we get (complete
the TT OPE calculation);

T sB(z1)T sB(z2) ∼
cg,k

2(z1 − z3)4
+ 2

2(z1 − z3)2
T sB(z3) +

1

z1 − z3
∂T sB(z3), cg,k =

k dim(g)
k + h(g)

(Write about the vanishing of normal ordering constant). Since the concept of the level doesn’t
make sense for U(1), we can use (11.5.4) and the identification j = i∂H to write the stress-energy tensor as
follows (recall that we use α′ = 2 for H CFT);

T sB(z) = −
1

2
∶ ∂H∂H ∶ (z) = 1

2
∶ i∂Hi∂H ∶ (z) = 1

2
∶ jj ∶ (z)

The total stress tensor TB is the sum of the Sugawara tensor T sB and the tensor that isn’t made by currents
that we call T ′B and thus, it has non-singular OPE with ja’s. The T ′T ′ OPE is as follows (derive this);

T ′B(z1)T ′B(z2) ∼
c′

2(z1 − z2)4
+ 2TB(z2)
(z1 − z2)2

+ 1

z1 − z2
∂T ′B(z2), c′ = c − cg,k

If the non-current theory is unitary, then;

c − cg,k ≥ 0⇒ c ≥ cg,k

For any simply laced algebra, we have (prove this);

h(g) = dim(g)
rank(g)

− 1

and therefore, we have;

cg,k = k dim(g) [k + dim(g)
rank(g)

− 1]
−1

= k dim(g)
dim(g) + (k − 1)rank(g)

which means that;
cg,1 = rank(g)

Now, if g = E8 ×E8 or g = SO(32), then rank(g) = 16 and thus c = 16 which is the same as the central charge
of a theory of 32 fermions or 16 bosons. For this to happen in detail for the fermionic theory, the Sugawara
tensor should be what we derived while deriving the λ part of TB in heterotic theory i.e.;

T sB(z) = −
1

2
∶ λA∂λA ∶ (z) (11.5.8)

To derive this, we consider the heterotic SO(32) current as follows;

j(A,B)(z) = iλAλB(z), A,B = 1, ...,32, A ≠ B
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We see that A ↔ B gives the same current but with a negative sign. Now, ∶ j(A,B)j(A,B) ∶ (z) is given as
follows;

∶ j(A,B)j(A,B) ∶ (z) = lim
z→z1
(1
2
∑
A≠B

j(A,B)(z)j(A,B)(z1) −
dim(SO(32))
(z − z1)2

)

= lim
z→z1

⎛
⎝
1

2

32

∑
A,B=1, A≠B

j(A,B)(z)j(A,B)(z1) −
496

(z − z1)2
⎞
⎠

where the factor of 1/2 comes to avoid counting over equivalent currents. Now, we do the following calculation;

j(A,B)(z)j(A,B)(z1) = − ∶ λAλB ∶ (z) ∶ λAλB ∶ (z1)

= − ∶ λAλB ∶ (z) ∶ λAλB ∶ (z1)− ∶ λAλB ∶ (z) ∶ λAλB ∶ (z1)− ∶ λAλB ∶ (z) ∶ λAλB ∶ (z1) +O(z − z1)

= 1

(z − z1)2
+ λ

B(z)λB(z1)
z − z1

+ λ
A(z)λA(z1)
z − z1

+O(z − z1)

= 1

(z − z1)2
− ∶ λB∂λB ∶ (z)− ∶ λA∂λA ∶ (z) +O(z − z1)

Now, dropping the O(z1 − z2) part, we use this result to get;

∶ j(A,B)j(A,B) ∶ (z) = lim
z→z1

⎡⎢⎢⎢⎢⎣

1

2

32

∑
A,B=1 A≠B

( 1

(z − z1)2
− ∶ λB∂λB ∶ (z)− ∶ λA∂λA ∶ (z)) − 496

(z − z1)2

⎤⎥⎥⎥⎥⎦

The first term in the sum isn’t dependent on A or B and thus, we get 32 × 31 = 992 from the sum but the
factor of 1/2 makes it 496 and thus, it cancels the last term in the limit.
Moreover, the second and third term in the sum gives the same sum but the factor of 1/2 just reduces it to
a single term. Moreover, these terms are independent of z1 and thus, the limit is trivial. So, we get;

∶ j(A,B)j(A,B) ∶ (z) = −
32

∑
A,B=1 A≠B

∶ λA∂λA ∶ (z) = −31 ∶ λA∂λA ∶ (z)

where in the last step, sum over A is implicit and the sum over B gives 31. Now, using (11.5.6) with
ψ2 = 2, k = 1, h(g) = 30 (which is relevant for SO(32)), we get;

T sB(z) = −
1

(1 + 30)(2)
31 ∶ λA∂λA ∶ (z) = −1

2
∶ λA∂λA ∶ (z)

So, we get (11.5.8) at the end.
For any Lie algebra g, there are bounds on central changes (derive this);

rank(g) ≤ cg,h ≤ dim(g)

11.5.2 Primary fields

tt

11.6 The bosonic construction and the toroidal compactification

If we have d non compact dimensions, then the l momenta are as follows;

(lmL , lnR) d ≤m ≤ 25, d ≤ n ≤ 9

Using GSO projection on the right sector, (find out how) we get the same conditions on the lattice Γ;

Γ = Γ∗, l ○ l ∈ 2Z

where ○ is has signature of (26 − d,10 − d). For d = 10, all the signs in the ○ inner product are positive,
and thus, we have a Euclidean lattice. Even, self-dual Euclidean lattices exist only for dimensions that are
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multiples of 8 (Find out its proof). Since we want 16 dimensional lattices, we have the following even,
self-dual lattices;

Γ16 = (n1, ...n16) or (n1 +
1

2
, ...n16 +

1

2
) , ∑

j

nj ∈ 2Z (11.6.1)

Γ8 × Γ8 where Γ8 = (n1, ...n8) or (n1 +
1

2
, ...n8 +

1

2
) , ∑

j

nj ∈ 2Z (11.6.2)

Now, we investigate the massless spectrum of the heterotic strings. Since we have 26 bosons in the left sector,
just like the bosonic theory and we have at least two non-compact dimensions, the normal ordering constant
in the left sector is −1. So, the massless states have ∂Xµ, ∂Xm and eikL.XL as the massless vertex operators
which correspond to the following states;

αµ−1∣k
2
L = 0⟩, αm−1∣k2L = 0⟩, ∣k2L = 4/α′⟩ (11.6.3)

The first two of them have level 1 and the last one has level zero. Using (8.4.1), we see that if k2R = 0 and
m2 = 0, then N = 1 and k2L = 0 gives a massless state. Also, if N = 0 and k2L = 4/α′, then the state is again
massless. If k2L = 4/α′ then l2L = α′/2 × 4/α′ = 2. First state in (11.6.3) is in 8v representation of SO(8). The
second set of states has 16 different states and it lives in the Cartan subalgebra of gauge group because ∂Xm

are 16 mutually commuting operators (find more about its justification). The OPE of these currents is
as follows;

∂Xm(z)∂Xn(0) = 1

z2
δmn + ... (11.6.4)

lmL are roots of the gauge group because they are charges of ∂Xm (find its justification as well).
The last state has l2L = 2 where lL is a 16 dimensional vector living in either Γ16 or Γ8 × Γ8. From the
(n1, ..., n16) Γ16 lattice, we see that the only way that we can have l2L = 2 is by having n2i = n2j = 1 for some

i, j where i ≠ j. So, the possible integer Γ16 lattices are as follows;

(1,1,0, ...,0
´¹¹¹¹¹¹¸¹¹¹¹¹¶

14

) + permutations, (1,−1,0, ...,0
´¹¹¹¹¹¹¸¹¹¹¹¹¶

14

) + permutations, (−1,−1,0, ...,0
´¹¹¹¹¹¹¸¹¹¹¹¹¶

14

) + permutations

These are nothing but the SO(32) root lattices as shown in (11.4.20),(11.4.21) and (11.4.22) for n = 16. The
half-integer Γ16 lattice doesn’t show up in the massless spectrum of SO(32) theory because in the SO(32)
theory, there are no massless states in the Ramond sector and this half-integer lattice corresponds to the
Ramond sector (find justification).
However, this half-integer lattice is seen to have the following form;

(n1, ..., n16) + (
1

2
, ...,

1

2
)

´¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¸¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¶
16

, ∑
i

ni = 2Z

So this lattice is just a sum of a spinor weight corresponding to 215 spinor representation of SO(32) and an
arbitrary root of SO(32). An arbitrary root means that it is an arbitrary integer-valued linear combination
of the roots of SO(32). Notice that we can replace an even number of 1/2 in the weight above by −1/2 and
replace ni’s in the corresponding positions by ni + 1. Since an even number of 1’s are added, the sum of all
new ni’s is still even, and thus, the root vector with new ni’s is still an arbitrary root of SO(32).
The integer lattices from Γ8 × Γ8 that have l2L = 2 are as follows;

(1,1,0, ...,0
´¹¹¹¹¹¹¸¹¹¹¹¹¶

6

) + permutations × (0, ...,0
´¹¹¹¹¹¹¸¹¹¹¹¹¶

8

), (0, ...,0
´¹¹¹¹¹¹¸¹¹¹¹¹¶

8

) × (1,1,0, ...,0
´¹¹¹¹¹¹¸¹¹¹¹¹¶

6

) + permutations

(1,−1,0, ...,0
´¹¹¹¹¹¹¸¹¹¹¹¹¶

6

) + permutations × (0, ...,0
´¹¹¹¹¹¹¸¹¹¹¹¹¶

8

), (0, ...,0
´¹¹¹¹¹¹¸¹¹¹¹¹¶

8

) × (1,−1,0, ...,0
´¹¹¹¹¹¹¸¹¹¹¹¹¶

6

) + permutations

(−1,−1,0, ...,0
´¹¹¹¹¹¹¸¹¹¹¹¹¶

6

) + permutations × (0, ...,0
´¹¹¹¹¹¹¸¹¹¹¹¹¶

8

), (0, ...,0
´¹¹¹¹¹¹¸¹¹¹¹¹¶

8

) × (−1,−1,0, ...,0
´¹¹¹¹¹¹¸¹¹¹¹¹¶

6

) + permutations
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The following lattices;

(1,0, ...,0
´¹¹¹¹¹¹¸¹¹¹¹¹¶

7

) + permutations × (1,0, ...,0
´¹¹¹¹¹¹¸¹¹¹¹¹¶

7

) + permutations

(1,0, ...,0
´¹¹¹¹¹¹¸¹¹¹¹¹¶

7

)+ permutations×(−1,0, ...,0
´¹¹¹¹¹¹¸¹¹¹¹¹¶

7

)+ permutations, (−1,0, ...,0
´¹¹¹¹¹¹¸¹¹¹¹¹¶

7

)+ permutations×(1,0, ...,0
´¹¹¹¹¹¹¸¹¹¹¹¹¶

7

)+ permutations

(−1,0, ...,0
´¹¹¹¹¹¹¸¹¹¹¹¹¶

7

) + permutations × (−1,0, ...,0
´¹¹¹¹¹¹¸¹¹¹¹¹¶

7

) + permutations

are not allowed because the factor lattices are not allowed Γ8 lattices as ∑8
i=1 ni should be even in each Γ8

lattice (as mentioned in (11.6.2)). The allowed Γ8 × Γ8 are nothing but SO(16) root lattices and thus the
Γ8 × Γ8 lattice is SO(16) × SO(16) root lattice. However, that’s not all. We didn’t consider the half-integer
Γ8 × Γ8 lattices yet. We can see that in the allowed lattices of this type, we can’t have any ni which isn’t 0
or −1. The reason is that if some ni ≥ 1 then;

(ni +
1

2
)
2

≥ 9

4

but this is already greater than 2 and thus, we can never have l2L = 2 because the squares of the other
components of the lattice will only contribute positively. A similar argument tells that ni can’t be less than
−1. So, the allowed Γ8 lattices are the ones where all ni are zero or an even number of ni’s are −1 (to make
the sum of all ni’s even). These lattices, combined with the integer lattices that we discussed before imply
that the full 16-dimensional Γ8×Γ8 lattice is an E8×E8 lattice. Since both SO(32) and E8×E8 have longest

roots of length 2 (a bit ambiguity about E8 ×E8), we have k̂ = k for the current algebras corresponding to
these gauge groups and thus, comparing with (11.6.4), we see that k = 1 for both of these current algebras.
The following definitions are useful.

• The root lattice of a Lie algebra g is the set of all the integer-coefficient linear combinations of the
roots of g. This lattice is denoted as Γg.

• Let r be a representation of g and λ be a weight vector of the r. Then, all vectors of the form λ + v
where v ∈ Γg comprise what is known as a weight sublattice lattice. This lattice is dependent on
the representation and thus, it is denoted as Γr. Can we generate it by a single weight in a
representation?

• The union of Γr for all representations is called the weight lattice of g. It is denoted as Γw.

A useful result says that (derive this) for a simply laced algebra (recall that they don’t include Bn algebras
i.e. SO(2n + 1) and Cn algebras i.e. USp(n)) we have;

Γr ⊂ Γ∗g ∀r

Moreover, we have;
Γw = Γ∗g

This implies that for E8 group, Γg = Γ∗g = Γw and thus, the weight and root lattices are the same for E8.
This is true for all simply laced Lie algebras whose root lattice is self-dual. (Write about the left and
right moving bosons).

11.6.1 Toroidal compactification

Now, if we have d < 10 non-compact dimensions, then the l ○ l′ inner product has (26 − d,10 − d) signature.
Just like the bosonic theory, we see that the inner product is invariant in O(26 − d,10 − d,R) rotations but
the mass formula and the constraint in (8.4.1) are invariant only under O(26− d,R) ×O(10− d,R) rotations.
Moreover, the compact momenta lattices are invariant under O(26 − d,10 − d,Z) transformations. In other
words, we can start from a reference lattice Γ0 such that all compact directions are orthogonal and all radii
are SU(2) × SU(2) radii. Then, the following equality is true among the lattices;

Λ′ΛΛ′′Γ0 = ΛΓ0
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where we have;

Λ ∈ O(26 − d,10 − d,R), Λ′ ∈ O(26 − d,R) ×O(10 − d,R), Λ′′ ∈ O(26 − d,10 − d,Z)

and therefore, the moduli space of the inequivalent theories is;

O(26 − d,10 − d,R)
O(26 − d,R) ×O(10 − d,R) ×O(26 − d,10 − d,Z)

where O(26 − d,10 − d,Z) elements act on elements of O(26 − d,10 − d,R) from the right. Now, we consider
the massless spectrum of this theory. We can have the following three kinds of massless gauge bosons (write
about the non-gauge boson particles and the Ramond sector gauge boson);

αm−1ψ̃
µ
−1/2∣0⟩, m ∈ {d, ...,25}

αµ−1ψ̃
m
−1/2∣0⟩, m ∈ {d, ...,9}

eikL.XL ψ̃µ∣0⟩ m ∈ {d, ...,9}, l2L = 2

(Write about the origin of these gauge bosons i.e. commuting currents, Kaluza Klein, and
anti-symmetric tensor). The vertex operators of first type of gauge bosons are ∂Xmψ̃µ, the operators for
second type of bosons are ψXµψ̃m and the operator for the last one are just eikL.XL ψ̃µ. There are 26 − d
bosons of the first type, 10−d bosons of the second type, and 10−d bosons of the last type. Since all of these
states have level Ñ = 1, we can’t have l2R ≠ 0 for a massless state because the mass of such a state would be at
least l2R/2 (derive this). For generic points, l2L ≠ 2 and thus, the gauge group is U(1)26−d+10−d = U(1)36−2d.

11.6.2 Supersymmetry and BPS states

tt

106



12 Chapter 12: Superstring interactions

12.1 Low energy supergravity

12.1.1 Type IIA superstring

We will show the connection between 11-dimensional SUGRA and type II A superstrings. The spectrum
(find justification) of 11-dimensional SUGRA (graviton multiplet) is an SO(9) traceless symmetric matrix
(graviton), a three form A3 and a gravito-vector representation. Both the fermions and bosons have 128
states as follows;

Bosons:
9 × 8
2
− 1

´¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¸¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¶
graviton

+ (9
3
)

´¸¶
A3

= 44 + 84 = 128

Fermions: 9 × 16
´¹¹¹¹¸¹¹¹¶
indices

− 16
´¸¶
const.

= 144 − 16 = 128

Find out more about the trace constraint. For the low-energy bosonic action, we have the following
for 11 D SUGRA;

S11 =
1

2κ2
∫ d11x

√
−G(R − 1

2
∣F4∣2) −

1

12κ2
∫ A3 ∧ F4 ∧ F4 (12.1.1)

Now, for dimensional reduction, we choose the standard reduced metric form as follows;

Gµνdx
µdxν + e2σ(dx10 +Aµdxµ), µ = 0,1, ...9

= (Gµν + e2σAµAν)dxµdxν + 2e2σAµdxµdx10 + e2σdx10dx10

where G10,10 = e2σ. We now calculate the action that results from (12.1.1) under the dimensional reduction
quoted above. The 11-dimensional R is calculated to be (fill in details);

R11 = R10 − 2e−σ∇2eσ − 1

4
e2σ ∣F2∣2

The block form of the metric is given as follows;

( G̃µν e2σAµ
e2σAµ e2σ

) where G̃µν = Gµν + e2σAµAν

The determinant of a block matrix is given as follows;

det [A B
C D

] = (detA)det(D −CA−1B) ⇒ det [ G̃µν e2σAµ
e2σAµ e2σ

] = e2σG̃ − e4σG̃G̃µνAµAν

We can calculate G̃µν (i.e. the inverse of G̃µν) by assuming a form;

G̃µν = αGµν + βAµAν

and we readily get;

α = 1, β = − e2σ

1 + e2σ(A)2
, (A)2 = AµAµ ⇒ G̃µν = Gµν − e2σ

1 + e2σ(A)2
AµAν

Using this expression, the required determinant becomes;

det [ G̃µν e2σAµ
e2σAµ e2σ

] = e2σG̃ [1 − e2σ (Gµν − e2σ

1 + e2σ(A)2
AµAν)AµAν] =

e2σG̃

1 + e2σ(A)2

We now evaluate G̃. G̃µν is given as follows;

G̃µν = Gµν + e2σAµAν = Gµα (δαν + e2σAαAν) ⇒ G̃ = Gdet (I +M) whereMα
β = e2σAαAβ
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Now, we use the following identity;

det(A) = etr(lnA) ⇒ det(I +M) = etr(ln (I+M))

Now, we have;

(ln (I +M))αβ =
∞
∑
j=1
(−1)j

(M j)αβ
j

⇒ tr (ln (I +M)) =
∞
∑
j=1
(−1)j trM

j

j

Now, we have;

(M j)αβ = e2jσAαAµ1A
µ1Aµ2 ...A

µj−2Aµj−1A
µj−1Aβ = A2(j−1)AαAβ ⇒ tr(M j) = e2jσA2j

which gives us the following;

tr (ln (I +M)) =
∞
∑
j=1
(−1)j e

2jσA2j

j
= ln(1 + e2σA2) ⇒ det (I +M) = 1 + e2σA2 ⇒ G̃ = G(1 + e2σA2)

Therefore, we get (I loved this calculation);

det [ G̃µν e2σAµ
e2σAµ e2σ

] = e
2σG(1 + e2σ(A)2)

1 + e2σ(A)2
= e2σG

Since all the fields are independent of x10 direction, the x10 integral just gives 2πR and thus, the Ricci term
in (12.1.1) becomes;

1

2κ2
∫ d11x

√
−GR = 2πR

2κ2
∫ d10x

√
−Geσ (R − 2e−σ∇2eσ − 1

4
e2σ ∣F2∣2)

= 1

2κ20
∫ d10x

√
−G(eσR − 2∇2eσ − 1

4
e3σ ∣F2∣2)

(where would this sigma term go?) where κ20 = κ2/2πR. Now, we do the ∣F4∣2 term in (12.1.1). The
term is hard to manipulate. It goes as follows;

− 1

4.4!κ20
∫ d10x

√
−G eσGM1N1 ...GM4N4FM1...M4FN1...N4

= − 1

96κ20
∫ d10x

√
−G eσGM1N1 ...GM4N4FM1...M4FN1...N4

Now, the dot product is evaluated as follows;

Gµ1ν1 ...Gµ4ν4Fµ1...µ4Fν1...ν4 + 8Gµ1d...Gµ4ν4Fµ1...µ4Fd...ν4

+ 4Gdd...Gµ4ν4Fd...µ4
Fd...ν4 + 6Gdν1Gµ2dGµ2ν3Gµ4ν4Fdµ2µ3µ4Fν1dν3ν4 (12.1.2)

Consider the second term above. One kind of general term for this is;

Gµ1ν1 ...Gµjd...Gµ4ν4Fµ1...µj ...µ4Fν1...d...ν4

Interchange the indices µ1 and µj , also rename the index ν1 to νj . Now, we can do some permutations to
interchange the first and jth index on both F ’s, and thus, we get a factor of unity by doing this. So, we
can transform such general terms for any j to the form written above. There are four terms like this (as
j = 1,2,3,4). Another kind of general term is as follows;

Gµ1ν1 ...Gdνj ...Gµ4ν4Fµ1...d...µ4Fν1...νj ...ν4

In this term, we do interchange µk ↔ νk for k ≠ j and set νj = µj . Moreover, by using the symmetry of G,
we can get this kind of term to be like the general term of the first kind. Again, we have four terms like this.
So, we have eight terms in total. Now, we can consider the case where one of µj ’s is d and one of νk’s is d.
One case arises when j = k. There are four terms like this. Again, we can show that all of these terms are
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equal. That gives us the third term in (12.1.2). The last case arises when j ≠ k. The general term, in this
case, is as follows;

Gµ1ν1 ...Gdνj ...Gµkd...Gµ4ν4Fµ1...d...µk...µ4Fν1...νj ...d...ν4

We interchange d and µ1 indices in the first F and similarly, we will interchange d and ν2 in the second F .
This may give us a power of −1. This power is 2j − 3 + 2(k − 1) − 3 which is even and thus, no minus factors
appear. Then, rename two indices as µ1 → µj , ν2 → νk and interchange the indices νj ↔ ν1, νk ↔ ν2. After
that, we interchange the indices in the F ’s again. This time, interchange d with µ2 and νj with ν1. This may
again give us a power of −1. This power is 2(k − 1) − 3 + 2j − 3 which is again even. So, after this procedure,
this general term becomes;

Gdν1Gµ2dGµ3ν3Gµ4ν4Fdµ2µ3µ4Fν1dν3ν4

Moreover, there are (4
2
) = 6 terms like this and thus we have a factor of 6 in the last term of (12.1.2).

The first term in (12.1.2) gives us a term proportional to ∣F4∣2 and thus, we get the term;

− 1

4κ20
∫ d10x

√
−G eσ

1

4!
Gµ1ν1 ...Gµ4ν4Fµ1...µ4Fν1...ν4 = −

1

4κ20
∫ d10x

√
−G eσ ∣F4∣2

The third term in (12.1.2) gives us the following term;

− 1

4κ20
∫ d10x

√
−G eσ

4

4!
(e−2σ +A2)Gµ2ν2Gµ3ν3Gµ4ν4Fdµ2µ3µ4Fdν2ν3ν4

= − 1

4κ20
∫ d10x

√
−G e−σ ∣F3∣2 −

1

4κ20
∫ d10x

√
−G eσA2∣F3∣2

(what about this extra term?). The expression for Gdd is found from the expression given below. Now,
we consider the second term in (12.1.2). For that, we will need the value of Gdµ. To do this, we will need
the formula for the inverse of a matrix in block form. We won’t need the general formula but just a special
case as follows;

[A b
bT c

]
−1

= [A
−1 + 1

k
A−1bbTA−1 − 1

k
A−1b

− 1
k
bTA−1 1

k

] where k = c − bTA−1b

We won’t need the full matrix but just Gdµ. We do it as follows;

Gdµ = (e2σ [Gµν − e2σ

1 + e2σA2
AµAν]AµAν − 1)

−1

[(Gµν − e2σ

1 + e2σA2
AµAν)Aν] = −Aµ

We can also calculate 1/k as follows;
1

k
= e−2σ +A2

Now, the second term in (12.1.2) is as follows;

−8Gµ1ν1 ...Gµ4ν4(F4)µ1...µ4Aν1(F3)ν2ν3ν4 = −2Gµ1ν1 ...Gµ4ν4(F4)µ1...µ4(A ∧ F3)ν1ν2ν2ν3

where in the last line, we used the fact that only the antisymmetric part of AF3 factor will survive this
summation. The last term in (12.1.2) is as follows;

6Gµ1ν1Gµ2ν2Gµ3ν3Gµ4ν4Aµ1(F3)µ2µ3µ4Aν1(F3)ν2ν3ν4

(This contains the A2 term and find out the anti-symmetric argument). The Chern Simons terms
are done as follows;

− 1

12κ2
11!

3!(4!)2 ∫
dxµ1 ...dxµ11A[[µ1µ2µ3

Fµ4µ5µ6µ7]Fµ8µ9µ10µ11]

Now, we concentrate on the index which is d. This can be in A (3 cases) or in F (8 cases). The dxd integration
gives 2πR. Thus, we get the following;

− 2πR
12κ2

11!

3!(4!)2
[32!(4!)

2

10!
∫ A2 ∧ F4 ∧ F4 + 8.

4!(3!)2

10!
∫ A3 ∧ F4 ∧ F3]

109



= − 11

12κ20
[∫ A2 ∧ F4 ∧ F4 + 2∫ A3 ∧ F4 ∧ F3]

We prove that all of these three terms are equal which is shown as follows;

0 = ∫ d(A2 ∧ F4 ∧A3) = ∫ (A2 ∧ F4 ∧ dA3 + dA2 ∧ F4 ∧A3) = ∫ (A2 ∧ F4 ∧ F4 + F3 ∧ F4 ∧A3)

⇒ ∫ A2 ∧ F4 ∧ F4 = −∫ F3 ∧ F4 ∧A3 = ∫ A3 ∧ F4 ∧ F3

where I used the following identities;

d2 = 0⇒ d(Fp) = d2Ap−1 = 0

ωp ∧ ωq = (−1)pqωq ∧ ωp
where ωp is any p form. So, the Chern Simons terms become term becomes;

= − 11

4κ20
∫ A2 ∧ F4 ∧ F4 = −

11

4κ20
∫ A3 ∧ F4 ∧ F3

(Why is this 11 term appearing?). So, the action in ten dimensions is as follows;

S = S1 + S2 + S3

where

S1 =
1

2κ20
∫ d10x

√
−G(eσR − 1

4
e3σ ∣F2∣2)

S2 = −
1

4κ20
∫ d10x

√
−G (e−σ ∣F3∣2 + eσ ∣F̃4∣2)

S3 = −
1

4κ20
∫ A2 ∧ F4 ∧ F4 = −

1

4κ20
∫ A3 ∧ F3 ∧ F4

where F̃4 = dF3 −A1 ∧ F3. We now show that the Chern-Simons term is gauge invariant;

A3 ∧ F3 ∧ F4 → (A3 + dλ2) ∧ F3 ∧ F4 = A3 ∧ F3 ∧ F4 + d(λ2 ∧ F3 ∧ F4) = A3 ∧ F3 ∧ F4 + total derivative

Now, we talk about gauge invariance term dependent on F̃ . We see that it is gauge invariant under the
following transformation;

δF̃4 = d(dλ2) = 0

However, in the transformation of A1, we have;

δF̃4 = −dλ0 ∧ F3 = −d(λ0 ∧ F3)

which isn’t zero generally. To treat this, we need A3 to be transformed in this gauge transformation as well.
The required transformation is as follows;

δA3 = λ0 ∧ F3

This additional transformation comes from the reparametrization of x10 (motivated but justify more).
We see that F̃4 satisfies a non-trivial Bianchi identity as follows;

dF̃4 = −d(A1 ∧ F3) = −dA1 ∧ F3 = −F2 ∧ F3

We want to find the relation between σ and the dilaton ϕ now. We redefine the metric as follows;

Gold
µν = e−σGnew

µν

The old and new superscripts will be removed now. This changes G and R as follows;

G→ e−10σG⇒
√
−G→ e−5σ

√
−G

R → eσR − 9

2
e3σ∇µ∇µe−2σ
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Now, the R becomes as follows in this transformation;
√
−GeσR →

√
−Ge−3σR

However, we want this to be as follows;

√
−Ge−2ϕR⇒ σ = 2ϕ

3

Now, can expand the R transformation as follows;

eσR − 9

2
eσ [4∂µσ∂µσ − 2∇µ∂µσ] = eσR −

9

2
(6eσ∂µσ∂µσ − 2∇µ(eσ∂µσ)) = eσR − 27∂µσ∂µσ + derivative

= e−2ϕ/3R − 12eσ∂µϕ∂µϕ + derivative
(Extra factor of 3 and a minus sign!!!). In addition, we have the following;

∣Fp∣2 = Gµ1ν1 ...GµpνpFµ1...µpFν1...νp → epσGµ1ν1 ...GµpνpFµ1...µpFν1...νp = epσ ∣Fp∣2

So, the actions in new metric become as follows;

S1 =
1

2κ20
∫ d10x

√
−G e−2ϕ (R + 4∂µϕ∂µϕ −

1

4
e2ϕ∣F2∣2)

S2 = −
1

4κ20
∫ d10x

√
−G e−2ϕ(∣F3∣2 + e2ϕ∣F̃4∣2)

The Chern Simons term doesn’t change because it is independent of metric. Now, in type II A theory, the
bosonic spectrum is as follows;

(NS+,NS+) ∶ [0] + [2] + (2)
(R+,R−) ∶ [1] + [3]

So, in the (NS+,NS+) sector, we have a dilaton, a graviton and a two form field (which we will now call B2

and its field strength is called H3). In (R+,R−) sector, we have a one-form field and a three-form field which
we will call C1,C3 and their corresponding field strengths are F2, F4. So, we can arrange the three actions
above as NS sector action and R sector action as follows;

SNS =
1

2κ2
∫ d10x

√
−Ge2ϕ (R + 4∂µϕ∂µϕ −

1

2
∣H3∣2ϕ) (12.1.3)

SR = −
1

4κ20
∫ d10x

√
−G(∣F2∣2 + ∣F̃4∣2) (12.1.4)

SCS = −
1

4κ20
∫ B2 ∧ F4 ∧ F4 (12.1.5)

(Write the rest of massless II A section).

12.1.2 Massive type IIA supergravity

The bosonic field content of the massless IIA theory is as follows;

Gµν , H3 = dB2, ϕ
´¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¸¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¶
(NS+,NS+) sector

F2 = dC1, F4 = dC3

´¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¸¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¶
(R+,R−) sector

F6 = dC5, F8 = dC7

´¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¸¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¶
Poincare duals

Following the pattern, we may guess that there might be a F10 field strength (talk more about it). If it is
there, then the EOM for this field strength is;

d ∗ F10 = 0⇒ ∗F10 = constant

where the last step follows because ∗F10 is a scalar. The action that involves this new field is as follows (try
to justify it);

Smassive
IIA = S̃IIA −

1

4κ210
∫ d10x

√
−GM2 + 1

4κ210
∫ MF10 (12.1.6)

where S̃IIA is the sum of (12.1.3), (12.1.4) and (12.1.5) but with the following changes;

F2 → F2 +MB2, F4 → F4 +
1

2
MB2 ∧B2 ⇒ F̃4 → F̃4 +

1

2
MB2 ∧B2

We see that M is just an auxiliary field as it has no derivatives in (12.1.6).
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12.1.3 Type IIB supergravity

The field content of type IIB is as follows;

Gµν , H3(= dB2), ϕ
´¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¸¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¶
(NS+,NS+) sector

F1 = dC0 , F3 = dC2, F5 = dC4

´¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¸¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¶
(R±,R±) sectors

F5 = dC4 , F7 = dC6, F9 = dC8

´¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¸¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¶
Poincare duals

Since we are working in ten dimensions which is 2 mod 4, we can impose one of the following conditions;

∗F5 = ±F5

as we saw in Appendix B. Moreover, since ∣F5∣2 = 0, we can’t have this in the action. The following actions
can give us a low energy theory for IIB (justify this);

SNS =
1

2κ2
∫ d10x

√
−Ge2ϕ (R + 4∂µϕ∂µϕ −

1

2
∣H3∣2ϕ) (12.1.7)

SR = −
1

4κ20
∫ d10x

√
−G(∣F1∣2 + ∣F̃3∣2 + ∣F̃5∣2) (12.1.8)

SCS = −
1

4κ20
∫ C4 ∧H3 ∧ F3 (12.1.9)

where we have;

F̃3 = F3 −C0 ∧H3, F̃5 = F5 −
1

2
C2 ∧H3 +

1

2
B2 ∧ F3

From these definitions, we can deduce the EOM and Bianchi identity for F̃5 as follows;

d ∗ F̃5 = d ∗ F5 −
1

2
d ∗ (C2 ∧H3) +

1

2
d ∗ (B2 ∧ F3) = −

1

2
d ∗ (C2 ∧H3) +

1

2
d ∗ (B2 ∧ F3) =H3 ∧ F3

justify the last step. Therefore, dF̃5 = d ∗ F̃5 and thus, F̃5 = ∗F̃5 is consistent with the EOM and Bianchi
identity but it isn’t implied by them (as F̃5 and ∗F̃5 might differ by an exact form). If we impose this
condition on the action, the EOM of F̃5 won’t change but the EOMs for other fields will change. So, we
impose this self-duality condition on the solutions.
We now investigate the symmetry of the low-energy action. Define the following;

GEµν = e−ϕ/2Gµν , τ = C0 + ie−ϕ, Mij =
1

Im(τ)
[ ∣τ ∣

2 −Re(τ)
−Re(τ) 1

] , F i3 = (
H3

F3
)

This implies that;
Re(τ) = C0, Im(τ) = e−ϕ

We now derive a couple of results. The first on is as follows;

SCS = −
1

4κ210
∫ C4∧H3∧F3 = −

1

4κ210
∫ (C4 ∧H3 ∧ F3 −C4 ∧ F3 ∧H3) = −

1

4κ210
∫ (C4 ∧ F 1

3 ∧ F 2
3 −C4 ∧ F 2

3 ∧ F 1
3 )

= −
ϵij

4κ210
∫ (C4 ∧ F i3 ∧ F

j
3 ) (12.1.10)

The second one is as follows;

1

2κ210
∫ d10x

√
−GE (−

1

4
∣F̃5∣2) = −

1

8κ210
∫ d10x e−5ϕ/2

√
−G (F̃5)α1...α5

(F̃5)β1...β5
Gα1β1

E ...Gα5β5

E

= − 1

8κ210
∫ d10x e−5ϕ/2

√
−G (F̃5)α1...α5

(F̃5)β1...β5
e5ϕ/2 Gα1β1 ...Gα5β5

= − 1

8κ210
∫ d10x

√
−G (F̃5)α1...α5

(F̃ 5)
β1...β5

= − 1

4κ210
∫ d10x

√
−G(1

2
∣F̃5∣2) (12.1.11)
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where the last ∣F̃5∣2 uses Gµν instead of GEµν to contract the indices. Now, we derive another result.

1

2κ210
∫ d10x

√
−GE (−

Mij

2
F i3.F

j
3 ) = −

1

4κ210
∫ d10xe−5ϕ/2

√
−GMij (F i3)α1...α3

(F j3 )β1...β3
e3ϕ/2Gα1β1 ...Gα3β3

− 1

4κ210
∫ d10xe−ϕ

√
−GMij (F i3)α1...α3

(F j3 )β1...β3
Gα1β1 ...Gα3β3 = − 1

4κ210
∫ d10xe−ϕ

√
−GMijF

i
3.F

j
3

where in the last step, G metric is used instead of GE to contract the indices. We manipulate this final
expression as follows;

− 1

4κ210
∫ d10xe−ϕ

√
−GMijF

i
3.F

j
3 = −

1

4κ210
∫ d10xe−ϕ

√
−G( ∣τ ∣

2

Im(τ)
∣H3∣2 +

1

Im(τ)
∣F3∣2 −

2Re(τ)
Im(τ)

H3.F3)

= − 1

4κ210
∫ d10xe−ϕ

√
−GMijF

i
3.F

j
3 = −

1

4κ210
∫ d10x

√
−G ((C2

0 + e−2ϕ)∣H3∣2 + ∣F3∣2 − 2C0H3.F3)

= 1

2κ210
∫ d10xe−2ϕ

√
−G(−1

2
∣H3∣2) + −

1

4κ210
∫ d10x

√
−G (C2

0 ∣H3∣2 + ∣F3∣2 − 2C0H3.F3)

= 1

2κ210
∫ d10xe−2ϕ

√
−G(−1

2
∣H3∣2) + −

1

4κ210
∫ d10x

√
−G∣F3 −C0 ∧H3∣2

= 1

2κ210
∫ d10xe−2ϕ

√
−G(−1

2
∣H3∣2) + −

1

4κ210
∫ d10x

√
−G∣F̃3∣2

Therefore, we have;

1

2κ210
∫ d10x

√
−GE (−

Mij

2
F i3.F

j
3 ) =

1

2κ210
∫ d10xe−2ϕ

√
−G(−1

2
∣H3∣2) + −

1

4κ210
∫ d10x

√
−G∣F̃3∣2 (12.1.12)

Another result is derived as follows;

− 1

4κ210
∫ d10x

√
−GE

∂µτ̄ ∂
µτ

(Imτ)2
= − 1

4κ210
∫ d10x e−5ϕ/2

√
−G

eϕ/2Gµν (∂µC0 + i∂µϕe−ϕ) (∂µC0 − i∂µϕe−ϕ)
e−2ϕ

= − 1

4κ210
∫ d10x e−5ϕ/2

√
−G

eϕ/2∣F1∣2 + e−3ϕ/2∂µϕ∂µϕ
e−2ϕ

= − 1

4κ210
∫ d10x

√
−G∣F1∣2 +

1

2κ210
∫ d10x

√
−Ge−2ϕ (−1

2
∂µϕ∂

µϕ) (12.1.13)

Before deriving the last result, we use the fact that in n ≠ 2 dimensions, if two metrics are related as

g̃ = e2ϕg

then the Ricci tensors are related as follows;

R̃ = e−2ϕ (R − 4(n − 1)
n − 2

e−(n−2)ϕ/2gµν∇µ∇νe(n−2)ϕ/2)

also, recall that for a scalar ϕ, ∇µϕ = ∂µϕ. Plugging in n = 10 and rescaling ϕ as ϕ → −ϕ/4 (to match the
relation between G and GE that we have);

RE = eϕ/2 (R −
9

2
eϕGµν∇µ∇νe−ϕ) = eϕ/2R −

9

2
e3ϕ/2Gµν∇µ∇νe−ϕ

Now, we do the following manipulation;

Gµν∇µ∇νe−ϕ = Gµν∇µ (−∂νϕe−ϕ) = −Gµν (∂µ∂νϕ − Γαµν∂αϕ) e−ϕ +Gµν∂µϕ∂νϕe−ϕ

= −Gµν (∇µ∇νϕ) e−ϕ + ∂µϕ∂µϕe−ϕ

113



Thus, the expression of RE becomes;

RE = eϕ/2 [R +
9

2
Gµν∇µ∇νϕ −

9

2
∂µϕ∂

µϕ]

Now, we derive the last result that we need;

1

2κ210
∫ d10x

√
−GERE =

1

2κ210
∫ d10x e−5ϕ/2

√
−Geϕ/2 [R + 9

2
Gµν∇µ∇νϕ −

9

2
∂µϕ∂

µϕ]

= 1

2κ210
∫ d10x e−2ϕ

√
−G [R − 9

2
∂µϕ∂

µϕ] + 9

4κ210
∫ d10x e−2ϕ

√
−GGµν∇µ∇νϕ

The integrand of the last term can be written as follows;

Gµν∇µ (e−2ϕ∇νϕ) = Gµν (−2∂µϕe−2ϕ∂νϕ) + e−2ϕGµν∇µ∇νϕ

⇒ e−2ϕGµν∇µ∇νϕ = Gµν∇µ (e−2ϕ∇νϕ) + 2Gµν (∂µϕe−2ϕ∂νϕ) = ∇µ (e−2ϕ∇νϕ) + 2Gµν (∂µϕe−2ϕ∂νϕ)

The first term in this expression will give a surface term and thus, we omit this term. Therefore, we get;

1

2κ210
∫ d10x

√
−GERE =

1

2κ210
∫ d10x e−2ϕ

√
−G [R − 9

2
∂µϕ∂

µϕ] + 9

2κ210
∫ d10x e−2ϕ

√
−GGµν∂µϕ∂νϕ

= 1

2κ210
∫ d10x e−2ϕ

√
−G [R + 9

2
∂µϕ∂

µϕ] (12.1.14)

Note that the dilaton kinetic term from the sum of (12.1.13) and (12.1.14) is;

1

2κ210
∫ d10x e−2ϕ

√
−G (4∂µϕ∂µϕ)

which is exactly the term in (12.1.7). Now, using (12.1.10) to (12.1.14), it is easily seen that the following
action gives the same action as the sum of (12.1.7), (12.1.8) and (12.1.9);

SIIB =
1

2κ210
∫ d10x

√
−GE (RE −

∂µτ̄ ∂
µτ

2(Im τ)2
−
Mij

2
F i3.F

j
3 −

1

4
∣F̃5∣2) −

ϵij

8κ210
∫ C4 ∧ F i3 ∧ F

j
3 (12.1.15)

We will now show that this action is invariant under the following SL(2,R) transformations;

τ → τ ′ = aτ + b
cτ + d

(ad − bc = 1), F i3 → F i
′

3 = ΛijF
j
3 Λ = [d c

b a
] ∈ SL(2,R) (12.1.16)

with the other fields not changing. We show the invariance by showing the invariance of individual terms.
We start with the following;

∂µτ̄
′∂µτ ′ = ∂µ (

aτ̄ + b
cτ̄ + d

)∂µ (aτ + b
cτ + d

) =
(ad − bc)∂µτ̄(ad − bc)∂µτ

∣cτ + d∣4
=
∂µτ̄ ∂

µτ

∣cτ + d∣4

Moreover, we have;

Im(τ ′) = 1

2i
(τ ′ − τ̄ ′) = 1

2i
(aτ + b
cτ + d

− aτ̄ + b
cτ̄ + d

) = 1

2i

(ad − bc)τ − (ad − bc)τ̄
∣cτ + d∣2

= 1

2i

τ − τ̄
∣cτ + d∣2

= Im(τ)
∣cτ + d∣2

⇒ (Im(τ ′))2 = (Im(τ))
2

∣cτ + d∣4

Therefore, we have;
∂µτ̄

′∂µτ ′

(Im(τ ′))2
=
∂µτ̄ ∂

µτ

(Im(τ))2

We now see howMij transforms. For this purpose, we first calculate the following;

Λ = [d c
b a

] ⇒ Λ−1 = [ a −c
−b d

] ⇒ (Λ−1)T = [ a −b
−c d

]
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⇒ (ΛT )−1MΛ−1 = [ a −b
−c d

] [M11 M12

M21 M22
] [ a −c
−b d

]

= [ a2M11 − 2abM12 + b2M22 −acM11 + (ad + bc)M12 − bdM22

−acM11 + (ad + bc)M12 − bdM22 c2M11 − 2cdM12 + d2M22
]

where we used the fact that M12 =M21. We see that (Λ−1)TMΛ−1 is symmetric too. We now claim thatM
transforms as follows;

M′ = (Λ−1)TMΛ−1

We now prove this claim. For this purpose, we see the following;

Re (τ ′) = 1

2
(aτ + b
cτ + d

+ aτ̄ + b
cτ̄ + d

) = 2ac∣τ ∣2 + (ad + bc)(τ + τ̄) + 2bd
2∣cτ + d∣2

= (ad + bc)Re (τ) + ac∣τ ∣
2 + bd

∣cτ + d∣2

⇒ −Re τ
′

Im τ ′
= −(ad + bc)Re (τ) + ac∣τ ∣

2 + bd
Im (τ)

= −(ad + bc) Re(τ)
Im (τ)

− ac ∣τ ∣
2

Im (τ)
− bd 1

Im (τ)
⇒M ′

12 = (ad + bc)M12 − acM11 − bdM22

This is consistent with our claim but the claim is not proven completely. We continue by calculating the
transformations of the other components ofM. We see that;

∣τ ′∣2 = (aτ + b
cτ + d

)(aτ̄ + b
cτ̄ + d

) = a
2∣τ ∣2 + 2ab Re τ + b2

∣cτ + d∣2
⇒ ∣τ ′∣2

Im τ ′
= a

2∣τ ∣2 + 2ab Re τ + b2

Im τ

⇒M ′
11 = a2M11 − 2abM12 + b2M22

Finally, we also see that;

M ′
22 =

1

Im τ ′
= ∣cτ + d∣

2

Im τ
= c

2∣τ ∣2 + 2cd Re τ + d2

Im τ
= c2M11 − 2cdM12 + d2M22

Therefore, our claim was correct. Now, we can see that the following term is invariant;

MijF
i
3F

j
3 = F

i
3MijF

j
3 → ΛikF

k
3 ((Λ−1)TMΛ−1)

ij
ΛjlF

l
3 = F k3 (ΛT (Λ−1)TMΛ−1Λ)

kl
F l3 = F k3MklF

l
3 =MklF

k
3 F

l
3

Moreover, we see that;

ϵij ∫ C4 ∧ F i3 ∧ F
j
3 → ϵijΛ

i
lΛ
j
k ∫ C4 ∧ F l3 ∧ F k3 = ϵlk det(Λ)∫ C4 ∧ F l3 ∧ F k3 = ϵlk ∫ C4 ∧ F l3 ∧ F k3

So, we see that (12.1.15) is invariant under (12.1.16).

12.1.4 Type I superstring

tt

12.1.5 Heterotic strings

tt

12.2 Anomalies

12.2.1 Type II anomalies

12.2.2 Type I and heterotic anomalies

12.2.3 Relation to string theory

12.3 Superspace and superfields

A general coordinate transformation z → z′ will transform the derivative ∂ as follows;

∂ = ∂z
′

∂z
∂′ + ∂z̄

′

∂z
∂̄′
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A conformal transformation is one for which ∂ is proportional to ∂′. Define superderivatives as follows;

Dθ = ∂θ + θ∂z, D̄θ̄ = ∂θ̄ + θ̄∂z̄

Then the general transformation for Dθ is as follows;

Dθ = (∂θθ′∂θ′ + ∂θz′∂z + ∂θ θ̄′∂θ̄′ + ∂θ z̄′∂z̄′) + θ′(∂θ′∂θ′ + ∂z′∂z + ∂θ̄′∂θ̄′ + ∂z̄′∂z̄′)

=Dθθ
′∂θ′ +Dθz

′∂z′ +Dθ θ̄
′∂θ̄′ +Dθ z̄

′∂z̄′

Now, we can say that the superconformal transformation is a transformation that sends Dθ to a multiple of
itself. This implies that;

Dθ θ̄
′ =Dθ z̄

′ = 0, Dθz
′ = θ′Dθθ

′

We now write z′ and θ′ in terms of z and θ. Now, we can expand both of them as a Taylor expansion in
θ and it will give us two terms. Both of these terms will depend on z. These functions will be of different
Grassmannian characters to preserve the Grassmannian character of the field. So, we have;

z′(z, θ) = f(z) + θm(z), θ′(z, θ) = g(z) + θh(z)

where f(z), h(z) are grassman even functions and m(z), g(z) are grassman odd functions. We can constrain
these fields by using the condition Dθz

′ = θ′Dθθ
′. We proceed as follows;

θ′Dθθ
′ = (g(z) + θh(z))(h(z) + θ∂zg(z)) = g(z)h(z) + θ(h2(z) − g(z)∂zg(z)), Dθz

′ =m(z) + θ∂zf(z)

⇒m(z) = g(z)h(z), h(z) = ±
√
g(z)∂zg(z) + ∂zf(z)

Thus, we have the following;

z′(z, θ) = f(z) + θg(z)h(z), θ′(z, θ) = g(z) + θh(z), h(z) = ±
√
g(z)∂zg(z) + ∂zf(z) (12.3.1)

For the infinitesimal transformations, we consider f(z) = 1 + ϵv(z), g(z) = −iϵη(z). This gives us;

h(z) = 1 + ϵ
2
∂v(z), g(z)h(z) = −iϵη(z), ⇒ δz = ϵ(v(z) − iθη(z)), δθ = ϵ(−iη(z) + 1

2
θ∂v(z))

(Check that it satisfies superconformal algebra) A tensor superfield of weight (h, h̃) transforms as
follows;

(Dθθ
′)2h(Dθ̄ θ̄

′)2h̃ϕ′(z,z′) = ϕ(z,z)

where z = (z, θ). For the transformation

δz = ϵθη(z), δθ = ϵη(z)

We see that;
Dθθ

′ = 1 + θϵ∂zη, Dθ̄ θ̄
′ = 1 + θ̄ϵ∂z̄ η̃

and thus, we have;

(1 + θϵ∂zη)2h (1 + θ̄ϵ∂z̄ η̃)
2h̃ (ϕ′(z, z̄) + θϵη∂zϕ′ + θ̄ϵη̃∂z̄ϕ′ + ϵη∂θϕ′ + ϵη̃∂θ̄ϕ′) = ϕ(z, z̄)

⇒ δϕ(z, z̄) = −ϵ (2hθ∂zη + ηQθ + 2h̃θ̄∂z̄ η̃ + η̃Qθ̄)ϕ′(z, z̄) = −ϵ (2hθ∂zη + ηQθ + 2h̃θ̄∂z̄ η̃ + η̃Qθ̄)ϕ(z, z̄) +O(ϵ2)
(12.3.2)

where I used binomial theorem and where Qθ = ∂θ − θ∂z,Qθ̄ = ∂θ̄ − θ∂z̄. The holomorphic part of ϕ called
ϕ(z) is expanded as follows;

ϕ(z) = O(z) + θΨ(z) ⇒ δϕ(z) = δO(z) + θδΨ(z)

But from the result in (12.3.2), we see that;

δϕ(z) = −ϵ (2hθ∂zηϕ(z) + η∂θϕ(z) − ηθ∂zϕ(z)) = −ϵ (2hθ∂zηO(z) + ηΨ(z) − ηθ∂zO(z))

= −ϵηΨ(z) − ϵθ (2h∂zηO(z) + η∂zO(z))
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Comparing these two results for the variation of the field, we get;

δO = −ϵηΨ, δΨ = −ϵ (2h∂zηO(z) + η∂zO(z))

A general superconfromal variation of a field A(z, z̄) is given as follows;

δA(z, z̄) = −ϵ
∞
∑
n=0

1

n!
(∂nη(z)Gn−1/2 + (∂nη(z))∗G̃n−1/2)A(z, z̄) (12.3.3)

Comparing (12.3.3) with the variations above, we get;

G−1/2O = Ψ, GrO = 0 (r ≥
1

2
)

G−1/2Ψ = ∂zO, G1/2Ψ = 2hO, GrΨ = 0 (r ≥
3

2
)

Now, we consider purely conformal transformations i.e.

z′ = z + ϵv(z), z̄′ = z̄ + ϵv̄(z̄), θ′ = θ + 1

2
ϵθ∂zv(z), θ̄′ = θ̄ +

1

2
ϵθ̄∂z̄ v̄(z̄)

Then, the variation in the tensor field is given as follows;

δϕ(z, z̄) = −ϵ(h∂zv + h̃∂z̄ v̄ + v∂z + v̄∂z̄ +
1

2
θ∂zv∂θ +

1

2
θ̄∂z̄ v̄∂θ̄)ϕ(z, z̄) +O(ϵ2)

Now, again we consider the holomorphic part of ϕ(z, z̄) and then, the variation becomes;

δϕ(z) = −ϵ (h∂zvO + v∂zO) − ϵθ [(h +
1

2
)∂zvΨ + v∂zΨ]

⇒ δO = −ϵ (h∂zvO + v∂zO) , δΨ = −ϵ [(h +
1

2
)∂zvΨ + v∂zΨ]

A general conformal transformation of an operator is given as follows;

δA(z, z̄) = −ϵ
∞
∑
n=0

1

n!
(∂nv(z)Ln−1 + (∂nv(z))∗L̃n−1)A(z, z̄) (12.3.4)

Comparing (12.3.4) with the variations above, we see that;

L−1O = ∂zO, L0O = hO, LnO = 0 (n > 0)

L−1Ψ = ∂zΨ, L0Ψ = (h +
1

2
)Ψ, LnΨ = 0 (n > 0)

So, we see that O and Ψ have conformal dimensions h and h + 1/2. (Show that the generator of world
sheet rigid transformation is G−1/2).

12.3.1 Actions and backgrounds

We now calculate the superjacobian of the superconformal transformation given in (12.3.1) as follows;

∣∂z
′/∂z ∂z′/∂θ

∂θ′/∂z ∂θ′/∂θ∣ = ∣
∂zf + θ∂z(gh) gh
∂g + θ∂h h

∣ = (∂zf + g∂zg)(h + θ∂zg) = h2(z)Dθθ
′

(Why this extra factor?). The measure transforms as follows;

dz′ dθ′ =Dθθ
′ dz dθ

The weight of this measure is (−1/2,0) because the weight of θ is (1/2,0). Including the measure dz̄dθ̄, we see
that the total measure has the weight (−1/2,−1/2). Thus, the weight of the lagrangian density is (1/2,1/2).
An example of such a lagrangian density is;

Dθ̄X
µ(z, z̄)DθXµ(z, z̄)
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because the weight of DθX
µ(z, z̄) is (1/2,0). Here, Xµ(z, z̄) is a superfield. Its Taylor expansion can be

done as follows;
Xµ(z, z̄) =Xµ(z, z̄) + iθψµ(z) + iθ̄ψ̄µ(z) + θθ̄F (z, z̄)

Here, the first three terms are easily understood. The fourth term is a possible term that can appear in
Taylor’s expansion but we will see that the F field is an auxiliary field. To write the action in terms of the
components, we need the following small calculations;

DθX
µ(z, z̄) = (∂θ + θ∂z) (Xµ(z, z̄) + iθψµ(z) + iθ̄ψ̄µ(z) + θθ̄F (z, z̄)) = (iψµ + θ̄Fµ) + θ (∂zXµ + iθ̄∂zψ̄µ)

= iψµ + θ∂zXµ + θ̄Fµ + iθθ̄∂zψ̄µ (12.3.5)

Similarly,

Dθ̄X
µ(z, z̄) = (∂θ̄ + θ̄∂z̄) (Xµ(z, z̄) + iθψµ(z) + iθ̄ψ̄µ(z) + θθ̄F (z, z̄)) = (iψµ − θFµ) + θ̄ (∂z̄Xµ + iθ∂z̄ψµ)

= iψ̄µ + θ̄∂z̄Xµ − θFµ − iθθ̄∂z̄ψµ (12.3.6)

Now, we calculate Dθ̄X
µDθXµ with retain only the terms that contain θθ̄ because the other terms vanish

under d2θ integration. This gives us;

Dθ̄X
µ(z, z̄)DθXµ(z, z̄) = θ̄θ (ψ̄µ∂zψ̄µ + ∂zXµ∂zXµ + FµFµ + ψµ∂z̄ψµ) + (non θθ̄ terms) (12.3.7)

and thus, we get (after doing the d2θ integration);

S = 1

4π
∫ d2zd2θ θ̄θ (ψ̄µ∂zψ̄µ + ∂zXµ∂zXµ + FµFµ + ψµ∂z̄ψµ)

= 1

4π
∫ d2z (ψ̄µ∂zψ̄µ + ∂zXµ∂zXµ + FµFµ + ψµ∂z̄ψµ) (12.3.8)

The vanishing of the variation of this action w.r.t Fµ gives;

1

4π
∫ d2zFµδF

µ = 0⇒ Fµ = 0 (12.3.9)

The superfield action gives the following equation of motion (derive this while being cautious about
the minus signs);

DθDθ̄X
µ = 0 (12.3.10)

To derive the OPE of the superfield that is invariant under rigid supersymmetry (i.e. when η is not de-
pendent on z), we first derive the combinations that are invariant under rigid supersymmetry. The rigid
supersymmetry is given as follows;

δz = −iϵθη, δθ = −iϵη (12.3.11)

Now, we calculate the transformation of the following quantities under supersymmetry;

z1 − z2 → (z1 − iϵθ1η) − (z2 − iϵθ2η) = z1 − z2 − iϵ (θ1 − θ2)η

θ1 − θ2 → (θ1 − iϵη) − (θ2 − iϵη) = θ1 − θ2 (12.3.12)

θ1θ2 → (θ1 − iϵη) (θ2 − iϵη) = θ1θ2 − iϵ (θ1 − θ2)η

⇒ z1 − z2 − θ1θ2 → z1 − z2 − θ1θ2 (12.3.13)

So, we see that the quantities that are invariant under rigid supersymmetry are θ1−θ2 and z1−z2−θ1θ2 (and
their conjugates). So, the OPE can depend on these quantities only. The OPE can be calculated as follows
(we set α′ = 2 in this section);

Xµ(z1, z̄1)Xν(z2, z̄2) = (Xµ(z1, z̄1) + iθ1ψµ(z1) + iθ̄1ψ̄µ(z1)) (Xµ(z2, z̄2) + iθ2ψµ(z2) + iθ̄2ψ̄µ(z2))

∼ −ηµν ln ∣z1 − z2∣2 − θ1θ2
ηµν

z1 − z2
− θ̄1θ̄2

ηµν

z̄1 − z̄2
(12.3.14)
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where we didn’t write the auxiliary field. It can be written but that doesn’t change the result (Find more
justification). Now, we expand the following function as Taylor’s expansion in θ1 and θ̄1;

ln ∣(z1 − z2 − θ1θ2)∣2 = ln [(z1 − z2 − θ1θ2) (z̄1 − z̄2 − θ̄1θ̄2)] = ln ∣z1 − z2∣2 +
θ2

z1 − z2
θ1 +

θ̄2
z1 − z2

θ̄1

= ln ∣z1 − z2∣2 +
θ1θ2
z1 − z2

+ θ̄1θ̄2
z1 − z2

0 (12.3.15)

Using the above two equations, we have;

Xµ(z1, z̄1)Xν(z2, z̄2) ∼ −ηµν ln ∣z1 − z2 − θ1θ2∣2 (12.3.16)

We now write the ghost action in terms of two superfields i.e. B and C with weights (λ−1/2,0) and (1−λ,0).
This means that the weight of BDθ̄C is

(λ − 1

2
,0) + (1 − λ,0) + (0, 1

2
) = (1

2
,
1

2
) (12.3.17)

Therefore, the following action has superconformal invariance;

SBC =
1

2π
∫ d2zd2θ BDθ̄C (12.3.18)

The equations of motion are easily seen to be;

Dθ̄B =Dθ̄C = 0 (12.3.19)

Now, we see that;

Dθ̄B = 0⇒D2
θ̄B = 0⇒ (∂θ̄ + θ̄∂z̄) (∂θ̄ + θ̄∂z̄)B = ∂z̄B − θ̄∂z̄∂θ̄B + θ̄∂z̄∂θ̄B = ∂z̄B = 0⇒ ∂θ̄B = 0 (12.3.20)

The last equality follows because Dθ̄B = ∂z̄B = 0. Similarly, we can show that;

∂θ̄C = ∂z̄C = 0 (12.3.21)

Therefore, the Taylor expansion of B(z) and C(z) are as follows;

B(z) = β(z) + θb(z), C(z) = c(z) + θγ(z) (12.3.22)

We see that the weights of all these components are exactly the weights that we find in bc ghost system and
βγ ghost system. The OPE is as follows;

B(z1)C(z2) = (β(z1) + θ1b(z1)) (c(z2) + θ2γ(z2)) = θ2β(z1)γ(z2) + θ1b(z1)c(z2)

∼ −θ2
1

z1 − z2
+ θ1

1

z1 − z2
= θ1 − θ2
z1 − z2

(12.3.23)

We can now do the following manipulation to show that this OPE is invariant under rigid supersymmetry;

θ1 − θ2
z1 − z2 − θ1θ2

= θ1 − θ2
z1 − z2

(1 − θ1 − θ2
z1 − z2

)
−1
= θ1 − θ2
z1 − z2

(1 − θ1 + θ2
z1 − z2

) = θ1 − θ2
z1 − z2

(12.3.24)

Therefore, we have;

B(z1)C(z2) ∼
θ1 − θ2

z1 − z2 − θ1θ2
So we see that the OPE is written in terms of the quantities which are invariant under rigid supersymmetry.
Now, we write down the sigma model action using superfields. We see that the following is true (derive
this);

S = 1

4π
∫ d2zd2θ [Gµν(X) +Bµν(X)]Dθ̄X

νDθX
µ (12.3.25)

= 1

4π
∫ d2z [(Gµν(X) +Bµν(X))∂zXµ∂z̄Xµ +Gµν (ψµDz̄ψν + ψ̄µDzψ̄ν) +

1

2
Rµνρσψ

µψνψ̄ρψ̄σ] (12.3.26)
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where the covariant derivatives are defined as follows;

Dz̄ψν = ∂z̄ψν + [Γνρσ(X) +
1

2
Hν
ρσ(X)]∂z̄Xρψσ (12.3.27)

Dzψ̄ν = ∂zψν + [Γνρσ(X) −
1

2
Hν
ρσ(X)]∂zXρψ̄σ (12.3.28)

(Talk about the R-R sector and the appearance of dilaton in the action).
In the heterotic string case, we have ψ̄µ in the left sector but no ψµ in the right sector. But there are λA

fields in the left sector. So, the superfields required in this case are as follows;

Xµ(z, z̄) =Xµ(z, z̄) + iθ̄ψ̄µ, λA(z) = λA + θGA

(Write more about the heterotic case and anomalies)

12.3.2 Vertex operators

A naive idea of pictures is as follows. Positions of vertex operators in bosonic strings can be fixed but they
come with an additional c(z)c̃(z̄) factor. The positions of the vertex operators can be unfixed and they will
have an d2z integral with them. In the superstring case, we call these different categories of vertex operators
to be in different pictures. The analogue of c(z)c̃(z̄) in the NS sector case is (find more about this);

e−ϕ(z)−ϕ̃(z̄)

which is the NS vacuum vertex operator. In the superstring case, we integrate over (θ, θ̄) in addition to
(z, z̄). Integrating over d2θ takes out the θθ̄ component. Let’s call this component Ψ. This component can
also be taken out by applying G−1/2G̃−1/2 on the lowest weight component (which we can refer to as O). So,
we have;

G−1/2G̃−1/2O = Ψ

So, the d2θ integration can be replaced with G−1/2G̃−1/2 acting on lowest weight components of the superfield.

However, in the unfixed operators, we won’t have e−ϕ(z)−ϕ̃(z̄) factor, just like the bosonic case where c(z)c̃(z̄)
is absent from the vertex operators whose position aren’t fixed. So, we see that the (ϕ, ϕ̃) charges of the
unfixed operators is (0,0) and it is (−1,−1) for the fixed operators. This fact is referred to by saying that
unfixed operators are in the (0,0) picture and the fixed operators are in the (−1,−1) picture. In other words,
having (ϕ, ϕ̃) charge equal to (q, q̃) is defined as being in the (q, q̃) picture.
As an example, we derive the (0,0) and (−1,−1) picture vertex operators for the following massless states in
the NS −NS sector;

ψµ−1/2ψ̃
ν
−1/2∣0;k⟩NS (12.3.29)

The unfixed vertex operators for these states are as follows;

V−1,−1 = gceik.Xe−ϕ−ϕ̃ψµψ̃ν

where gc is the closed string coupling constant. To find the vertex operators in the (0,0) picture, we apply

the G−1/2G̃−1/2 operator on this vertex operators and get rid of the e−ϕ−ϕ̃ factor. For that, we will need the
following;

Gr = ∑
n∈Z

αµnψµr−n ⇒ G−1/2 = ∑
n∈Z

αµnψµ,−1/2−n = α
µ
0ψµ,−1/2 +

∞
∑
n=1
(αµnψµ,−1/2−n + α

µ
−nψµ,−1/2+n) (12.3.30)

where the commas have been placed to differentiate between Lorentz indices and Fourier indices. For the
state in (12.3.29), no term in the first term in the sum in (12.3.30) contributes because all the α’s in that
term are annihilation operators. From the second term in the sum, only n = 1 term contributes because all
the other ψ modes annihilate the state in (12.3.29). Similar arguments also apply for G̃−1/2 Lastly, the zero
mode term in G−1/2 also contributes. So, effectively, we have;

G−1/2G̃−1/2ψ
α
−1/2ψ̃

β
−1/2∣0;k⟩NS = (αµ0ψµ,−1/2 + α

µ
−1ψµ,1/2) (α̃

ν
0 ψ̃ν,−1/2 + α̃ν−1ψ̃ν,1/2)ψα−1/2ψ̃

β
−1/2∣0;k⟩NS
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Now, using the anticommutation relations for the fermionic modes, we have;

−(αµ0ψµ,−1/2ψ
α
−1/2 + α

µ
−1δ

α
µ) (α̃ν0 ψ̃ν,−1/2ψ̃

β
−1/2 + α̃

ν
−1δ

β
ν ) ∣0;k⟩NS

= −(α0.ψ−1/2ψ
α
−1/2 + α

α
−1) (α̃0.ψ̃−1/2ψ̃

β
−1/2 + α̃

β
−1) ∣0;k⟩NS (12.3.31)

where the overall minus sign comes because ψα travels through the ψ̃ bracket and both of the terms in the
bracket contain a single spinor mode. Now, the vertex operators corresponding to these states are as follows;

V0,0 = −gc (k.ψψα + i∂zXα) (k.ψ̃ψ̃β + i∂z̄Xβ) eik.X

This vertex operator is in the (0,0) picture because there is no (ϕ, ϕ̃) charge. This expression is in α′ = 2
convention. Similarly for open strings, we have the following massless state;

ψµ−1/2∣0;k;a⟩NS

where a is the Chan Paton index. Now, the vertex operator in the −1 picture corresponding to this state is;

V−1 = goe−ϕψµtaeik.X (12.3.32)

with ta being the gauge group generator and with d2zd2θ integrations suppressed. Now, the picture 0 vertex
operator is derived just like the calculation above. We get;

G−1/2ψ
µ∣0;k;a⟩ = (α0.ψ−1/2ψ

µ
−1/2 + α

µ
−1) ∣0;k;a⟩NS ⇒ V0 = gota(∂zXµ + 2k.ψψµ)

= g0(2α′)−1/2ta(iẊµ + 2α′k.ψψµ)eik.X (12.3.33)

(Restore α′ factors and the issue of the dot derivative. Talk about heterotic vertex operators
and couplings).

12.4 Tree level amplitudes

In this section, we quote and motivate some of the results that will be derived carefully later. While studying
bosonic theory on the sphere, we fixed the (z, z̄) positions of three vertex operators and got factors of
c(z)c̃(z̄). The positions of three vertex operators are fixed because there are three complex killing vectors
on the sphere.
In the superstring theory, we need to determine the number of vertex operators whose (θ, θ̄) coordinates can
be fixed. To know the answer to this, we need to study superconformal killing vectors. Polchinski casts these
results in terms of the zero modes of c and γ fields. However, we can just quote here that (θ, θ̄) coordinates of
two vertex operators should be fixed on the sphere and we get factors of e−ϕ−ϕ̃ whenever we fix one operator.
In other words, we need two operators in (−1,−1) picture, and all other operators are in (0,0) picture. (Talk
about the ϕ anomaly argument). For open strings on the disc, we similarly need two vertex operators
in the −1 picture and the rest in 0 picture.
The vertex operator of the R ground state is

Vs = e−ϕ/2Θs (12.4.1)

and thus, it has a ϕ charge of −1/2. Due to the conservation of ϕ charge (where does this come from?),
we know that the total ϕ charge is −2. We just quote the interpretation here and leave the justification for
later. The ϕ charge for the fermions is −1/2 such that the total ϕ charge is −2. In the case of two fermions,
we have ϕ charge equal to −1/2 for fermions and −1 for bosons.

12.4.1 Three point amplitudes

Type I disc amplitude: Type I disc amplitude for three bosons is as follows;

1

α′g2o
⟨cV−1(x1)cV−1(x2)cV0(x3)⟩ + (1↔ 2) (12.4.2)
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where we fixed the (θ, t̄) coordinates of two operators and the (z, z̄) coordinates of all three of them. The
overall normalization is taken to be the same as CD2 in (6.5.4). This normalization was derived using
unitarity. The 1 ↔ 2 term comes due to summing over the other ordering. For calculating this amplitude,
we need the following expectation values;

⟨c(x1)c(x2)c(x3)⟩ = x12x23x31, ⟨e−ϕ/2(x1)e−ϕ/2(x2)⟩ = x−112 (12.4.3)

The c expectation value was calculated in chapter 6 while the ϕ expectation value was calculated in (10.4.13).
We have chosen a normalization for this OPE. Using (12.3.32) and (12.3.33), we see that we also need the
following expectation value;

⟨ψµeik1.X(x1)ψνeik2.X(x2) (iẊρ + 2α′k.ψψρeik.X(x3))⟩

This expectation value is as follows (derive this);

⟨ψµeik1.X(x1)ψνeik2.X(x2) (iẊρ + 2α′k.ψψρeik.X(x3))⟩ = −2iα′(2π)10δ (∑
i

ki)(
ηµνkρ1
x12x13

+
ηµνkρ2
x12x23

+
ηνρkµ3 − ηµρkν3

x13x23
)

12.4.2 Four point amplitudes

tt

12.5 General amplitudes

tt

12.5.1 Pictures

tt

12.5.2 Super-Riemann surfaces

tt

12.5.3 The measure on supermoduli space

tt

12.6 One-loop amplitudes

tt

12.6.1 Non-renormalization theorems
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13 Chapter 13: D Branes

We do know that under T duality (in the 9−th direction say), we have to do the following change;

X ′9R (z̄) = −X9
R(z̄)

This implies sending all the Fourier components of XR to negative of themselves. This will send T̃F to
negative of itself and it won’t change any other stress tensor. This will disrupt the superconformal algebra.
Since T̃F contains ψ̃µ∂Xµ

R, we can also do the following change;

ψ̃′9(z̄) = −ψ9(z̄)

to save the superconformal algebra. Using the definition of F̃ , we see that F̃ contains S̃4 and S̃4 contains
ψ̃9
r . Thus, the value of S̃4 changes on its eigenstates by its negative. Since the possible values of S̃4 are ±1/2,

S̃4 going negative to itself means that there is a difference of ±1 and thus, there is a difference of ±1 in F̃ .

Hence, eπiF̃ (which is just chirality on the ground state) gets reversed on the Ramond right-handed ground
state. So, we see that type IIA and type IIB are T duals of each other (where T duality is done on an odd
number of dimensions). Now, we relate R−R fields in T dual theories. Consider the vertex operators of R-R
ground states;

ψ
[µ1

0 ...ψ
µp]
0 ∣α;k⟩ ∝ Γ[µ1 ...Γµp]Vα∣1⟩

So, we need to ask that how do Vα transform under T duality in 9 direction. Since Vα has a spinor index,
it should transform like a spinor under parity in the 9 direction. The corresponding operator is β9

αβ . This

operator anti commutes with Γ9 but commutes with all the other Γ’s (include justification). So, we have
an obvious solution of the following;

β9 = Γ9Γ⇒ β9Γ9 = Γ9ΓΓ9 = −Γ9β9, β9Γµ = Γµβ9 µ ≠ 9

So, we now see that under T duality, if µ = 9 is present in the R vertex operator, then it gets absorbed by
the extra Γ9 coming from the transformation of V and if there is no µ = 9 present in the vertex operator,
then it get a µ = 9 index. This transforms between type IIA and type IIB R−R fields. For more than one T
dualized direction, the parity operators get multiplied;

β =∏
m

βm

We derive a couple of identities now. Firstly, we see that;

βmβn = ΓmΓΓnΓ = ΓnΓmΓΓ = −ΓnΓΓmΓ = −βnβm, (m ≠ n)

So, T dualities in different directions don’t commute. (derive the presence of fermion number there).

13.1 T duality of type II strings

tt

13.2 T duality of type I string

(Include the supersymmetry charges thing and the worldsheet supercurrent thing). D-p branes
naturally couple to p + 1 form fields. They can couple to R −R fields;

∫ Cp+1

(Do they couple to the B field as well i.e. D1 brane?). Type II A has 1,3,5,7 and 9 form potentials
and thus, it has D-p branes with p even. Type II B has 0,2,4,6,8 and 10 form fields and thus, it has D-p
branes with p odd.
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13.2.1 New connections between string theories

The susy algebra for extended objects is as follows (find justification for this);

{Qα, Q̄β} = −2 [PM +
QNS
M

2πα′
]ΓMαβ ⇒ {Qα,Q

†
β} = 2 [PM +

QNS
M

2πα′
] (Γ0ΓM)αβ (13.2.1)

{Q̃α, ¯̃Qβ} = −2 [PM −
QNS
M

2πα′
]ΓMαβ ⇒ {Q̃α, Q̃

†
β} = 2 [PM −

QNS
M

2πα′
] (Γ0ΓM)αβ (13.2.2)

{Qα, ¯̃Qβ} = −2∑
p

τp

p!
QR
M1...Mp

(βM1 ...βMp)
αβ
⇒ {Qα, Q̃†

β} = 2∑
p

τp

p!
QR
M1...Mp

(βM1 ...βMpΓ0)
αβ

(13.2.3)

where QNS and QR are NS and R charges. Recall that charges carried by extended objects have multiple
indices.

(Include the arguments from type I divergence, Include the arguments for the supersym-
metry algebra, D instanton example)

13.3 D Branes action and charges

We need to calculate the D brane tension in superstrings. For that, we need to calculate the cylinder
amplitude and extract the massless divergence from it for an open string stretched between two branes.
There are contributions from NS and R sectors. The NS amplitude was already calculated in section 10.8
and the only change is the integration happening on a different number of dimensions and the extra factor
due to stretched string between two branes. The intervening steps are exactly like the steps in section 8.7
while calculating the D-brane tension. We get;

ANS−NS =
8iVp+1

(8π2α′)(p+1)/2 ∫
∞

0

dt

tp+3/2
e−ty

2/2πα′t4 =
8iVp+1

(8π2α′)(p+1)/2 ∫
∞

0
dt t(5−p)/2e−ty

2/2πα′

=
82iVp+1

8π(8π2α′)5 ∫
∞

0
π
dt

t2
(8π2α′t)(9−p)/2e−ty

2/2πα′ =
4 × 16i Vp+1
8π(8π2α′)5 ∫

∞

0
π
dt

t2
(8π2α′t)(9−p)/2e−ty

2/2πα′

The steps in the last line are done to bring the expression into the standard form (that resembles other
expressions that we derived before). Now, we do this integral but for that, we use a simplified form of this
massless divergence. So, we have;

ANS−NS =
8iVp+1

(8π2α′)(p+1)/2 ∫
∞

0
dt t(5−p)/2e−ty

2/2πα′ =
8iVp+1

(8π2α′)(p+1)/2
(2πα

′

y2
)
(7−p)/2

∫
∞

0
dµµ(5−p)/2e−µ

=
8iVp+1

(8π2α′)(p+1)/2
(2πα

′

y2
)
(7−p)/2

Γ(7 − p
2
)

Now, we use (8.7.6) with d = 9 − p to get;

G9−p(y) =
1

4π(9−p)/2∣y∣7−p
Γ(7 − p

2
) ⇒ Γ(7 − p

2
) = 4π(9−p)/2∣y∣7−pG9−p(y)

Putting this equation into the expression of ANS−NS, we get;

ANS−NS = 2πiVp+1(4π2α′)3−pG9−p(y) (13.3.1)

Now, for the field theory calculation, the expectation values become the following by putting D = 10 in
(8.7.10) and (8.7.11);

⟨ϕ̃ϕ̃⟩ = −2iκ
2

k2

(Do the graviton expectation and the field theory calculation). The field theory result is given as
follows;

2iκ2τ2p

k2⊥
Vp+1 = 2iκ2τ2pVp+1G9−p(y) (13.3.2)
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Equality of (13.3.1) and (13.3.2), we get;

τ2p =
π(4π2α′)3−p

κ2
⇒ τ2p−1 =

π(4π2α′)3−(p−1)

κ2
= π(4π

2α′)3−p

κ2
4πα′ = 4πα′τ2p ⇒ τp−1 = 2π

√
α′ τp ⇒ Tp−1 = 2π

√
α′ Tp

So, we see that the recursion relation (8.7.5) is still satisfied (recall that τp and Tp are related linearly by the
exponential of dilaton expectation value). To guess the low energy R −R exchange action is easy. We have
two D − p branes (with couple to Cp+1 field and the action for this field is);

− 1

4κ210
∫ d10x

√
−G∣Fp+2∣2

Moreover, the branes are sources for Cp+1 fields and thus, the action of the coupling of branes to Cp+1 field
is (with coupling constant µp);

µp ∫ Cp+1

So, the total action is;

− 1

4κ210
∫ d10x

√
−G∣Fp+2∣2 + µp ∫ Cp+1

The propagator for the Cp+1 field is easy to read as the normalization is canonical. One can redefine a

new Cp+1 field as (
√
2κ10)−1Cp+1 and then, the normalization and propagator are the standard photon

normalization and propagator i.e. i/k2. Be careful about the different signature of the metric used usually
in QFT. This is the reason there is no minus sign in the propagator here. The propagator is as follows;

2κ210(standard propagator) = 2iκ210
k2

The field theory amplitude is (derive this and there should be a factor of Vp+1);

−2iκ210µ2
pG9−p(y)Vp+1

Since this should be negative of the NS −NS field theory result, using (13.3.1) we have;

− 2iκ210µ2
pG9−p(y)Vp+1 = −2πiVp+1(4π2α′)3−p2G9−p(y) ⇒ µ2

p =
π

κ210
(4πα′)3−p = κ2

κ210
τ2p = e2ϕ0τ2p = T 2

p (13.3.3)

(Find justification of second last step. Probably from chapter 12).(Write about orientifolds
and pictures).

13.3.1 Dirac quantization condition

We first review the Dirac condition for normal electrodynamics. Since the electrical charge is carried by
point particles (or 0 branes), the field strength should be F2 and since normal electrodynamics is in four
dimensions, the dual field strength is also a two-form which in turn implies that magnetic sources should also
be 0 branes or point particles.
Consider a magnetic monopole with magnetic charge µm and a sphere S2 around it. The flux through S2 is
calculated as follows;

µm = ∫
S2
BidAi = ∫

S2

1

2
ϵijkFjkdAi (13.3.4)

Now, we do the following manipulation;

dAi = (dx1 × dx2)i = ϵilmdx1l dx2m

⇒ ϵijkdAi = ϵijkϵilmdx1l dx2m = (δljδmk − δlkδmj)dx1l dx2m = dx1jdx2k − dx1kdx2j = 2dx1j ∧ dx2k (13.3.5)

Using (13.3.5) in (13.3.4), we get;

∫
S2
ϵijkFjkdx

1
j ∧ dx2k = ∫

S2
F2 = µm (13.3.6)
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Figure 1: The path on which integration is performed

Including an electrically charged particle in this field with charge µe, we get the following phase (include
an explanation) (the path is shown in the figure below);

exp(iµe ∮
P
A1) = exp(iµe ∮

D
F2) = exp (iµeµm)

To ensure the single-valuedness of this quantity, we need to ensure that;

µeµm = 2πn

Now, we generalize this discussion to p−branes. If the source is a p−brane, then the field strength is Fp+2, the
dual strength is F10−p−2 = F8−p and thus, the source of such a field is a 8 − p − 2 = (6 − p) brane. We call this
brane a magnetic brane and p brane an electric brane. Now, in 3 space dimensions, a point is surrounded
by S2 (two dimensions), and a line is surrounded by S1 (one dimension). The dimension of the sphere Sk

surrounding an extended entity of p dimensions in a d dimensional space is given by the formula;

k = d − p − 1 (13.3.7)

which reproduces the results quoted above. Now, for 9 space dimensions, a 6−p magnetic brane is surrounded
by a sphere of dimension

9 − (6 − p) − 1 = p + 2

which makes sense as it is the number of indices on Fp+2 and we expected the generalization of (13.3.6)
to be something like Fp+2 integrated over Sp+2. So, the generalization of (13.3.6) is confirmed to be (find
justification for the factor);

∫
Sp+2

Fp+2 = 2κ210µ6−p

An argument like before gives us the following condition;

exp(iµp ∮
Sp+2

Fp+2) = exp (2iκ210µpµ6−p) is single-valued⇒ 2κ210µpµ6−p = 2πn⇒ µpµ6−p =
πn

κ210
(13.3.8)

Using (13.3.3) we get the following;

µp =
√
π

κ10
(4πα′)(3−p)/2, µ6−p =

√
π

κ10
(4πα′)(p−3)/2 ⇒ µpµ6−p =

π

κ210

So, the charges in (13.3.3) satisfy (13.3.8) for n = 1.

13.3.2 D-brane actions

The massless (NS+,NS+) spectrum is the same as the bosonic massless spectrum, and the arguments from
section 8.7 apply. So, the coupling of the D-brane with NS − NS sector fields is like the DBI action. We
replace Tp with µp because they are equal as shown above and to include the case of multiple branes, we
include a trace because the fields become gauge fields. So, the NS −NS action becomes;

SNS−NS = −µP ∫ dp+1ξ Tr [−e−ϕ det (Gab +Bab + 2πα′Fab)] (13.3.9)
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(Include the discussion about flat directions). The coupling to R−R fields is derived as follows (derive
this);

SR−R = iµp ∫
p+1

Tr
⎡⎢⎢⎢⎣
exp [2πα′F2 +B2] ∧∑

q

Cq
⎤⎥⎥⎥⎦

(13.3.10)

(Find about spacetime curvature couplings, the fermionic part of the action and the full non-
linear action). To find the YM coupling on the brane,

13.3.3 Coupling constants

We now calculate the ratio τF1 to τD1 i.e. the ration of tension of fundamental string to the tension in D1
brane. It is as follows;

τF1

τD1
= e−ϕ0/2πα′

e−ϕ0
√
π(4π2α′)/κ

= κ

8π7/2α′2

Now, as shown in chapter 6 (do it in chapter 12 too), gc is proportional to κ and thus;

g ∝ τF1

τD1

Although we fixed the normalization between go and gc in chapter 8 (do it for superstrings as well), we
didn’t fix the normalization of gc ∝ eϕ. So, we define gc to be the ratio above;

gc =
τF1

τD1

Then, using the expression for τF1/τD1, we get;

κ = 8gcπ7/2α′2 ⇒ κ2 = 1

2
27g2cπ

7α′4 = 1

2
g2c(2π)7α′4

The string tension can then be written in terms of gc as follows;

τp =
√
π

κ
(4πα′)(3−p)/2 =

√
π(4πα′)(3−p)/2

√
2

gc(2π)7/2α′2
= (2π)−pα′−(1+p)/2g−1c (13.3.11)

Notice that this is dimensionless only if p = −1 (for instanton) (Find more about this). To derive the
Yang-Mills coupling on the D-brane, we expand (13.3.9) for Gab = ηab,Bab = 0 and ϕ = ϕ0. We also use the
following identity;

det(−I+M) = −1+Tr(M)+O(M2) ⇒ det(ηab+2πα′Fab) = −1+2πα′FabF ba+O(F 2) ∼ −1−2πα′FabF ab = −1−2πα′F 2

So, the expansion of (13.3.9) is as follows;

−µp ∫ dp+1ξTr [e−ϕ0(1 + 2πα′F 2)] = −µp ∫ dp+1ξTr [e−ϕ0] − 2πα′µp ∫ dp+1ξTr [e−ϕ0F 2]

(Trace on the dilaton is giving a problem. If we ignore the dilaton trace, then it can be taken
out and mu becomes tau then. The action then becomes);

−2πα′τp ∫ dp+1ξTr [F 2] =
8πα′τp
−4 ∫ dp+1ξTr [F 2] = −1

4

(2πα′)2

πα′/2
τp ∫ dp+1ξTr [F 2]

(The extra factor of πα′/2 is coming in denominator. How to deal with this?). Now, if we read
g2YM , we get;

1

g2YM
= (2πα′)2τp ⇒ g2YM =

1

(2πα′)2τp
= (2π)−2α′−2τ−1p = (2π)−2α′−2(2π)pα′(1+p)/2gc = (2π)p−2α′(p−3)/2gc

We see that this coupling is dimensionless only for p = 3 i.e. three-dimensional space case which we already
know is true.
(The relation between gYM , κ and α′ requires some orientifold based reasoning. Do that.), The
result is;

g2YM
κ
= 2(2π)7/2α′ (Type I)

(Talk about the Born-Infeld action for type-I)
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13.4 D-brane interactions: statics

We consider two branes of possibly different dimensions i.e. a D − p brane and a D − p′ brane. Let’s call
the set of coordinates that have Dirichlet boundary conditions on the first and second brane be SD and S′D
respectively. The corresponding sets for Neumann directions are SN and S′N . Then the DD directions are
SD ∩ S′D and so on. The unbroken supersymmetries due to the first and second D brane are as follows;

Qα + (β⊥Q)α, Qα + (β
′⊥Q)α = Qα + (β⊥β⊥−1β

′⊥Q)α (13.4.1)

and thus, the supersymmetries unbroken by both D-branes are the ones which are generated by Qα such
that;

β⊥−1β
′⊥Qα = Qα (13.4.2)

because if this happens, then the spinors unbroken by the second one and the first one are the same as can
be seen from (13.4.1). So, we need to find the number of solutions of (13.4.2). Now, β⊥−1β

′⊥ is a reflection
is DN and ND directions (Find some justification of this). The total number of DN and ND directions
is denoted as #ND. Now, we prove that #ND is even. The number of elements of different relevant sets is
as follows;

n(SD) =D − p, n(SN) = p, n(S′D) =D − p′, n(S′N) = p′

Now, we make a Venn diagram of the involved sets and the number of elements in each section of the diagram.
The Venn diagram is as follows (where we wrote #ND simply as #);

where we used the fact that the number of elements in SD ∩ S′N and S′D ∩ SN is #ND and the total number
of elements in all sets is D. ξ and µ are undetermined coefficients but they should be non-negative integers
because n(SN ∩ S′N) = µ and n(SN ∩ S′D) = ξ. Now, we apply the constraints that n(SD) = D − p and
n(SN) = p, Both of these constraints give the same condition i.e.;

µ + ξ =D − p

Now, applying the constraints that n(S′D) =D − p′ and n(S′N) = p′ give the same result i.e.;

#ND − µ + ξ =D − p′ ⇒ ξ − µ =D − p′ −#ND

So, we get two simultaneous equations for ξ and µ. They are easily solved to give the following;

ξ =D − (p + p
′) +#ND

2
, µ = (p − p

′) +#ND

2

Now, p and p′ are both even or odd because they are in type II A theory or type II B theory which have
even and odd branes respectively. So, p+ p′ and p− p′ are both even. Therefore, from the expression of µ we
deduce that p − p′ +#ND is a non-negative even integer (because µ is a non-negative integer). Since p − p′
is even, #ND is even as well. #ND is non-negative because it is the number of DN and ND directions. The
expression of ξ tells the same story. So, we can write #ND = 2j where j is a non-negative integer.
Since β⊥−1β⊥

′

is the reflection in ND and DN directions, we can pair these directions to give j pairs (since
they are even in number) and since a reflection of the coordinate axis of a two-dimensional plane is a rotation

by π degrees, we can write β⊥−1β⊥
′

as;

β⊥−1β⊥
′

= exp [iπ (J1 + ... + Jj)]

128



For the spinor representation, Ji’s have to be half-integers, and thus eπiJ has eigenvalues equal to ±i. Now,
if j is odd, then we can never have J1 + ...+Jj equal to an even number (and we need this sum to be an even

number to make β⊥−1β⊥
′

equal to e2πi = 1). Does j being even imply that β⊥−1β⊥
′

= 1 i.e. is j being

even is a necessary condition for β⊥−1β⊥
′

= 1 but not a sufficient condition?.
So, #ND is a multiple of 4 i.e. #ND ∈ {0,4,8}. We now count the unbroken supersymmetries corresponding
to each case. First take the #ND = 8 case. So, we have;

β⊥−1β⊥
′

= exp [πi (J1 + J2 + J3 + J4)]

where Ji’s are ±1/2. Different supersymmetries are counted by counting different Q̃α’s and different Q̃α’s
are counted by counting different (J1, J2, J3, J4) tuples such that J1 + J2 + J3 + J4 is even. This sum is even
when all Ji’s are 1/2 or −1/2 which gives us two tuples. This sum is also even when any two Ji’s are 1/2 and
the other two Ji’s are −1/2. This second possibility can happen in (4

2
) = 6 ways and thus, we have 6 more

tuples. So, we have 2 + 6 = 8 unbroken supersymmetries (What about the supersymmetries breaking
due to first brane?)
Let’s do the #ND = 4 case now. In this case, we have;

β⊥−1β⊥
′

= exp [πi (J1 + J2)]

So, we need (J1, J2) tuples such that J1 + J2 is even. This can only happen when (J1, J2) = (1/2,−1/2)
or (J1, J2) = (−1/2,1/2). This gives only two cases. How many spinors does it correspond to? It should
correspond to 8 spinors and thus, 8 unbroken supersymmetries. (How does the factor of 4 appear?
Because two other eigenvalues don’t matter and we have a factor of 22? or some other reason?
and again, what about the other brane equation?)

The #ND = 0 case is trivial. In this case, β⊥−1β⊥
′

= 1, there is no condition that comes from the second brane.
Therefore, the supersymmetries allowed by the first brane are unbroken. This is 16 in number because this
case is T-dual to type-I case (find more justification).
Do the other proof of #ND being a multiple of 4 by calculating NS zero point energy.

13.4.1 Branes at general angles

We start with the example of two D−4 branes. They are taken to be in (2,4,6,8) directions with separation
in 1 direction. To imagine this scenario, the reader can take the y−axis to represent (2,4,6,8) collectively
and x−axis to represent 1 direction. The z−axis can be taken to represent 3,5,7 or 9 direction depending
on the requirement. Now, we rotate one brane with rotation ϕ1 in the (2,3) plane, ϕ2 in (4,5) plane, ϕ3
in (6,7) plane and ϕ4 in (8,9) plane. There is no rotation in any plane involving 1 direction because that
will make the separation between the branes position dependent. All of these rotations are collectively called
ρ. Then, the unbroken supersymmetry is the one unbroken by the the unrotated brane and the unbroken
supersymmetry unbroken by second brane which is (find justification for this);

Qα + (ρ−1β⊥ρQ)α = Qα + (β⊥β⊥−1ρ−1β⊥ρQ)α

So, the unbroken supersymmetry is generated by spinors that is left invariant by the following operator;

β⊥−1ρ−1β⊥ρ = β⊥−1β⊥ρ2 = ρ2

(Find justification of the first step. Is it due to some kind of commutation relation of parity
and rotation?). In the spinor representation, this rotation ρ is represented as follows;

ρ = exp(i
4

∑
a=1

saϕa) ⇒ ρ2 = exp(2i
4

∑
a=1

saϕa) where sa ∈ {−1/2,1/2} (13.4.3)

So, we want this phase to be 1. In other words, we want;

2s1ϕ1 + 2s2ϕ2 + 2s3ϕ3 + 2s4ϕ4 = 0 (mod 2π)

where 2si’s can take the values equal to ±1. We see that if this condition is satisfied for a (2s1, ...,2s4) tuple,
then it is also satisfied for (−2s1, ...,−2s4) tuple. So, we can focus our attention to the cases where 2s1 = 1
so that we don’t consider equivalent tuples more than once. We can tabulate all the inequivalent conditions
as follows;
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s1 s2 s3 s4 Condition
1 -1 -1 -1 ϕ1 − ϕ2 − ϕ3 − ϕ4 = 0 (mod 2π)
1 -1 -1 1 ϕ1 − ϕ2 − ϕ3 + ϕ4 = 0 (mod 2π)
1 -1 1 -1 ϕ1 − ϕ2 + ϕ3 − ϕ4 = 0 (mod 2π)
1 -1 1 1 ϕ1 − ϕ2 + ϕ3 + ϕ4 = 0 (mod 2π)
1 1 -1 -1 ϕ1 + ϕ2 − ϕ3 − ϕ4 = 0 (mod 2π)
1 1 -1 1 ϕ1 + ϕ2 − ϕ3 + ϕ4 = 0 (mod 2π)
1 1 1 -1 ϕ1 + ϕ2 + ϕ3 − ϕ4 = 0 (mod 2π)
1 1 1 1 ϕ1 + ϕ2 + ϕ3 + ϕ4 = 0 (mod 2π)

Some possibilities are considered as follows;

• The last condition allows the (2s1,2s2,2s3,2s4) = (1,1,1,1) and (2s1,2s2,2s3,2s4) = (−1,−1,−1,−1)
tuples and thus, two supersymmetries are allowed out of the original 16. So, this case breaks seven-
eights of supersymmetry.

• If we want ϕ1 + ϕ2 + ϕ3 = ϕ4 = 0 (mod 2π) then this is satisfied by last two rows in the table and thus,
we have 2×2 = 4 unbroken supersymmetries (a factor of two arises because we also count the equivalent
tuples that have s1 = −1).

• If we want ϕ1 + ϕ2 = ϕ3 + ϕ4 = 0 (mod 2π) then this is satisfied by the last row and the fifth row in the
table and thus, we have 2 × 2 = 4 unbroken supersymmetries.

• If we want ϕ1 + ϕ2 = ϕ3 = ϕ4 = 0 (mod 2π), then this condition is satisfied by the last four rows in the
table. Thus, we have 2 × 4 = 8 unbroken supersymmetries.

• We now consider the case when k of ϕi’s are π/2 and the rest of them are zeros. If k = 0 then all the
cases in the table are satisfied and thus, 2 × 8 = 16 supersymmetries are unbroken. This is the same as
#ND = 0 case.

• If k = 1 or k = 3, then none of the conditions in the table can be satisfied and thus, all the supersym-
metries are broken. These can be taken to be the same as #ND = 2 or #ND = 6 cases because this case
isn’t supersymmetric at all. (Is it enough to take them as these cases?).

• If k = 2, then there are four rows in the table above which are satisfied. (Write the details here.
You know them. Just write them). So, we have 2 × 4 = 8 supersymmetries unbroken. This is the
same as the case #ND = 4.

• The k = 4 case is satisfied for rows 2,3,5,8. This case also has 2 × 4 = 8 unbroken supersymmetries. It
can be taken to be the same case #ND = 8 case.

Now, we define the following complex coordinates to make sense of the rotations;

Z1 =X2 + iX3, Z2 =X4 + iX5, Z3 =X6 + iX7, Z4 =X8 + iX9

We will denote the conjugate of these complex numbers as Za = Z ā. So, out of the full SO(8) rotation group
in eight dimensions, only the U(4) subgroup retains the complex structure. The rotation ρ in particular is;

ρ = diag(eiϕ1 , eiϕ2 , eiϕ3 , eiϕ4) ⇒ detρ = ei(ϕ1+ϕ2+ϕ3+ϕ4)

Now, we consider the various cases that we discussed before.

• If ϕ1 + ϕ2 + ϕ3 + ϕ4 = 0 (mod 2π) then detρ = 1 an thus, ρ ∈ SU(4). This case has 2 unbroken
supersymmetries.

• If ϕ1 + ϕ2 + ϕ3 = ϕ4 = 0 (mod 2π) then detρ = 1 an thus, ρ ∈ SU(3) (ϕ4 = 0 (mod 2π) and thus, it
doesn’t give any factor in the group). This case has 8 unbroken supersymmetries.

• If ϕ1 + ϕ2 = ϕ3 + ϕ4 = 0 (mod 2π) then detρ = 1 an thus, ρ ∈ SU(2) × SU(2). This case has 8 unbroken
supersymmetries.

• If ϕ1 + ϕ2 = ϕ3 = ϕ4 = 0 (mod 2π) then detρ = 1 an thus, ρ ∈ SU(2) (ϕ3 = ϕ4 = 0 (mod 2π) and thus,
they don’t give any factor in the group). This case has 8 unbroken supersymmetries.
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We now write the boundary conditions in terms of the Za’s. In the unrotated brane version, the brane
extends in the following directions;

(2,4,6,8) = (Re(Z1),Re(Z2),Re(Z3),Re(Z4))

and thus the following is true;

X3 = Im(Z1) = 0, X5 = Im(Z2) = 0, X7 = Im(Z3) = 0, X9 = Im(Z4) = 0

The Neumann boundary conditions for directions parallel to the D-brane are thus, as follows;

∂1Re(Z1) = 0, ∂1Re(Z2) = 0, ∂1Re(Z3) = 0, ∂1Re(Z4) = 0

So, the boundary conditions are as follows;

∂1Re(Za) = Im(Za) = 0, a ∈ {1, ...,4}

In the rotated brane version, Za changes to eϕaZa and thus, if we undo these rotations i.e. if we consider
e−ϕaZa, the boundary conditions then become the boundary conditions for the unrotated brane. So, the
boundary conditions for the rotated brane are as follows;

∂1Re(e−ϕaZa) = Im(e−ϕaZa) = 0, a ∈ {1, ...,4}

If we let σ1 = 0 endpoint on the unrotated brane and σ1 = π endpoint on the rotated brane, then we have
the following boundary conditions;

σ1 = 0 ∶ ∂1Re(Za) = Im(Za) = 0, a ∈ {1, ...,4}

σ1 = π ∶ ∂1Re(e−ϕaZa) = Im(e−ϕaZa) = 0, a ∈ {1, ...,4}

These boundary conditions give the following mod expansion (derive this using the doubling trick);

Za(w, w̄) = Za(w) + Za(w̄) where Za(w) = i
√

α′

2
∑
Z+νa

αar
r
eirw

where νa = ϕa/π. It also gives the following partition function for a single Z scalar (derive this, the E
power of q is a bit unclear);

ZZ,rotated = qE0

∞
∏
m=0
(1 − qm+ϕ/π)

−1
(1 − qm+1−ϕ/π)

−1
where E0 =

1

24
− 1

2
(ϕ
π
− 1

2
)
2

(13.4.4)

Note that if ϕ = 0, then E0 = −1/12 which one would expect for a Z scalar (because one Z contains two X’s
and the partition function for one X has the power q−1/24). We can write this partition function in terms of
ϑ functions as well. For this purpose, consider the definition of ϑ11(ν, τ) with τ = it. We get the following;

ϑ11(ν, it) = −2e−πt/4 sin (πν)
∞
∏
m=1
(1 − qm)(1 − zqm)(1 − z−1qm)

= −2eπit/4q−1/24 sin (πν)η(it)
∞
∏
m=1
(1 − zqm)(1 − z−1qm) where q = e−2πt z = e2πiν

To match this expression with the expression in (13.4.4), we should choose z = qϕ/π and thus, ν = iϕt/π. So,
we consider the following;

ϑ11(iϕt/π, it) = −2e−πt/4q−1/24 sin (iϕt)η(it)
∞
∏
m=1
(1 − qm+ϕ/π)(1 − qm−ϕ/π)

= −2q1/8−1/24 1

2i
(e−ϕt − eϕt)η(it) 1

1 − qϕ/π
∞
∏
m=0
(1 − qm+ϕ/π)(1 − qm+1−ϕ/π)
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= −iq1/8−1/24−ϕ/2π+E0η(it) 1

ZZ rotated

where in the last step, we used (13.4.4). Now, let’s calculate the power of q that is appearing;

1

8
− 1

24
− ϕ

2π
+E0 =

1

8
− 1

24
− ϕ

2π
+ 1

24
− 1

2
(ϕ
π
− 1

2
)
2

= 1

8
− 1

24
− ϕ

2π
+ 1

24
− ϕ2

2π2
− 1

8
+ ϕ

2π
= − ϕ

2

2π2

and thus, the q factor can be written as follows;

q1/8−1/24−ϕ/2π+E0 = q−ϕ
2/2π2

= eϕ
2t/π

Therefore, we get;

ϑ11(iϕt/π, it) = −ieϕ
2t/πη(it) 1

ZZ rotated
⇒ZZ rotated =

−ieϕ
2t/πη(it)

ϑ11(iϕt/π, it)
(13.4.5)

Similarly, the fermionic partition function becomes (derive this and elaborate on the footnote that
requires pictures);

Zαβ (ϕ, it) =
ϑαβ(iϕt/π, it)

exp (ϕ2t/π)η(it)
(13.4.6)

Since we are talking about the open string only, we have only one fermionic sector and thus, right now, we
only need the generalized Z+ψ(it) right now. It is as follows;

Z+(ϕ, it) = 1

2
(

4

∏
a=1

Z0
0(ϕa, it) −

4

∏
a=1

Z0
1(ϕa, it) −

4

∏
a=1

Z1
0(ϕa, it) −

4

∏
a=1

Z1
1(ϕa, it))

Now, we prove the following generalization of (7.2.2) (prove it);

1

2
(

4

∏
a=1

Z0
0(ϕa, it) −

4

∏
a=1

Z0
1(ϕa, it) −

4

∏
a=1

Z1
0(ϕa, it) −

4

∏
a=1

Z1
1(ϕa, it)) =

4

∏
a=1

Z1
1(ϕ′a, it)

where;

ϕ′1 =
1

2
(ϕ1 + ϕ2 + ϕ3 + ϕ4), ϕ′2 =

1

2
(ϕ1 + ϕ2 − ϕ3 − ϕ4)

ϕ′3 =
1

2
(ϕ1 − ϕ2 + ϕ3 − ϕ4), ϕ′2 =

1

2
(ϕ1 − ϕ2 − ϕ3 + ϕ4)

Notice using previous analysis that if ϕ′1 = 0, then there are only two unbroken supersymmetries but if ϕ′2,ϕ
′
3

or ϕ′4 is zero, then there might be four or eight unbroken supersymmetries. So, we see that the total partition
function coming from all bosonic and fermionic excitations is as follows;

4

∏
a=1

−ieϕ
2
at/πη(it)

ϑ11(iϕat/π, it)

4

∏
a=1

Z1
1(ϕ′a, it) =

4

∏
a=1

−ieϕ
2
at/πη(it)

ϑ11(iϕat/π, it)

4

∏
a=1

ϑ11(iϕ′at/π, it)
exp (ϕ′2a t/π)η(it)

=
4

∏
a=1

exp( t
π
(ϕ2a − ϕ

′2
a ))

4

∏
a=1

ϑ11(iϕ′at/π, it)
ϑ11(iϕat/π, it)

(What to do with this exponential factor? Also, derive the potential which agrees with this
expression if we set p = 8 in the parallel brane expression. See Mumford for theta identities).
The potential is as follows;

V = −∫
∞

0

dt

t
(8πα′t)−1/2 exp(− ty21

2πα′
)

4

∏
a=1

ϑ11(iϕ
′

at/π, it)
ϑ11(iϕat/π, it)

(13.4.7)

The dominant contribution comes when y1 is minimum i.e. when strings are near the point of closest approach
of the branes. The sign of the potential is not definite as the following quantity doesn’t have a definite sign;

−
4

∏
a=1

sin(ϕ
′

at)
sin(ϕat)

132



sin functions comes the definition of ϑ11. Everything else in the integrand is positive definite. In the definition
of ϑ11(ν, it), sending ν → −ν keeps the product part invariant but sends sinπν to − sinπν. Thus, ϑ11(ν, it)
is an odd function of ν and thus, it is zero at ν = 0. Now, we investigate the cases when ϕa’s or ϕa’s are zero
because the ϑ11 functions vanish in these cases.
If ϕa = 0 for some a, then the branes become parallel in some direction. For example, if ϕ4 = 0, then the
branes become parallel in the 8th direction. The strings can now move in this direction. Since ϕ4 is the
rotation angle in the 8 − 9 plane, the 8 and 9 directions become like directions when the branes are parallel
with the branes extending in the 8th direction and the 9th direction being perpendicular to the brane. If we
look at the partition function of the parallel branes for p = 4, the contribution of the 8 − 9 directions should
be;

Lη(it)−2(8π2α′t)−1/2

where L is the length of the noncompact 8th direction However, for ϕ4 ≠ 0, the contribution of 8−9 directions
to the partition function is in (13.4.5). So, we need to do the following replacement;

−ieϕ
2
4t/π ∣ϕ4=0η(it)

ϑ11(iϕ4t/π, it)
= −iη(it)
ϑ11(iϕ4t/π, it)

→ Lη(it)−2(8π2α′t)−1/2 ⇒ ϑ11(iϕat/π, it)−1 → iLη(it)−3(8π2α′t)−1/2

In order to generalize this picture to branes with some other number of dimensions, we use T duality. If we
T dualize in the 8th direction, then the branes loose a dimension and we have 3-branes that are rotated in
2 − 3, 4 − 5 and 6 − 7 directions. These branes might have separations in the 8th and 9th directions. The
fermion partition number is unaffected by it (prove this). The contribution due to 8th and 9th direction to
the partition function will now be (prove that the 8πα′t factor won’t come);

η(it)−2 exp [− t(y
2
8 + y29)
2πα′

]

and thus, we have to do the following replacement;

−ieϕ
2
4t/π ∣ϕ4=0η(it)

ϑ11(iϕ4t/π, it)
= −iη(it)
ϑ11(iϕ4t/π, it)

→ η(it)−2 exp [− t(y
2
8 + y29)
2πα′

]

⇒ ϑ11(iϕat/π, it)−1 → iη(it)−3 exp [− t(y
2
8 + y29)
2πα′

]

T dualizing in the 9th direction will cause the brane to extend in the 9th direction as well. This will obviously
give a factor of L9 i.e length of the 9th direction. It will also give a factor of (8π2α′t)−1/2 because we get
such a factor for all brane directions (Why don’t we get η? See that). So, by T dualizing, we can get
the potential for branes of different directions (what about rotated branes of different dimensions?
Does ’rotated’ mean any sense in this context?).
The potential in (13.4.7) vanishes if some ϕa vanishes. Now, we see what phases in (13.4.3) that are labeled
by the tuple (2s1,2s2,2s3,2s4) are unity when any of the ϕ′a phases vanish. If ϕ′1 = 0, then (±1,±1,±1,±1)
are unity and two supersymmetries are unbroken. If ϕ′2 = 0, then (±1,±1,∓1,∓1) phase is unity and again,
two supersymmetries are unbroken. Similarly, for vanishing ϕ′3 and ϕ′4, the phases (±1,∓1,±1,∓1) and
(±1,∓1,∓1,±1) respectively phases are unity. Again, two supersymmetries are unbroken. However, we see
that these phases are only eight in number but in total, there are sixteen (2s1,2s2,2s3,2s4) phases. There
are some phases i.e. when we have an odd number of −1’s (4 of them have a single −1 and 4 of them have
three −1’s) such that if any of these phases are unity, we will have two unbroken supersymmetries (because
if (2s1,2s2,2s3,2s4) is unity then (−2s1,−2s2,−2s3,−2s4) is also unity) but none of ϕ′a phases are zero and
thus, the potential in (13.4.7) is non-zero. (Do the expansion large separation part and the tachyon
part).

13.5 D-brane interactions: dynamics

13.5.1 D-brane scattering

The relative motion of D Branes is described by analytically continuing the angle variable to the rapidity
variable. If only ϕ1 is nonzero so that the rotation is in the X2−X3 plane, the following equation is satisfied;

X3 = tanϕ1X2
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we define;
X3 → iX0, ϕ1 = −iu

where u is the rapidity. So, the following is satisfied;

X3 = tan(−iu)(iX0) = −i tanh(u)(iX0) = tanh(u)X0

The amplitude of interaction for for general p is given as follows (derive this);

A = −iVp ∫
∞

0

dt

t
(8π2α′t)−p/2 exp(− ty2

2πα′
) ϑ11(ut/2π, it)4

η(it)9ϑ11(ut/π, it)
(13.5.1)

Using modular transformation, we have;

ϑ11 (
ut

2π
, it) = it−1/2e−u

2t2/4πϑ11 (−
iu

2π
,
i

t
) = −it−1/2e−u

2t2/4πϑ11 (
iu

2π
,
i

t
)

Moreover,

ϑ11 (
ut

π
, it) = −it−1/2e−u

2t2/πϑ11 (
iu

π
,
i

t
)

and,

η(it) = t−1/2η ( i
t
)

Using these transformed quantities, we can write the amplitude as follows;

A = −iVp ∫
∞

0

dt

t
(8π2α′t)−p/2 exp(− ty2

2πα′
) t−2 e−u

2t2/πϑ11(iu/2π, i/t)4

t−9/2η(i/t)9(−i)t−1/2e−u2t2/πϑ11 (iu/π, i/t)

=
Vp

(8π2α′)p/2 ∫
∞

0

dt

t
t(6−p)/2 exp(− ty2

2πα′
) ϑ11(iu/2π, i/t)4

η(i/t)9ϑ11(iu/π, i/t)
We can write this amplitude as an integral over a worldline. For that purpose, we manipulate this amplitude
as follows;

A =
Vp

(8π2α′)p/2 ∫
∞

0

dt

t
t(6−p)/2 exp(− ty2

2πα′
) ϑ11(iu/2π, i/t)4

η(i/t)9ϑ11(iu/π, i/t)

=
2π
√
2α′Vp

(8π2α′)(p+1)/2 ∫
∞

0

dt

t1/2
t(5−p)/2 exp(− ty2

2πα′
) ϑ11(iu/2π, i/t)4

η(i/t)9ϑ11(iu/π, i/t)

=
2Vp

(8π2α′)(p+1)/2 ∫
∞

0
dt t(5−p)/2

tanhu ϑ11(iu/2π, i/t)4

η(i/t)9ϑ11(iu/π, i/t)
⎛
⎝
exp(− ty2

2πα′
) π

tanhu

√
2α′

t

⎞
⎠

Now, the factor in the last parenthesis can be written as follows;

exp(− ty2

2πα′
) π

tanhu

√
2α′

t
= exp(− ty2

2πα′
)∫

∞

−∞
dτ exp(− tτ

2 tanh2 u

2πα′
) = ∫

∞

−∞
dτ exp(− t(y

2 + τ2 tanh2 u)
2πα′

)

= ∫
∞

−∞
dτ exp(− t(y

2 + τ2v2)
2πα′

) = ∫
∞

−∞
dτ exp(− tr2

2πα′
)

where
v = tanhu, r2(τ) = y2 + v2τ2

So, we get;

A =
2Vp

(8π2α′)(p+1)/2 ∫
∞

0
dt t(5−p)/2

tanhu ϑ11(iu/2π, i/t)4

η(i/t)9ϑ11(iu/π, i/t) ∫
∞

−∞
dτ exp(− tr2

2πα′
)

= −i∫
∞

−∞
dτ

2iVp

(8π2α′)(p+1)/2 ∫
∞

0
dt t(5−p)/2

tanhu ϑ11(iu/2π, i/t)4

η(i/t)9ϑ11(iu/π, i/t)
exp(− tr2

2πα′
)
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= −i∫
∞

−∞
dτV (r, τ)

where

V (r, τ) = i
2Vp

(8π2α′)(p+1)/2 ∫
∞

0
dt t(5−p)/2

tanhu ϑ11(iu/2π, i/t)4

η(i/t)9ϑ11(iu/π, i/t)
exp(− tr2

2πα′
) (13.5.2)

Now, the expansion of ϑ11(ν, τ) is done as follows;

ϑ11(ν, τ) = −2eπiτ/4 sin(πν)
∞
∏
m=1
(1 − qm)(1 − zqm)(1 − z−1qm)

= −2eπiτ/4 (πν + π
3ν3

6
+ ...)

∞
∏
m=1
(1 − qm)(1 − qm − 2πiνqm + ...)(1 − qm + 2πiνqm + ...)

= −2eπiτ/4νπ (1 + π
2ν2

6
+O(ν2))

∞
∏
m=1
(1 − qm)

∞
∏
m=1
[(1 − qm)2 + (1 − qm)2πiνqm − (1 − qm)2πiνqm +O(ν2)]

= −2νπeπiτ/4q−1/8η(τ)3 +O(ν2) = −2πνη(τ)3 +O(ν2)

This result implies;

ϑ11 (
iu

2π
,
i

t
) = −2πη(i/t)3 iu

2π
+O(u2) = −iu η(i/t)3 +O(u2)

Similarly, we have;

ϑ11 (
iu

π
,
i

t
) = −2πη(i/t)3 iu

π
+O(u2) = −2iu η(i/t)3 +O(u2)

Since v = tanhu = u +O(u3), we have v ∼ u for small u. So, we have;

ϑ11 (
iu

2π
,
i

t
) = −iv η(i/t)3 +O(v2)

Similarly, we have;

ϑ11 (
iu

π
,
i

t
) = −2iv η(i/t)3 +O(v2)

Using these expansions, (13.5.2) becomes;

V (r, v) = −v4
Vp

(8π2α′)(p+1)/2 ∫
∞

0
dt t(5−p)/2e−tr

2/2πα′ +O(v6)

= −v4
Vp

(8π2α′)(p+1)/2
(2πα

′

r2
)
(7−p)/2

∫
∞

0
dµ µ(5−p)/2e−µ +O(v6)

= −v4
Vp

(8π2α′)(p+1)/2
(2πα

′

r2
)

7−p
2

Γ(7 − p
2
) +O(v6) = − v4

r7−p
Vp

α′p−3
22−2pπ(5−3p)/2Γ(7 − p

2
) +O(v6) (13.5.3)

Using these results, we see that the leading v term in (13.5.2) is proportional to v4. (Do the argument
about v2 term). Now, we investigate the small r limit. Since we have −tr2/2πα′ in the exponential in
(13.5.2), the dominant contribution comes when t ∼ 2πα′/r2. So, small r corresponds to large t i.e. from the
light open states (see more about this). To see the small r behavior, we expand (13.5.2) in large t i.e. in
powers of 1/t but don’t expand in v (I think it is for small v) (derive this). We get;

V (ν, τ) ∼ −2Vp ∫
∞

0

dt

(8πα′t)(p+1)/2
exp(− tr2

2πα′
) tanhu sin

4 ut/2
sinut

As we saw in (13.5.3), the structure of the v4 term is v4/r7−p. The higher terms will have higher powers of v
and higher powers of r in the denominator (check this). So, no matter how small v is, at small enough r,
the dominant term will not be v4 term. The integrand is smoothed at ut ≈ 1 (find justification for this).
Since u ≈ v for small v, and since the dominant contribution comes when t ≈ 2πα′/r2, we have;

ut ∼ 1⇒ 2πα′v

r2
∼ α

′v

r2
∼ 1⇒ r ∼

√
α′v = ls

√
v (13.5.4)
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So, the slow-moving D brane is relevant for probing distances small than the string length ls. The time that
it takes to scatter δt is;

δt ∼ r
v
∼
√

α′

v

We will denote the uncertainty in distance as δx. For a D brane with velocity v, it should be of the order√
α′v as found previously. So, we have the following;

δxδt ∼
√

α′

v

√
α′v = α′

In general, the uncertainty can’t be smaller than δx and thus, the value of δxδt calculated is a lower bound.
Thus, we have (Look into it more);

δxδt ≥ α′ (13.5.5)

This uncertainty relation between coordinates hints at non-commutative geometry.
We can find a minimum distance that a D0 brane can probe. Since it is a particle, the wavepacket that
minimizes the uncertainty in the Heisenberg uncertainty relation is the Gaussian wavepacket. For the gaussian
wavepacket, we have the following;

δxδp ∼ h̵ = 1⇒ δxδp ∼ 1

But, for small v, we have δp =mδv and thus, we have;

mδxδv ∼ 1⇒ δx ∼ 1

mδv

Now, we use (13.3.11) with p = 0 to get the mass of the D0 brane. We get;

m = τ0 = α′−1/2g−1 ⇒ δx ∼ g
√
α′

δv

So, the uncertainty relation for the D0 brane should be;

δx δv ≥ g
√
α′ (13.5.6)

Since v is small, we can take δv ∼ v (Is this assumption right?) and thus, we have;

δx ≥ g
√
α′

v

Moreover, we have an inequality from (13.5.4) which reads;

δx ≥
√
α′v

Imposing these two inequalities gives us a region and the lowest possible value of δx in this region is found
when we have;

g
√
α′

v
=
√
α′v⇒ v3/2 = g⇒ v = g2/3

Using this value of v in the inequality corresponding to (13.5.4), we get;

δx ≥ α′1/2g1/3 (13.5.7)

13.5.2 D0 brane quantum mechanics

tt

13.5.3 #ND = 4 system

tt
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13.6 D-brane interactions: bound states

13.6.1 FD bound states

We start with p F strings and q D strings. We assume that all of them are extended in the 1 direction and
are in rest. In this case, we have PM = −MδM,0, Q

NS
M = pL1δM,1 and QRM = qL1δM,1 where L1 is the length

of the system. The susy algebra in (13.2.1) to (13.2.2) becomes;

{Qα,Q†
β} = −2M(Γ

0)2αβ +
2pL1

2πα′
(Γ0Γ1)αβ = 2Mδαβ +

2pL1

2πα′
(Γ0Γ1)αβ

{Q̃α, Q̃†
β} = −2M(Γ

0)2αβ −
2pL1

2πα′
(Γ0Γ1)αβ = 2Mδαβ −

2pL1

2πα′
(Γ0Γ1)αβ

{Qα, Q̃†
β} = 2

τ1
1!
L1q(β1Γ0)αβ = 2

1

2πα′g
L1q(β1Γ0)αβ = 2

L1q

2πα′g
(Γ0Γ1)αβ

(justify the last step by calculating β1Γ0). These results can be summarized as follows;

1

2
{(Qα
Q̃α
) , (Q†

β Q̃†
β)} =Mδαβ (

1 0
0 1
) + L1

2πα′
(Γ0Γ1)αβ (

p q/g
q/g −p) (13.6.1)

The left side of the equation has non-negative eigenvalues (write more about it) and thus, the eigenvalues
of the right side must also be non-negative. We now notice that;

S0 = Γ0+Γ0− − 1

2
= 1

4
(Γ0 + Γ1)(−Γ0 + Γ1) − 1

2
= 1

4
(2 + Γ0Γ1 − Γ1Γ0) − 1

2
= 1

2
Γ0Γ1

Since we know that the eigenvalues of S0 are ±1/2 and thus, the eigenvalues of Γ0Γ1 are ±1. Therefore, the
eigenvalues of the right-hand side of (13.6.1) are as follows;

M ± L1

2πα′

√
p2 + q

2

g2

(Address the issue of eigenvalues of block diagonal matrix). Since these eigenvalues should be
non-negative, we get a bound (i.e. the BPS bound) on the mass from the negative sign case. We have;

M

L1
≥ 1

2πα′

√
p2 + q

2

g2
(13.6.2)

The mass per unit length for p F strings and q D strings can be denoted as M(p, q) and it is given as follows;

M(p, q) = p

2πα′
+ q

2πα′g

We have the following cases;

M(1,0) = 1

2πα′
≥ 1

2πα′

M(0,1) = 1

2πα′g
≥ 1

2πα′g

M(1,1) = 1

2πα′
+ 1

2πα′g
= 1 + g−1

2πα′
≥
√
1 + g−2

2πα′

M(1,1) case exceeds the BPS bound and the BPS bound is saturated only if g →∞.
(Complete the section)
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13.6.2 D0 −Dp BPS bound

We again derive the BPS bound for this system. Let Dp brane be extending in (1, ..., p) directions. In the
D0 and Dp system, QNS = 0 and there are two Ramond charges. We thus have the following susy algebra;

{Qα,Q†
β} = −2M(Γ

0)2αβ = 2Mδαβ

{Q̃α, Q̃†
β} = −2M(Γ

0)2αβ = 2Mδαβ

{Qα, Q̃†
β} = 2(τ0Γ

0
αβ +

τp

p!
QRM1...Mp

(βM1 ...βMpΓ0)αβ) = 2 (τ0Γ0
αβ + τpQR1...p(βΓ0)αβ)

where in the last step, we summed over M1...Mp indices (include some explanation of this). Moreover,
β = β1...βp. We can wrap the Dp brane on p torus with volume Vp. So, we have QR1,...,p = Vp (confusion
about the charge getting smaller). Therefore, we get;

{Qα, Q̃†
β} = 2 (τ0Γ

0
αβ + τpVp(βΓ0)αβ) = 2ZαγΓ0

γβ

where Zαγ = τ0δαγ + τpVpβαγ . We also get the following (include its derivation);

{Q̃α,Q†
β} = −2Z

†
αγΓ

0
γβ

The susy algebra can be written as follows;

1

2
{(Qα
Q̃α
) , (Q†

β Q̃†
β)} =M (

1 0
0 1
) δαβ + (

0 Zαγ
−Z†

αγ 0
)Γ0

γβ (13.6.3)

The eigenvalues of the right-hand side should again be non-negative and thus, we get;

M (1 0
0 1

) δαβ + (
0 Zαγ
−Z†

αγ 0
)Γ0

γβ ≥ 0⇒M (1 0
0 1
) δαβ ≥ −(

0 Zαγ
−Z†

αγ 0
)Γ0

γβ

⇒M2 (1 0
0 1

) δαβ ≥ (
0 Zαγ
−Z†

αγ 0
)Γ0

γσ (
0 Zσλ
−Z†

σλ 0
)Γ0

λβ

= (−ZαγΓ
0
γσZ

†
σλΓ

0
λβ 0

0 −Z†
αγΓ

0
γσZσλΓ

0
λβ

) (13.6.4)

Now, we do the following manipulation;

(Z†Γ0)αβ = τ0Γ0
αβ + τpVp(β†Γ0)αβ = τ0Γ0

αβ + τpVp(β†p...β†1Γ0)αβ = τ0Γ0
αβ + τpVp(βp...β1Γ0)αβ

= τ0Γ0
αβ + τpVp(Γ0βp...β1)αβ = τ0Γ0

αβ + τpVp(Γ0β†p...β†1)αβ = (Γ0Z†)αβ (13.6.5)

where I used the following results in the manipulation above (is the first identity true for all p?);

β†m = (ΓΓm)† = Γm†Γ† = Γ0ΓmΓ0Γ0 = ΓΓm = βm (13.6.6)

βmΓ0 = ΓΓmΓ0 = Γ0ΓΓm = Γ0βm (13.6.7)

Similarly, we can also derive the following;

(ZΓ0)αβ = (Γ0Z)αβ (13.6.8)

Using (13.6.5) and (13.6.8) in (13.6.4), we get;

M2 (1 0
0 1
) δαβ ≥ (

(ZZ†)αβ 0
0 (Z†Z)αβ

)

where we can easily see that;

Z = τ0 + τpVpβ, Z† = τ0 + τpVpβ† ⇒ ZZ† = τ20 + τ0τpVp(β + β†) + τ2pV 2
p ββ

† (13.6.9)
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Now, we notice the following result;

β† = (β1...βp)† = β†p...β†1 = βp...β1 = (−1)p(p−1)/2β1...βp (13.6.10)

where in the last step, I used the fact that;

βmβn = ΓΓmΓΓn = −ΓΓmΓΓn = −βnβm for m ≠ n

and I also used the following fact;

1 + 2 + ... + (p − 1) = p(p − 1)
2

From (13.6.10), we can see that β is hermitian is p is a multiple of 4. Moreover, we also note that;

(βm)2 = ΓΓmΓΓm = −ΓΓmΓmΓ = −1⇒ β2 = β1...βpβ1...βp = (−1)p(p−1)/2βp...β1β1...βp

= (−1)p(p−1)/2(−1)p = (−1)p(p+1)/2

We see that if p is a multiple of 4, then β2 = 1. So, we see that for p a multiple of 4, (13.6.9) becomes;

ZZ† = Z†Z = τ20 + 2τ0τpVpβ + τ2pV 2
P = (τ0 + τpVpβ)2

This implies that the BPS bound is as follows (the beta factor problem);

M ≥ τ0 + τpVp (13.6.11)

We note that a D0 and Dp state saturates this BPS bound and thus, some supersymmetry is unbroken.
To make sense of this result, we note that for a D0 −Dp system, the only Dirichlet directions can be the p
directions on the Dp brane and all of these directions have to be Neumann directions on the D0 brane. So,
in this case, #ND = p. We saw that if #ND is a multiple of 4, then some supersymmetry is unbroken. This
is exactly what we are seeing here i.e. for p a multiple of 4, the BPS bound is saturated.
Similarly, we can easily see that if p is even but not a multiple of 4 (i.e. if p = 4k + 2), then we have;

β† = −β, β2 = −1

In this case, (13.6.9) becomes;
ZZ† = Z†Z = τ20 + τ2pV 2

p

and thus, the BPS bound is easily seen to be;

M2 ≥ τ20 + τ2pV 2
p ⇒M ≥

√
τ20 + τ2pV 2

p

This bound is not saturated by a D0 −Dp system and it is consistent with the fact that for #ND = 4k + 2,
the system is not supersymmetric.

13.6.3 D0 −D0 bound states

tt

13.6.4 D0 −D2 bound states

tt

13.6.5 D0 −D4 bound states

tt

13.6.6 D-branes as instantons

tt

13.6.7 D0 −D6 bound states

tt

13.6.8 D0 −D8 bound states
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14 Chapter 14: Strings at strong coupling

14.1 Type IIB string and SL(2,Z) duality
To see the SL(2,Z) duality of type IIB theory, we consider a D string. Its worldsheet is two-dimensional.
Like the case for D branes, the excitations longitudinal to the D brane world volume correspond to the
gauge field. However, in two dimensions, the gauge field has no dynamics (expand on this). So, the only
excitations are transverse excitations. The Dirac equation for these excitations is (make sense of this);

(Γ0∂0 + Γ1∂1)u = 0 (14.1.1)

Multiplying from the left by Γ1, we have;

(Γ1Γ0∂0 + (Γ1)2∂1)u = 0⇒ Γ0Γ1∂0u = ∂1u (14.1.2)

For left and right-handed spinors, we have the following;

(∂0 ∓ ∂1)u = 0⇒ ∂1u = ±∂0u (14.1.3)

Using (14.1.3) in (14.1.2), we have;

Γ0Γ1∂0u = ±∂0u⇒ Γ0Γ1u = ±u

(Think of the constant of integration here.) From appendix B, we know that 2S0 = Γ0Γ1. Therefore, we
see that the s0 eigenvalue of u has to be ±1/2. Therefore, the Majorana Weyl fermion living in 16 decomposes
as follows;

16→ (1
2
,8) ⊕ (−1

2
,8′)

Infinite string has the same decomposition (complete).

14.1.1 SL(2,Z) duality

tt

14.1.2 The IIB NS5 brane

tt

14.1.3 D3 branes and Montonen Olive duality

tt

14.2 U-duality

tt

14.2.1 U-duality and bound states

tt

14.3 SO(32) type I-heterotic duality

tt

14.3.1 Quantitative tests

tt

14.3.2 Type I D5 branes

tt
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14.4 Type IIA string and M theory

tt

14.4.1 U duality and F theory

tt

14.4.2 IIA branes from 11 dimensions

tt

14.5 E8 ×E8 heterotic string

tt

14.6 What is string theory

14.7 Is M for matrix?

tt

14.7.1 The M-theory membrane

tt

14.7.2 Finite n and compactification

tt

14.8 Black Hole quantum mechanics

tt

14.8.1 A correspondence principle

tt

14.8.2 The information paradox
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15 Chapter 15: Advanced CFT

15.1 Representations of Virasoro algebra

tt

15.2 The conformal bootstrap

tt

15.3 Minimal models

tt

15.3.1 Feigin-Fuchs representation

tt

15.4 Current algebras

tt

15.4.1 Modular invariance

tt

15.4.2 Strings on group manifolds

tt

15.5 Coset models

tt

15.6 Representations of the N = 1 superconformal algebra

tt

15.7 Rational CFT

tt

15.8 Renormalization group flows

tt

15.8.1 Scale invariance and renormalization group flows

tt

15.8.2 The Zamolodchikov c theorem

tt

15.8.3 Conformal perturbation theory

tt
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15.9 Statistical Mechanics

tt

15.9.1 Landau-Ginzburg models

tt
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16 Chapter 16: Orbifolds

16.1 Orbifolds of the heterotic string

tt

16.1.1 Modular invariance

tt

16.1.2 Other free CFTs

tt

16.2 Spacetime supersymmetry

tt

16.3 Examples

tt

16.3.1 Connection with grand unification

tt

16.3.2 Generalizations

tt

16.3.3 World sheet supersymmetries

tt

16.4 Low energy field theory

tt

16.4.1 Untwisted states

tt

16.4.2 T duality

tt

16.4.3 Twisted states

tt

16.4.4 Threshold corrections

tt
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17 Chapter 17: Calabi-Yau compactification

17.1 Conditions of N = 1 supersymmetry

17.2 Calabi-Yau manifolds

tt

17.2.1 Real manifolds

tt

17.2.2 Complex manifolds

tt

17.2.3 Kahler manifolds

tt

17.2.4 Manifolds of SU(3) holonomy

tt

17.2.5 Examples

tt

17.2.6 Worldsheet supersymmetry

tt

17.3 Massless spectrum

tt

17.4 Low energy field theory

tt

17.5 Higher corrections

tt

17.5.1 Instanton corrections

tt

17.6 Generalizations

145



18 Chapter 18: Physics in four dimensions

18.1 Continuous and discrete symmetries

tt

18.1.1 P,C,T and all that

tt

18.1.2 The strong CP problem

tt

18.2 Gauge symmetries

tt

18.2.1 Gauge and gravitational couplings

tt

18.2.2 Gauge quantum numbers
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21 Appendix B: Spinors and supersymmetry in various dimen-
sions

21.1 Spinors in various dimensions

Suppose that we are working in even dimensions i.e. d = 2k + 2 (where k ∈ {0,1,2, ...}. Let Γµ

be the gamma matrices in d dimensions. Then, the Clifford algebra is satisfied;

{Γµ,Γν} = 2ηµν (21.1.1)

Now, we can make creation and annihilation operators from these matrices as follows;

Γ0± = 1

2
(±Γ0 + Γ1)

Γa± = 1

2
(Γ2a ± iΓ2a+1) where a = 1, ..., k (21.1.2)

where Γa± satisfy the following anti commutation relations;

{Γa+,Γb+} = 1

4
{Γ2a + iΓ2a+1,Γ2b + iΓ2b+1} = 0

{Γa−,Γb−} = 1

4
{Γ2a − iΓ2a+1,Γ2b − iΓ2b+1} = 0

{Γa+,Γb−} = 1

4
{Γ2a + iΓ2a+1,Γ2b − iΓ2b+1} = δab (21.1.3)

The anti-commutation relations involving Γ0± are as follows;

{Γ0±,Γa+} = {Γ0±,Γa−} = {Γ0+,Γ0+} = {Γ0−,Γ0−} = 0

{Γ0+,Γ0−} = 1

4
{Γ0 + Γ1,−Γ0 + Γ1} = 1 + 1

2
Γ0Γ1 (21.1.4)

(21.1.3) implies that (Γa+)2 = (Γa−)2 = (Γ0+)2 = (Γ0−)2 = 0. Now, let ξ be a spinor that doesn’t

contain any factor of Γa− in its expression, then we can make a spinor ζ as follows;

ζ = Γk−Γ(k−1)−...Γ0−ξ (21.1.5)

So, ζ is a spinor annihilated by all Γa−. We can now make a spinor basis by applying Γa+ on

ζ (one Γa+ is applied at most once). A member of this spinor basis is written as follows;

ζs = (Γk+)sk+1/2....(Γ0+)s0+1/2ζ (21.1.6)

where sa = −1/2 means that the corresponding Γa+ has been applied and sa = 1/2 means that the

corresponding Γa+ is applied. Moreover, s is the following k-tuple;

s = (s0, ..., sk)

Lorentz generators in the spinor representation are given as follows;

Σµν = − i
4
[Γµ,Γν] (21.1.7)

which satisfy the Lorentz algebra;

i[Σµν ,Σαβ] = ηµαΣνβ − ηµβΣνα − ηναΣµβ + ηνβΣµα (21.1.8)

We can take out a set of mutually commuting Σ’s as follows;

[Σ2a,2a+1,Σ2b,2b+1] = iη2a,2bΣ2a+1,2b+1 = iδ2a,2bΣ2a+1,2b+1 = 0
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These Σ’s are calculated as follows;

Σ0,1 = − i
4
[Γ0,Γ1] = − i

2
Γ0Γ1 = −i(Γ0+Γ0− − 1

2
)

Σ2a,2a+1 = − i
4
[Γ2a,Γ2a+1] = − i

2
Γ2aΓ2a+1 = Γ(2a)+Γ(2a+1)− − 1

2

So, we can define the following convenient operator;

Sa =
⎧⎪⎪⎨⎪⎪⎩

Σ2a,2a+1 for a = 1, ..., k
iΣ0,1 for a = 0

= ia,0Σ2a,2a+1 = Γ(2a)+Γ(2a+1)− − 1

2
(21.1.9)

Now, we calculate Saζ
s as follows;

Saζ
s = (Γa+Γa− − 1

2
) (Γk+)sk+1/2...(Γa+)sa+1/2...(Γ0+)s0+1/2ζs

= (Γk+)sk+1/2...Γa+Γa−(Γa+)sa+1/2...(Γ0+)s0+1/2ζs − 1

2
ζs (21.1.10)

Now, we need to evaluate Γa−(Γa+)sa+1/2 for different values of sa. Here it is;

⎧⎪⎪⎨⎪⎪⎩

Γa−(Γa+)sa+1/2 = Γa− if sa = − 1
2

Γa−(Γa+)sa+1/2 = Γa−Γa+ = 1 − Γa+Γa− if sa = 1
2

(21.1.11)

Using (21.1.11) in (21.1.10), we have;

Saζ
s =
⎧⎪⎪⎨⎪⎪⎩

− 1
2
ζs if sa = − 1

2

ζs − 1
2
ζs = 1

2
ζs if sa = 1

2

⇒ Saζ
s = saζs

where we used the fact that Γa−ζ = 0. So, ζs is a simultaneous eigenstate of Sa. It also

means that ζs with even/odd number of non-zero sa’s don’t mix.

We now define the chirality matrix Γ as follows;

Γ = i−kΓ0...Γd−1 (21.1.12)

This matrix has some useful properties that we now prove.

Γ2 = i−2kΓ0Γ1...Γd−1Γ0Γ1...Γd−1 = (−1)k[(−1)d−1(−1)](−1)d−2...(−1)1(−1)0

= (−1)P where P = k + 1 +
d−1
∑
j=0

j = k + 1 + (d − 1)d
2

= k + 1 + (2k + 1)(2k + 2)
2

= 2(k + 1)2

⇒ (−1)P = 1⇒ Γ2 = 1 (21.1.13)

where the powers of −1 in the first line of (21.1.13) comes as follows. The d−2 power comes

due to anti-commuting Γ0 all the way through to other Γ0 and the other −1 in the square bracket

comes because Γ0 squares to −1. The rest of the powers after that come due to anti-commuting

gamma matrices. We now prove another property;

{Γ,Γµ} = i−k{Γ0...Γd−1,Γµ} = i−k (Γ0...Γµ...Γd−1Γµ + ΓµΓ0...Γµ...Γd−1)

= i−k ((−1)d−µ−1Γ0...Γµ−1Γµ+1...Γd−1 + (−1)µΓ0...Γµ−1Γµ+1...Γd−1)

= i−k ((−1)d−µ−1 + (−1)µ)Γ0...Γµ−1Γµ+1...Γd−1 = i−k ((−1)d+µ−1 + (−1)µ)Γ0...Γµ−1Γµ+1...Γd−1

= i−k(−1)µ ((−1)d−1 + 1)Γ0...Γµ−1Γµ+1...Γd−1 = 0

where in the last step, we used the fact that (−1)d−1 = −1 because d is even. So, we have shown

that;

[Γ,Γµ] = 0 (21.1.14)
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This property readily implies the following property;

[Γ,Σµν] = − i
4
[Γ, [Γµ,Γν]] = − i

4
[Γ[Γµ,Γν] − [Γµ,Γν]Γ] = − i

4
[ΓΓµΓν − ΓΓνΓµ − ΓµΓνΓ + ΓνΓµΓ]

= − i
4
[ΓΓµΓν − ΓΓνΓµ − ΓΓµΓν + ΓΓνΓµ] = 0 (21.1.15)

In the last step, we used (21.1.14). Final property is derived as follows;

Γ = i−kΓ0...Γd−1 = 2k+1 (1
2
Γ0Γ1)(− i

2
Γ2Γ3) ...(− i

2
Γ2kΓ2k+1) = 2k+1S0...Sk (21.1.16)

which implies that Γ is diagonal and it is easy to see that if even number of sa’s are 1/2,
then the diagonal entry is 1/2 and if odd number of sa’s are 1/2, then the diagonal entry is

−1/2. Thus, the representation breaks into two representations with chirality +1 and −1 respectively.

For odd dimensions i.e. d = 2k + 3, add Γ as an additional gamma matrix i.e. Γ2k+3 = Γ and

we get an irreducible representation of Lorentz algebra.

21.1.1 Majorana Spinors

Let s be the basis where the matrix elements of Γa+ are real. This implies that Γ3, ...Γd−1 =
Γ2k+1 are purely imaginary and Γ0,Γ1,Γ2,Γ4...Γd = Γ2k+2 are real. Moreover, since Γµ,Γ∗µ and

−Γ∗µ satisfy the Clifford algebra, they should be related by a similarity transformation. We

will find this similarity transformation. We define two matrices as follows;

B1 = Γ3..Γ2k+1, B2 = ΓB1 (21.1.17)

We now derive the following useful property. For even µ, we have;

B1Γ
µB−11 = Γ3..Γ2k+1ΓµΓ2k+1..Γ3 = (−1)kΓµ = (−1)kΓ∗µ

Moreover, for odd µ, we have;

B1Γ
µB−11 = B1Γ

2ν+1B−11 = Γ3..Γ2ν+1...Γ2k+1ΓµΓ2k+1..Γ2ν+1...Γ3

= (−1)k−νΓ3..Γ2ν−1Γ2ν+3...Γ2k+1Γ2k+1..Γ2ν+3Γ2ν+1Γ2ν−1...Γ3

= (−1)k−ν(−1)ν−1Γ3..Γ2ν−1Γ2ν+3...Γ2k+1Γ2k+1..Γ2ν+3Γ2ν−1...Γ3 = (−1)k(−Γµ) = (−1)kΓ∗µ

So, we see that for all µ, we have;

B1Γ
µB−11 = (−1)kΓ∗µ (21.1.18)

A similar property for B2 is derived as follows;

B2Γ
µB−12 = ΓB1Γ

µB−11 Γ = (−1)kΓΓ∗µΓ = (−1)k+1Γ∗µΓ2 = (−1)k+1Γ∗µ (21.1.19)

Anther property for B1 and B2 is derived as follows;

B1Σ
µνB−11 = −

i

4
B1[Γµ,Γν]B−11 = −

i

4
(B1Γ

µB−11 B1Γ
νB−11 −B1Γ

νB−11 B1Γ
µB−11 ) = −(−1)2k

i

4
[Γµ,Γν] = −Σ∗µν

B2Σ
µνB−12 = −

i

4
B2[Γµ,Γν]B−12 = −

i

4
(B2Γ

µB−12 B2Γ
νB−12 −B2Γ

νB−12 B2Γ
µB−12 ) = −(−1)2k+2

i

4
[Γµ,Γν] = −Σ∗µν

(21.1.20)
We see that ζ and B−1ζ∗ transforms in the same way under lorentz transformations;

ζ → (1 + iωµνΣµν)ζ (21.1.21)

⇒ B−1ζ∗ → B−1(1−iωµνΣ∗µν)ζ∗ = B−1ζ∗−iωµνB−1Σ∗µνBB−1ζ∗ = B−1ζ∗+iωµνΣµνB−1ζ∗ = (1+iωµνΣµν)B−1ζ∗
(21.1.22)
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where B stands for B1 and B2 collectively and ωµν are real parameters. So, Dirac representation

is self-conjugate. Now, we prove the following identities;

B1ΓB
−1
1 = (i)−kΓ3Γ5...Γd−1 (Γ0Γ1...Γd−1)Γd−1...Γ3 = (i)−k(−1)k(d−1)Γ0Γ1...Γd−1 = ikΓ0Γ1...Γd−1

= ik(−1)kΓ0Γ1Γ2Γ∗3...Γ∗(d−1) = (−1)kΓ∗

Before proving the next identity, we notice that B1ΓB
−1
1 is also i2kΓ and thus, i2kΓ = (−1)kΓ∗

. The second identity is as follows;

B2ΓB
−1
2 = ΓB1ΓB

−1
1 Γ = i2kΓΓΓ = (−1)kΓ = (−1)kΓ∗

Now, suppose that ξ is a spinor whose chirality is α i.e.;

Γξ = αξ

then, the chirality of the conjugate representation is as follows;

Γ(B−11 ξ∗) = B−11 B1ΓB
−1
1 ξ∗ = (−1)kB−11 (Γξ)∗ = α(−1)kB−11 ξ∗

So, the chirality of a spinor is changed if k is odd (which corresponds to d = 0 mod 4 e.g.

d = 4,8) and it doesn’t change if k is even (which corresponds to d = 2 mod 4 e.g. d = 2,6,10).
Thus, Weyl representation is self conjugate for d = 2 mod 4 and it is not self conjugate for

d = 0 mod 4. Now, we want to impose a Majorana condition i.e. a condition that relates a

spinor ζ to it’s conjugate ζ∗. Such a condition can be written as follows;

ζ∗ = Bζ (21.1.23)

where B = B1 or B2. We see that (21.1.23) is consistent with Lorentz transformations using

(21.1.21) by showing that both sides of (21.1.23) transform in the same way;

ζ∗ → (1 − iωµνΣ∗µν)ζ∗

Bζ → B(1 + iωµνΣµν)ζ = Bζ + iωµνBΣµνB−1Bζ = Bζ − iωµνΣ∗µνBζ = (1 − iωµνΣ∗µν)Bζ

Taking the conjugate of (21.1.23), we get;

ζ = B∗ζ∗ = B∗Bζ ⇒ B∗B = 1 (21.1.24)

Now, we see that;

B∗1B1 = Γ∗3Γ∗5...Γ∗(d−1)Γ3Γ5...Γd−1 = (−1)kΓ3Γ5...Γd−1Γ3Γ5...Γd−1 = (−1)k(−1)k−1(−1)k−2...(−1)0

= (−1)k+(k−1)+(k−2)+...+1 = (−1)k+
k(k−1)

2 = (−1)
k(k+1)

2

Similarly, we see that (do this);

B∗2B2 = Γ∗B∗1ΓB1 = (−1)
k(k−1)

2

So, B1 can be used for Majorana condition only if;

k(k + 1)
2

= 2n n ∈ Z+0

⇒ k(k + 1) = 4n

Since k and k+1 differ by 1, one of them have to be odd and thus, either k is a multiple of

4 or k + 1 is a multiple of 4. So, we get;

k = 0 mod 4 or k = 3 mod 4

⇒ d = 2 mod 8 or d = 0 mod 8 (for B1) (21.1.25)
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Similarly, B2 can be used for Majorana condition only if;

k(k − 1)
2

= 2n n ∈ Z+0

⇒ k(k − 1) = 4n

Since k and k−1 differ by 1, one of them have to be odd and thus, either k is a multiple of

4 or k − 1 is a multiple of 4. So, we get;

k = 0 mod 4 or k = 1 mod 4

⇒ d = 2 mod 8 or d = 4 mod 8 (for B2) (21.1.26)

Now, (21.1.23) implies ζ = B−1ζ∗ and thus, if we want to impose Majorana condition on a Weyl

spinor, then the Weyl spinor have to be self conjugate. Thus, the condition of Weyl self-conjugacy

(i.e. d = 2 mod 4) have to be consistent with either (21.1.25) or (21.1.26). We see that the

only case that is consistent with Weyl self-conjugacy is d = 2 mod 8. Since ΓµT and −ΓµT
satisfy the Clifford algebra as well, they should be related to Γµ by a similarity transformation.

We will now find that similarity transformation. Define the charge conjugation matrix as follows;

CΓµC−1 = −ΓµT (21.1.27)

this implies the following;

(CΓ0)Γµ(CΓ0)−1 = Γ∗µ (21.1.28)

Comparing (21.1.28) with (21.1.18) and (21.1.19), we see that;

CΓ0 = B1 ⇒ C = −B1Γ
0 if k = 0 mod 2⇒ d = 2 mod 4

CΓ0 = B2 ⇒ C = −B2Γ
0 if k + 1 = 0 mod 2⇒ d = 0 mod 4

We also derive a useful property for C as follows;

CΣµνC−1 = − i
4
(CΓµC−1CΓνC−1 −CΓνC−1CΓµC−1) = i

4
[Γµ,Γν]T = −ΣµνT (21.1.29)

21.1.2 Product representations

We first prove that the spinor ξ̄ and the spinor ξTC transform the same way as follows;

ξ → (1 + iωµνΣµν)ξ

⇒ ξ̄ → ξ̄(1 + iωµνΓ0Σ†µνΓ0) (21.1.30)

To continue, we calculate the following

Γ0Σ†µνΓ0 = i
4
Γ0(Γ0ΓνΓ0Γ0ΓµΓ0 − Γ0ΓµΓ0Γ0ΓνΓ0)Γ0 = −Σµν

So, (21.1.30) becomes;

ξ̄ → ξ̄(1 − iωµνΣµν) (21.1.31)

Moreover, we see that;

ξTC → (1 + iωµνΣµνT )C = ξTC(1 + iωµνC−1ΣµνTC) = ξTC(1 − iωµνΣµν) (21.1.32)

where in the last step, we used (21.1.29).Comparing (21.1.31) with (21.1.31), we see that the spinor

ξ̄ and the spinor ξTC transform the same way.

We now prove the following identity for even d (Prove this);

Γµ1...µsΓ = i
−k+s(s−1)

(d − s)!
ϵµ1...µdΓµs+1...µd

s < d (21.1.33)
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which implies that in odd dimensions (where Γd = Γ), say d+1 dimensions, (where d is the same

as in (21.1.33)), an s+1 form is related to d−s form which is the same as d+1−(s+1) form.

Now, let d = 2k+3 be the number of odd dimensions. Then, the independent forms have the following

number of indices;

0,1, ...
d − 1
2

or 0,1, ...k + 1

This leads us to the following forms;

[0], [1], ...[k + 1]

⇒ 2k+1 × 2k+1 = [0] + [1] + ... + [k + 1] odd d (21.1.34)

where the square brackets indicate the corresponding form. In even dimensions, the linear

relation mentioned above doesn’t exist and thus, the allowed forms are as follows;

[0], [1], ...[d] = [0], [1], ...[2k + 2]

But since [m] can be related to [d−m] via Γ, we get the following forms ([k+1] is related

to itself and hence, we count it only once).

[0]2, [1]2, ...[k]2, [k + 1]

⇒ 2k+1Dirac × 2k+1Dirac = [0]2, [1]2 + ... + [k]2 + [k + 1] even d (21.1.35)

Now, we prove the following identity;

ζTCΓµ1µ2...µmΓχ = (−1)k+m+1(Γζ)TCΓµ1...µmχ (21.1.36)

where ζ and χ are arbitrary spinors. The RHS is manipulated as follows;

ζTCΓµ1µ2...µmΓχ = (−1)
m

m!
δµ1...µm
ν1...νm ζTCΓΓµ1µ2...µmχ = (−1)

k+m+1

m!
δµ1...µm
ν1...νm (Γζ)

TCΓµ1µ2...µmχ

= (−1)k+m+1(Γζ)TCΓµ1µ2...µmχ (Shown)

where I used the following identity;

ζTCΓ = ζT i−kCΓ0...Γd−1 = ζT i−kCΓ0C−1...CΓd−1C−1C = ζT i−k(−1)dΓ0T ...Γ(d−1)TC = (i−kΓd−1...Γ0ζ)TC

= (−1)d−1...(−1)1(i−kΓ0...Γd−1ζ)TC = (−1)k+1(Γζ)TC

So, we see that ζTCΓµ1µ2...µmχ is non vanishing only if k+m is odd and ζ, χ have the same chirality

or when k +m is even and ζ, χ have the opposite chirality. So, we get the following;

2kWeyl × 2kWeyl =
⎧⎪⎪⎨⎪⎪⎩

[1] + [3] + ...[k + 1]+ even k

[0] + [2] + ...[k + 1]+ odd k

2k
′

Weyl × 2k
′

Weyl =
⎧⎪⎪⎨⎪⎪⎩

[1] + [3] + ...[k + 1]− even k

[0] + [2] + ...[k + 1]− odd k

2kWeyl × 2k
′

Weyl =
⎧⎪⎪⎨⎪⎪⎩

[0] + [2] + ...[k] even k

[1] + [3] + ...[k] odd k
(21.1.37)

where the subscripts on [k+1] are there because k+1 is related to itself by (21.1.33) and thus,

it has a self dual part and an anti self dual part. (True?).

In the end of the section, Polchinski re-derives some facts using sa eigenvalues. We prove

the following identities first.

S0ζ = s0ζ ⇒ S0B
−1ζ∗ = s0B−1ζ∗, Saζ = saζ ⇒ SaB

−1ζ∗ = −saB−1ζ∗ a = 1, ...k (21.1.38)
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The first identity is derived as follows;

S0B
−1ζ∗ = 1

2
Γ0Γ1B−1ζ∗ = 1

2
B−1BΓ0B−1BΓ1B−1ζ∗ = 1

2
B−1Γ∗0Γ∗1ζ∗ = B−1(S0ζ)∗ = s0B−1ζ∗

where the last line, I used the fact that s0 has to be real (because Γ0,Γ1 and Weyl spinors

are real). The second identity is similarly proven as follows;

SaB
−1ζ∗ = −i

2
Γ2aΓ2a+1B−1ζ∗ = −i

2
B−1BΓ2aB−1BΓ2a+1B−1ζ∗ = −i

2
B−1Γ∗2aΓ∗2a+1ζ∗ = −B−1(Saζ)∗ = −saB−1ζ∗

So, under conjugation, s1, ..., sk are flipped. For even k, this is an even number of flips and

hence, the chirality is unchanged (see (21.1.16)). For odd k, this is an odd number of flips

and hence, the chirality changes. Thus, self-conjugate Weyl reps can be in even k (or for

d = 2 mod 4) only as we derived before.

21.1.3 Spinors of SO(N)

The results for SO(N) for N = 2l are like SO(N+1,1) (write more about this). The breakdowns

are as follows;

2l-1 × 2l-1 =
⎧⎪⎪⎨⎪⎪⎩

[0] + [2] + ...[l]+ even k

[1] + [3] + ...[l]+ odd k

2l-1
′

× 2l-1
′

=
⎧⎪⎪⎨⎪⎪⎩

[0] + [2] + ...[l]− even k

[1] + [3] + ...[l]− odd k

2l-1 × 2l-1
′

=
⎧⎪⎪⎨⎪⎪⎩

[1] + [3] + ...[l − 1] even k

[0] + [2] + ...[l − 1] odd k
(21.1.39)

21.1.4 Decomposition under subgroups

If we consider the following decomposition;

SO(2k + 1) → SO(2l + 1) × SO(2k − 2l)

then the Weyl representation 2k of SO(2k + 1,1) decomposes as follows (derive);

2k → (2l,2k−l−1) ⊕ (2
′l,2

′k−l−1) (21.1.40)

Derive the SO(2N) decomposition to SU(N)

21.2 Introduction to supersymmetry: d = 4

Most of the results in this section are presented without derivation in the original text.

For more details, we can consult sources such as [1] for a short introduction or [2] for a

more extended introduction. I will try to justify as many missing steps from Polchinski’s

original text as possible to make sense of the discussion.

21.2.1 d = 4,N = 1 supersymmetry

IN d = 4, the smallest spinor representation has 24/2 = 4 degrees of freedom. Since 4 can’t

be written as 2k+8 with k a non-negative integer, we can’t place a Majorana and Weyl condition

on the spinor simultaneously. The Majorana condition can be placed but the Weyl representation

is not self-conjugate. So, the four degrees of freedom can be realized in one of the following

ways;

(ψ
1

ψ2) ψ1, ψ2 ∈ C or

⎛
⎜⎜⎜
⎝

ψ1

ψ2

ψ3

ψ4

⎞
⎟⎟⎟
⎠
ψ1, ψ2, ψ3, ψ4 ∈ R
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The first way corresponds to a Weyl spinor and the second corresponds to a Majorana spinor.

In the text, the second way (i.e. Majorana) is used. So, the supercharges are denoted as

Qα with α ∈ {0,1,2,3} and due to the Majorana condition, we have;

Q̄α = Q†
αΓ

0 = (Q∗α)TΓ0 = (B1Qα)TΓ0 = QTαBT1 Γ0 = QTαC

(justify the last step.) where we used B1 for the Majorana condition because 4 = 0 (mod 4).

Now, the supersymmetry algebra for using only one Majorana spinor (which is N = 1 supersymmetry

with 4 supercharges) contains the following important commutators and anticommutators;

{Qα, Q̄β} = −2PµΓµαβ (21.2.1)

[Pµ,Qα] = 0 (21.2.2)

(In some resources like [2] and [1], the minus sign won’t be there in the {Q, Q̄} anticommutator

because they are using the (+1,−1,−1,−1) convention for the metric. They are also using the

Weyl spinors for SUSY instead of the Majorana spinors. So, there will be a difference due

to that as well). Since 4 = 2(1)+2, we have k = 1 in this case (in the formalism of the previous

section) and thus, the spinors can be labeled by the (s0, s1) 2-tuple. We can now work out the

representations of (21.2.1).
If the representation is massless, then the Pµ vector can be written as follows;

Pµ = (−k0, k0,0,0) ⇒ −2PµΓµ = −2(−k0Γ0 + k0Γ1) = 2k0(Γ0 − Γ1) = 2k0Γ0(−1 − Γ0Γ1)

= 2k0Γ0(1 + Γ0Γ1) = 2k0Γ0(1 + 2S0)
where we used the definition of S0 from previous section and the fact that (Γ0)2 = −1. So,

(21.2.1) becomes;

{Qα, Q̄β} = 2k0Γ0
αγ(1 + 2S0)γβ

⇒ QαQ̄β + Q̄βQα = 2k0Γ0
αγ(1 + 2S0)γβ ⇒ QαQ

†
γΓ

0
γβ +Q†

γΓ
0
γβQα = 2k0Γ0

αγ(1 + 2S0)γβ

⇒ QαQ
†
β +Q

†
βQα = 2k

0(1 + 2S0)αβ ⇒ {Qα,Q†
β} = 2k

0(1 + 2S0)αβ
(Justify the second last step). So, we see that the anti-commutator vanishes if s0 = −1/2.
This means that (labeling the spinors by the (s0, s1) tuple);

∣∣Q−1/2,s1 ∣ψ⟩∣∣
2+∣∣Q†

−1/2,s1 ∣ψ⟩∣∣
2 = ⟨ψ∣Q†

−1/2,s1Q−1/2,s1 ∣ψ⟩+⟨ψ∣Q−1/2,s1Q
†
−1/2,s1 ∣ψ⟩ = ⟨ψ∣{Q−1/2,s1 ,Q

†
−1/2,s1}∣ψ⟩ = 0

where ∣ψ⟩ is any state in the Hilbert space. Due to the positivity of the Hilbert space, we

then require that Q−1/2,s1 vanish identically. From (21.1.38), we see that if

S0Q = s0Q, S1Q = s1Q

then,

S0B
−1Q∗ = s0B−1Q∗, S1B

−1Q∗ = −s1B−1Q∗

So, the conjugation flips the s1 eigenvalue. Thus, the Majorana condition becomes;

Q†
s0,s1 = Qs0,−s1

(Justify this). In the s basis, the anticommutator becomes;

{Qs′0,s′1 ,Q
†
s0,s1} = 4k

0δs0,1/2δs,s’

where we used the fact that this anti-commutator is zero if s0 = −1/2 and thus, we put in S0 =
1/2 in the expression of the anti-commutator to get a factor of 4. Moreover, s′1 = s1 because

if s′1 = −s1 then

Q†
1/2,s1 = Q

†
1/2,−s′1

= Q1/2,s′1

and thus, the anticommutator vanishes because we will have terms like Q2
1/2,s′1

. Therefore, we

have a factor of δs,s’ in the anticommutator. The nonzero anticommutator is thus;

{Q1/2,−1/2,Q
†
1/2,−1/2} = {Q1/2,−1/2,Q1/2,1/2} = 4k0 ⇒ {b, b†} = 1
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where

b = 1

2
√
k0
Q1/2,−1/2, b

† = 1

2
√
k0
Q1/2,1/2

This also implies

b2 = b†2 = 0

which gives us a set of two states starting from any state (called the Clifford vaccum);

S1∣Ω⟩ = Ω∣Ω⟩; b∣Ω⟩ = ∣Ω +
1

2
⟩

where the state is labelled by its S1 eigenvalue. It can be seen from the definition of S1

that S1 is helicity (justify this more). The relevant massless representations are as follows;

• Ω = 0: We have the following multiplet

(∣0⟩ + ∣ 1
2
⟩) ⊕ (∣−1

2
⟩ + ∣0⟩)

This is called the chiral multiplet.

21.2.2 Actions with d = 4,N = 1 SUSY

tt

21.2.3 Spontaneous symmetry breaking

tt

21.2.4 Higher corrections and supergravity

tt

21.2.5 Extended supersymmetry in d = 4

We can have more than one Majorana spinor containing the supercharges. We labvel these spinors

by an index N = 1,2, .... The generalization (but not the most general) of the SUSY algebra

in (21.2.1) is as follows;

{QAα , Q̄Aα} = −2δABPµΓµαβ

with Pµ still commuting with all of QAα’s. In parallel to the calculation before, in the (s0, s1)
basis, we have;

{QAs′0,s′1 , Q̄
B
s0,s1} = 4k

0δABδs0,1/2δs,s’

and thus, we now have N different bA oscillators. All of them square to one and thus, starting

with the ∣Ω⟩ state, we can build states that are now labeled by the occupancy numbers of these

oscillators (n1, .., nN) which can be 0 or 1. Therefore, there are 2N different states. With

k occupancy numbers non-zero, the state helicity is λ+k/2. For example, for N = 2 the states

are as follows;

∣λ⟩
´¸¶

helicity λ

b1∣λ⟩, b2∣λ⟩
´¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¸¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¶
helicity λ+1/2

b1b2∣λ⟩
´¹¹¹¹¹¹¹¹¸¹¹¹¹¹¹¹¹¶

helicity λ+1

This gives us the following multiples;

• λ = −1/2: The multiplets are as follows;

(−1
2
,0,0,

1

2
) ⊕ (−1

2
,0,0,

1

2
)

The CPT conjugate has the same helicities as the original multiplet. This multiplet is

called a hypermultiplet. Justify the use of CPT... scalars not in correct representation
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• λ = 0: The multiplets are as follows;

(−1,−1
2
,−1

2
,0) ⊕ (0, 1

2
,
1

2
,1)

This multiplet contains the vector excitation and thus, it is the vectror multiplet.

• λ = 1: The multiplets are as follows;

(−2,−3
2
,−3

2
,−1) ⊕ (1, 3

2
,
3

2
,2)

This multiplet contains the graviton and thus, it is the supergravity multiplet.

There would be a multiplet with λ = 3/2 as well but we didn’t discuss it. In hypermultiplet,

both fermions are in the same multiplet and thus, they should be in the same gauge group. In

the vector multiplet, fermions are in the same multiplet as the vector and thus, they should

be in the adjoint representation (elaborate on this a little).

For N = 4 case, the states are as follows;

∣λ⟩ 1 state, helicity λ

bA∣λ⟩ (4
1
) = 4 states, helicity λ + 1

2

bAbB ∣λ⟩ (4
2
) = 6 states, helicity λ + 1

bAbBbC ∣λ⟩ (4
3
) = 4 states, helicity λ + 3

2

b1b2b3b4∣λ⟩ 1 state, helicity λ + 2

The relevant multiplets are as follows;

• λ = −1: The multiplet is as follows;

(−1,−1
2

4

,06,
1

2

4

,1)

This multiplet contains the vector but not the graviton and thus, it is the vector multiplet.

The exponents indicate the number of times a state with the indicated helicity appears

in the multiplet. The CPT conjugate is not required because the scalars live in SO(6)
(elaborate on that).

• λ = 0: The multiplets are as follows;

(−2,−3
2

4

,16,−1
2

4

,0) ⊕ (0, 1
2

4

,16,
3

2

4

,2)

This multiplet contains the vector but not the graviton and thus, it is the vector multiplet.

We can’t have λ > 0 because that gives helicities greater than 2 and this is not allowed

due to no-go theorems (see for example, Weinberg-Witten theorem).

For N = 8 case, the states are as follows;

∣λ⟩ 1 state, helicity λ

bA∣λ⟩ (8
1
) = 8 states, helicity λ + 1

2

bAbB ∣λ⟩ (8
2
) = 28 states, helicity λ + 1

bAbBbC ∣λ⟩ (8
3
) = 56 states, helicity λ + 3

2
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bAbBbCbD ∣λ⟩ (8
4
) = 70 states, helicity λ + 2

bAbBbCbDbE ∣λ⟩ (8
5
) = 56 states, helicity λ + 5

2

bAbBbCbDbEbF ∣λ⟩ (8
6
) = 28 states, helicity λ + 3

bAbBbCbDbEbF bG∣λ⟩ (8
7
) = 8 states, helicity λ + 7

2

b1b2b3b4b5b6b7b8∣λ⟩ 1 state, helicity λ + 4

The only multiplet that avoids helicities higher than 2 and lower than -2 is as follows;

λ = −2 ∶ (−2,−3
2

8

,−128,−1
2

56

,070,
1

2

56

,128,
3

2

8

,2)

This multiplet contains the graviton and thus, it is the supergravity multiplet. The CPT conjugate

is not required. (justify and write about the massive states).

The most general algebra allowed by Lorentz invariance is (justify);

{QAα , Q̄Bβ } = −2δABPµΓ
µ
αβ − 2iZ

ABδαβ

where ZAB have to be antisymmetric as we can show below. (Show).

If we have a massive particle, then we can go to the rest frame, and thus, Pµ = (−m,0, ...,0).
The algebra then becomes (derive this);

{QAα ,Q
B†
β } = 2δ

ABmδαβ + 2iZABΓαβ

This implies the BPS bound (derive this properly and derive Z form);

m ≥ qi

So, the massless states have to be neutral also derive the short and ultrashort reps.

21.2.6 Supersymmetry in d = 2

In d = 2, we have the shortest spinor representation of size 1. It is a Majorana-Weyl representation

and thus, we can use Weyl spinors for d = 2. To have (N, Ñ) supersymmetry, we need N left

moving and Ñ right moving fermions. To figure out the SUSY algebra in d = 2, we need to have

Γ matrices in the left and right moving coordinates. derive them.

Now, the components of the Γ matrices are labeled by indices that can take the values (L,R).
So, the SUSY algebra is;

{QAL ,QBL} = δAB(P0 − P1), {QAR,QBR} = δAB(P0 + P1), {QAL ,QBR} = ZAB

Is it still anti-symmetric?.

21.3 Differential forms and generalized gauge fields

tt

21.4 Thirty two supersymmetries

21.4.1 d = 11 supergravity

21.4.2 d = 10 II A supergravity

tt
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21.4.3 d = 10 II B supergravity

tt

21.4.4 d < 10 supergravity

tt

21.5 Sixteen supersymmetries

tt

21.5.1 d = 10,N = 1 (type I) supergravity

tt

21.5.2 d < 10 supergravity

tt

21.5.3 d = 6,N = 2 supersymmetry

tt

21.5.4 d = 4,N = 4 supersymmetry

tt

21.6 Eight supersymmetries

tt

21.6.1 d = 6,N = 1 supersymmetry

tt

21.6.2 d = 4,N = 2 supersymmetry

tt
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