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Equilocality

® Question of equilocality: "What does it mean to have two objects at the same
position at different times when only relational data is available?”

® Newton and Leibniz knew about this problem.

® Newton proposed "absolute space” as the solution. Leibniz disagreed.
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Take two pictures of three stars
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® Take tentative coordinates
ra(ts) =4, valty) =7}
such that

[Ira(t:) — v (Eo)l| = rav(ti), lralts) —ro(tp)ll = ran(ty)
® Consider 9D vectors
q' =&, = (21,91, 21, 25, Y, 25, 75, . 25)
of = o] = @yl A alvf 2 of il 2])
e Natural distance (Euclidean distance)

9 1/2

1/2 3
d(d'.q’) = [Z(Q£ - QZ)2] = [Z v — rillzl
a=1

a=1

Hassaan Saleem SUNY, Albany

Best matching principle using Entropic Dynamics 7/ 32



Best Matching
[e]e]e] )

® Minimize the distance ' '
d(q',¢®™) = inf d(q',q')

maintaining
BM _ BM
lre =0 = ran(ty)

® For translations, best matching = barycenters match (not center of mass).

® \We can also do it for rotations.
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Entropic Dynamics

® 1% are ontic variables (n =1, ..., N).

Take N particle system

® p(x|t) is the probability of x = z{,..., 2%, at time ¢.
® Probability changes as

plallt) = [ do Pla/la.t.#)p(alt
[ )

P(a'|x,t,t') is determined by maximizing the relative entropy (relative to a prior
@) given some constraints

P
S|P, Q|constraints] = —Pln@ - Z (Lagrange multipliers)(constraints)

constraints
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Entropic Dynamics

® Change in z
Ay = (0,0 + 67 — (25 + &) = Aah + ALE

° {;{’ and &2 are best matching transformations.
e Constraints;
(6apAz®Azb) = K, (No correlation)
0
Z(Aw%)—(p = x/ (Correlations)

— =
~ 0xd
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Entropic Dynamics

e P(2'|z) (conditional probability);

1 . . -
P('|v) = — exp | = Y Sdu(Aaf — Axg)(Aal, — Aaf)
where Azd = —§%9,,0 — ALY
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Entropic Dynamics

® Relating a;, and o’ with At

, 1 my,
o = — = constant, «a, =
h hAt
® A new index
A= (a,n)
® Introduce mass tensor
ap _ 1
maBp = mn(saba m - 6ab
n
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Entropic Dynamics

e Dynamical equation of p(z,t) (Fokker Planck equation)
Oup(, 1) + 0 [p(w, oA (2,1)] =0

where N
. . A
oA =mABops - €4, =S5 p=hie-Inyp)

® Hamiltonian form

OH 1 : .
Op = 9 with H[p, ¢] = 5 /dw p mP (3A¢ - fA) (3B¢ - fB) + Flp]
® The second equation (HJ type equation)
~0p = m*B (940 — mac€®) (0 — mppE”) + 3;[)/)]
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The metric

® Take a statistical manifold S;

® Parameters 0; = 61, ...,0xn

® Possible values of variables (Sample space) X

® The metric on S (Fischer-Rao);

) — 91np(x|0) 01In p(z|0)

Hassaan Saleem

Best matching principle using Entropic Dynamics



Entropic Dynamics and Information Geometry
000000080

Previous work (2016)

® Define joint probability
pla,a'[t,t') = P(a|z,t,1")p(x|t)
e Distance between p(z/, x|t' + dt,t) and p(a’, z|t', t) is (long calc.)
dT? = G dt* where G = Hy|p, ¢] + (¢ independent terms)

and
AB 2

. : : h
falp. = [ o "= p(040 — E0)(0m0 ) + 0a0%
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Previous work (2016)

® Minimizing G, we get

Mg - [arpy 20— [ e gl ()

a
n
where P, is the momentum of the center of mass.

® This means that )
AEM = A=Y
ga M
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New techniques

® The e-configuration space is;

5= {p(o) =l [ do ) =1}

® Introduce the cotangent space T*S = {(p%, ¢,)} = (X%, X?*) = X,

® |t has a natural symplectic form

Q= / dl’(@p;ﬁ@@(l%—@ﬂ%@@pz) = _d~ /dx¢xdpx = Qam,ﬁx’ = ( 0 1> 5901’

-1 0
—
0

which is closed (dQ = 0) and locally exact (2 = —df)

Hassaan Saleem SUNY, Albany

Best matching principle using Entropic Dynamics 19 / 32



New Techniques
[e]e] lelele)

New techniques

® Symplectic structure should be preserved

dp, OH do* OH
Q g _— = = —
Ea=0="=30" ax ~ op

which are Hamilton's equations — Hamiltonian flows.

® Normalization preserved i.e.
{N,I:I}:Owitthl—/dxpz
® The coordinates change as follows;

pu(V) = pz(0), ¢z(v) = ¢2(0) +v
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Metric

® Summary of the procedure

h | / ’
Gza’ = A(|p|)n$nxl + 55@%/ m) g:cx’dprdpr + grm Ao ddy

xT

TS+
s
lpl=1 27;(dpx)2 + %((d%)? —ng(d®)) where (d¢) = /dx prdos
T3

¢ The final metric is (FS metric)

h

() + 2 (4 — ()

Gax,ﬁx/ande'gz/ = %
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Hamilton-Killing flows

® Define new coordinates;

e = Vpee I, G = eI
® Under normalization flow
Vg — eiu/hwx’ w; N efizz/hw;
® Metric structure is preserved (Killing flows)

LG =0
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Schrodinger equation

® Impose LG =0
8.F~I 8.H Norm argument -~
— =0 H = d d x! W'
Dhady | DULOUL, o [ astvitturs

® L =0 — Hamilton's equations which become

dfm _/d Heyyrpyr, Zh w /dl‘ Q;Z);/H:m:’
=

i.e. the Schrodinger equation (possibly nonlocal Hamiltonian).
® To reproduce Fokker Planck equation

ffg — /dx ™ <;mAB(i7z8A - éA)(ZTlaB — §B) + V(xn)> (G
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Translations

® Metric
ds® = 4n(1 — |([¢")])

* Take ¢ = ¢ + 59
ds® = 2h|(1)|54)| + Other terms

® ) on different time slices

Uriar = Yo+ Ogp = ds® = 2h|(]0¢0) |

® where
ih|dgp) = dt Help)
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Translations

® Minimize ds? w.r.t fa ~
OHelvv) _
0%a

where

o for 2

(V|Paly) _  (Fa) BM _ _ p,(Fa)
_ i = — Vi = Afa = _Atﬁ

(thOnpy — mnfb)(lﬁanc mnfc) + V(xn)> (U

‘BM
= ga -
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Rotations

® We now have
8 — 28+ i (JF) b
= €2 = iCp(JF) 2 (J* are SO(3) generators)

® The Hamiltonian becomes

HC = —%ékél<1kl> — Ck Z<(.’L‘n X Pn)k> + Others

n

where
" =" ma(g"|aal® - 2hal)
n

* Minimizing w.r.t (j, (best matching) gives
GM(IM) = —(Ligy)
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Dilations

® For dilations, we have

a
n

28 — 28 + Al = €2 = Az

® to get the Hamiltonian

—/\QZ ([l2nl1?) -I—/\Z xy.P,) + Others

n

® Minimizing, we get

ABS i (||zal ) = = {25 Paa)

n
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Special Conformal Transformations (SCTs)

® For SCT, we have;
Ty — Ty, + 2($2jb)$an - H$n||2la = §g = 2(x2l'b)x% - Han2la

® to get the Hamiltonian

1. .
H; = 512 > mp(llznl?) + 1> (22 Pr)ang — ||2n]|*Pra) + Others

n

® Minimizing, we get;

(IBM° Y ma{llaall®) = = ) _{(2a2], — lzall*9**) Pra)

n n
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General Case

® General transformations

a a -1 b ‘a -1 b
Ty = Ty +WT T, = & = WT Ty,

® The Hamiltonian is a bit complicated to write here.
® Minimizing, we get;

pM m (X XDy = =S (xIT.P)

n

where

k k b
Xr(z ) = TabTp
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Adding a gauge field

® |t will need another constraint;

(Ax®)YA, = k!

n

® The only significant change

aan5 - 8nb¢ - hﬁnAa = Dnb¢

which implies

Onath = Onath — ifnAg) = Dpath (B” - Z%)

which further implies

Pnad} = _ihanaw - Pnadj - hﬁnAaw = Pna"p
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