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Abstract

In this work, we start from the superpoincare algebra and review all the concepts needed by the reader to
be able to understand the form of the N = 2 SYM lagrangian. We will go through the concept of N =1
superfields and the relevant supersymmetric lagrangians that can be made from them before stumbling upon
the N =2 SYM lagrangian. In the third chapter, Olive Montonen duality, culminating into SL(2,Z) duality
is reviewed. In the fourth chapter, we review Seiberg Witten duality, concluding on the solution of the Higg’s

expectation value a and it’s dual ap on the SU(2) theory’s moduli space (i.e. the complex u plane).
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Chapter 1

Introduction

The main aim of this work is to lay the background material for Seiberg Witten duality and to review the
duality itself. This duality is employed to work out the low energy lagrangian for N = 2 SYM. The idea of
duality however is old and has been employed in solving many problems.

Duality can be defined as the ”existence of more than one description (usually two descriptions) for a system”.
These highly non trivial mathematical equivalences have been very fruitful in the past. For example, the wave
particle duality has proven to be very successful in order to explain a large variety of quantum mechanical
phenomena. For explaining some phenomena, the particle description is used (for example, to explain the
photoelectric effect, light is assumed to consist of photons) and on other occasions, the wave description is
used (for example, the explanation of the results of double slit experiments require the wave description). In
addition, the harmonic oscillator is a self dual system (explained in the start of chapter 3). An interesting
example comes from the theory of ferromagnetism. For the two dimensional Ising model, (which was solved
by Lars Onsager in 1943 but published in 1944 [35]) the phase transition temperature was found much
earlier by Kramers and Wannier in 1941 using a duality. They used the concept of a dual lattice that led
them to relate weak coupling description to the strong coupling description (and they identified the critical
temperature by identifying it with the self dual coupling value). So here, duality helps to solve a problem
related to a system for which the full solution was not even known [34].

I will touch upon another example (but not go into the details of) in order to show the duality. The Sine
Gordon theory for bosons can be shown to be completely equivalent to the Thirring model for fermions
(with the interaction term of the form 1/_)7”1/11/_17#1/1) and the remarkable thing is the the strong coupling
regime in one theory is equivalent to the weak coupling regime of the other theory. Moreover, the collective
excitations of Sine Gordon theory are identified with the fundamental fermion excitations of the Thirring
theory. [36, [37]. These points reflect two of the most interesting things because of which the idea of duality
is very commonplace in theorists i.e.

1) the possibility of acquiring the capability to study strong coupling regime of one theory by studying the
weak coupling regime of another theory (or the same theory sometimes)

2) the mapping of ”fundamental excitations” to ”collective excitations”. This raises the questions like ”is it



even meaningful to classify some objects as fundamental?”.

A very interesting example of duality (which will be explained at length in chapter 3) is the Olive Montonen
duality proposed in 1977 [I0]. This duality proposes a dual theory with electric and magnetic degrees of
freedom exchanged (therefore, it is also known as electric magnetic duality) and as it turns out, it requires the
exchange of strong coupling with weak coupling (thus, this and it’s extensions are also known as strong weak
duality or S duality). However, in order to realise this theory, it is required that the electric and magnetic
degrees of freedom have the same spin (but W bosons had spin 1 and monopoles had spin 0) and that the
potential of the theory should not receive quantum corrections (like the Weinberg Coleman potential does for
four dimensional scalar QED [38]). For this, it was required that we do put the concerned theory in N =4
supersymmetry as the N = 4 gauge multiplet provided the spin 1 state to the monopoles and because the
beta function of N = 4 theory is zero [I9]. This showed the power of supersymmetry in solving important
problems.

Later in 1994, N. Seiberg and E. Witten used a duality transformation (which will be discussed in chapter
4) which was used to determine the low energy lagrangian for N = 2 SYM theory (i.e. without the matter
multiplets) with SU(2) gauge group. This lagrangian is

L y—o(effective) = lfi%Im [/ d*0F" (p)W*W,, + /d29d29q§}"(¢)] (1.1)

The low energy theory means that the SU(2) group has spontaneously broken to U(1) and thus, no gauge
indices are visible in this lagrangian. Now, the determination of this lagrangian requires us to the find the
function F(¢) which is known as the prepotential. What Seiberg and Witten did is to solve for the derivative
for F and then, it could be integrated to get F. It should be noted that in their original work [I8], Seiberg
and Witten used an approach involving elliptic curves to get the solution but in this work, we will use a
differential equations approach (which has been used in some works e.g. [20]).

I will start from basics of supersymmetry and develop the relevant concepts to understand the work of Seiberg
and Witten in [I8]. When some topics arise that are beyond the scope of this work, I will mention so, quote
the results and refer the reader to relevant references where possible. I have also provided some appendices
for the details that I thought might break the flow of discussion. The reader can consult these appendices if

he/she is interested in the details.



Chapter 2

The N=2 SUSY gauge theory

In this thesis, we will talk about N = 2 supersymmetric gauge theories (which are based on the vector
multiplet). A whole review of N = 2 supersymmetric theory won’t be given but some details that are
crucial for our work will be provided. An interested reader may consult may consult [I] or [2] for a more
comprehensive study of supersymmetry. My treatment of supersymmetric theories will follow both of these

references to some extent.

2.1 Supersymmetry algebra

We will start from the supersymmetry algebra which is composed of the generators of the Poincare group
(P, and M,,) and the supersymmetry generators Q! (which are actually Weyl fermions) where I counts the
number of supersymmetries and « is the spinor index. The supersymmtery algebra is given as follows [I] (I
don’t give the commutation relations which correspond to the Poincare group as they would not be needed

here but the Poincare algebra has been reviewed in appendix B);

[P Q4] = [Pu, Q5] =0
(M Qo) = i(0,0) 5 Q5
(M, QL) = i(5,,) Q"
{Q1, Q7 = 20!, Pu6"Y

{QL.QJ) = cap 2" {QL.QL} = e,y (27" (2.5)

where 4(ct")f = UZ,.Y(é”)’W —pu < vand o, = (1,0;), 6, = (1, —0;) (where o; are the well known Pauli
matrices). Z!7 are known as the central charges of the theory which have to be calculated for a particular
theory. For our purpose in the thesis, (i.e. for N = 2 super Yang Mills), the central charges were calculated

by E. Witten and D. Olive in [4].



2.2 Massless supermultiplets

The relation (2.4) is the most important relation in all of the supersymmetry algebra. It shows that the
supersymmetric translations are like a square root of the translations in physical spacetime (remember that
P, is the generator of the translations in physical spacetime). We now resort to the massless representations

in which the momentum four vector can be written as
Pt =(E0,0,F) (2.6)

Using this, (2.4) becomes (for J = I);

_ 0 0
@af =2mC vl = |
={Q1,Q{} =0, {Q3,Q}} = 4E, {Q,Q}} = {Q35,Q{} = 0 (2.7)

[2.7) shows that the central charges vanish for massless representations. (2.7)) also implies that @{ and Q{
are trivial on all of the Hilbert space. This can be shown by using the fact that we want all the states in the

Hilbert to have positive norm. This requirement is known as the positivity of Hilbert space.

Theorem 2.2.1 (2.7) and the positivity of Hilbert space requires Q! and Q{ to be trivial on Hilbert space
(this means that Qf[¢)=0 and Q{|w> =0 for all |¢) in the Hilbert space).
Proof: We any state |1) and we consider the following object (which is zero by (2.7));

(WHQ1L Qi)

This object can be manipulated as follows;

0= (¥[Q1Q71v) + (¥1Q{ Q1Y) = llQT[W)I* + Q7 [¥)II*

Since both of the terms on extreme right hand side are positive definite or zero (due to positivity of Hilbert

space), we conclude that Q and Q{ are trivial on whole of the Hilbert space (QED).

Now, I want to form creation and annihilaton operators using Q} and Qé operators. This poses the question
that which operator should correspond to the creation operator. The answer to this question can be found
by analyzing . We know from our study of Poincare group that My = J3 (i.e. angular momentum
generator in the z direction) and I set o = 2 to get;

(12, QY] = i(012)7 @4 = — 5.0} (28)

where I used calculated i(oy2),> as follows;

- 2_ 1 (5072 a2y 20
io12)s = 7 ((01)24(02) (02)24(01)™) = =

1
2
This shows that we should use Q% as the annihilation operator and Qé as the creation operator. Now, we

define creation and annihilation operator as follows (and we also use ([2.7))) to get;

a0l (o = LB o rad (1)) —
Ok (@) = 0= (o (@)} =1 29)
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Now, we can define a vacuum state (known as the Clifford vacuum). We need to remind ourselves that
the representations of the Poincare algebra are labelled by the mass of the state and the spin (for massive
representations) or by helicity only (for massless representations). This can be understood by considering the
fact that Poincare group has P*P, and WH*W, as it’s Casimir operators (where W* is the Pauli-Lubanski
vector). An interested reader might consult [5]. Since we are talking about the massless representations, we
deduce that the Clifford vacuum can be specified by the helicity of the state j and thus, it can be written as
1)-

Now, we can build the supermultiplet by operating on |j) with the creation operators (a')! while considering
the fact that different creation operators anti commute with each other and thus, operating them in a different

order would not give a different state. The supermultiplet states and thier multiplicities are given as follows.

States Multiplicity
1) (%)
(ah)1j) ™)
(ah)!(a)”]5) (%)
(ah)'...(a")N]5) ()
Total (Ig)-i-(lf)—i-...(%):ﬂ’

2.3 N=1 multiplets

Now, if we set N = 1 then there is only one creation operator and let’s denote that by a. The two states in

the supermultiplet are;
1), a'l) (2.10)

In (2.10]), we can set |j) to different possible values to get different supermultiplets. We will need only two

multiplets for our work. They are as follows;

. 1 1 1
j = T0y = |= = —= hiral multipl 2.11
j=0-—10),a"0) ‘2>—> <0,2> C%T( 2,0) (chiral multiplet) (2.11)
1 1 1 1 1
Jj= 3~ ‘2> ,al 2> =|1) — (2, 1) CGP?T (—1, —2> (vector/ gauge multiplet) (2.12)

These are the required N = 1 multiplets in our work. We have to include the CPT conjugate of the mutliplet

(which reverses the sign of the helicity) in order to preserve the CPT symmetry.
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2.4 N=2 multiplets

If we set N =2 in (2.10) then the length of the mutliplet is 22 = 4. We will have two creation operators i.e.

(a™)* and (a')? and the states for are Clifford vacuum |[5) are;
), (@)'13), (@h)?13), (ah)!(a")?l5)
We are interested in two supermultiplets. They are given as follows;

F= 051000 = |5 ) @0 = |3 ) (@) )20 = )
RIS PR— o
i= =g |5 ) @ =5 ) = 00 @RI = |5 ) @2 o) = )
ETI E)

2.5 Superspace formalism

The supersymmetry multiplets can be expressed using superspace formalism as well. I will cover the super-
space formalism only briefly. For a more detailed treatment of superspace formalism, an interested reader
may consult [I] and [2]. The N = 1 superspace has coordinates (z*, 0, ) where z* are the ordinary spacetime
coordinates and 6,0 are additional coordinates known as grassman coordinates - or fermionic coordinates
- (i.e. they are coordinates which are special kind of numbers known as grassman numbers). 6 is a weyl
spinor with two components i.e. 8! and #2. while § and #? are their hermitian conjugates. Now, the most
interesting property of these grassman coordinates is that they anticommute with each other i.e. if ¢ and &

are any two grassman numbers then;

YE =&Y (2.15)

This leads to the corollary that for any grassman number 1?2 = 0. For grassman coordinates, we can see
that 010! = 6202 = 0 and 0'9? = —#20'. We will see that there will be other grassman numbers in our work
which will not be grassman coordinates e.g. the infinitesimal parameters for SUSY transformations. The
property of anticommutativity will be true for all grassman numbers. However, please do note that for any
grassman number 1, 12 = 11 is zero but ¢7) is not necessarily zero.

Now, any function which depends on superspace coordinates can be expressed as a taylor series in these
coordiantes. We can assume a ge generic function F(z, 6, 6) and expand it’s taylor series but before that, let

me introduce the concept of fermionic dot products and the related conventions.

12



2.6 An aside: Spinor dot products

Suppose that we have two Weyl spinors 1, and £3g. We can raise the spinor indices o and 8 by € (just like
we raise and lower indices by metric tensor in special and general relativity). The reason for using €*? for
raising and lowering indices is that the weyl spinors transform by matrices which belong to SL(2,C) group
and €*? is the invariant of this group. Recall that z* transform in the SO(1,3) group and if A*, are the
transformation matrices, we had;

Jap = My A 39, A € SO(1,3) (2.16)
where g,,,, is the metric tensor. Hence, g, is invariant under SO(1,3) trasnformations. Similarly, if M % are

matrices in SL(2,C) group, then €,p is invariant because EalBM(ZM'?, = € det(M) but M € SL(2,C) and

hence, det(M) = 1 and hence we have;
€uv = €apM M, M € SL(2,C) (2.17)
Now, my convention for €*? and e,p is;

Ny 0 1 0 -1
eaﬂ = eaﬂ = s €af = €45 = (218)
-1 0 1 0

Now, as said before, spinor indices can be raised or lowered by ¢*?. A demonstration is as follows;
Y1 = €109™ = €129 = —p?, 7 = €% = h; =y (2.19)

Note the non trivial correspondence between v, and ¥2. Now, we have introduced the notion of raising and
lowering indices and thus, I can define the dot product between spinors now. The dot products between two

undotted spinors ¢ and x is denoted as ¥y and defined as;

X =V Xa, VX = XV (2.20)

in the last equality, I claimed that ¢y = xt. This is true and may verified by the reader (please do remember
the anti commutativity of the spinors while verifying this). Note the positioning of the spinor indices (they
go from top left to bottom right) and this definition is necessary to ensure some desirable properties of the
dot product (like it’s commutativity). Similarly, the definition of the dot product of two dotted spinors v
and Y can be given as follows;

DX = Yax® ox = X = (Y] (221)
Note the different convention for the positioning of the indices. There are some additional identities which

are useful in our work with superspace formalism. They are as follows;

Eotp = —paté (2.22)
EotaVep = YoV ahe (2.23)
(Eot )T = oty (2.24)
(Cota" )T =Yoot (2.25)

13



where o matrices were defined below (2.5)) and for clarity, I should tell that £o*1) is defined as £ ("), 51/_)5
(following our conventions for dot products). However, note that the dot product conventions do not apply

when we are raising or lowering spinor indices.

2.7 Superspace continued

Now, we have introduced the notion of spinor dot products and thus, we can expand an arbitary function of

superspace coordinates i.e. F(x#,6,0) as follows;
F(z",0,0) = f(z) + 0¢(z) + 0x(x) + 00n(x) + 00m(x) + 0o 0v,(z) + 000X (z) + 000p(x) + 0000d(x) (2.26)

Before proceeding, let me quote and motivate some simple mathematical results that concern the superspace
formalism. We talk about derivatives first. The derivatives are defined in a straightforward way. The only
features which might be novel are the anticommutativity are hermiticity of the derivative. We have;

s :

0° =08, ——099° = —9%55 2.2
00 @ 50 o (2.27)
From first equality in ([2.27]), we can easily see that;
o\ o
— ) == 2.2
(o) =50 (29
The integrations are defined as follows;
/doa =0, /d917201’2 =1, /deaf(oa) =b where f(6%) = a + b§* (2.29)
To define integrations on the #'9% and 'A% spaces, we define integration measures d?6 and d?f as follows;
1 =1
d*0 = 5delda2, d?0 = §d01d02 (2.30)

Moreover, let’s calculate 00 and 00 as follows;

>
NS

= 00, = €ap0°0° = €12002 + €210%0" = —20"02 = 2029" (2.31)

Y]
)

= édéd = 6(}([39‘[39‘@ = 6120_10_2 + 6219_29_1 = —29_19_2 = 2@29_1 (2.32)

Using 1|2.30|),(|2.31|) and 1|2.32| , we can deduce that;

/d29 00 =1, /d2§§9‘ =1, /d29d2909§9‘ =1 (2.33)

where in the last deduction, we have to use the fact that 86 commutes with 66.
Now, we can start our work on superspace formalism. We start with the form of supersymmetry generators
ie. Qu,Q4 (remember that we are working in N = 1 susy). Now, we proceed by considering a function
F(z,0,0) and considering a infinitesimal change in the variables to get F(z + dx,0 4 30,0 + 66) and since
translation in the fermionic coordinate directions is generated by susy generators, we consider grassman
paramteres € and € so that this infinitesimal change can be written as action of translation operator on
F(z,0,0) as follows;

F(z + 02,0+ 00,0+ 00) = e (<QTQ) (5 9, §)e(<Q+eQ) (2.34)

14



But we can even write F(x,6,0) as a translation performed on F(0,0,0). This gives us;
F(z +0z,0 4+ 60,0+ 60) = ¢~ i(cQ+7Q) o —i(=P+0Q+0Q) F(x,0, é)ei(xP+GQ+§Q)ei(EQ+€Q) (2.35)

Now, take the last two exponentials in ([2.35]) and combine them using the Hausdorff Baker Campbell formula
which says that;

et +eP =eY, where C=A+ B+ - [A B]+ (2.36)

we will see that we will need the first three terms only. The last two exponentials in (2.35) can thus be

combined into a single exponential and the exponent of that exponential is worked out as follows;

Exponent = ixP + i0Q + i0Q + ieQ + ieQ — — [[HQ, Q] + [0Q, €Q] + [0Q, Q] + [0Q, €Q]] (2.37)

Now, the four commutators in (2.37) have to be calculated but two of them are zero (i.e. first and last)
because they will give the anti commutator of @ with itself or of @ with itself and that is proportional to
central charges as shown in ([2.5) but in N = 1 susy, the central charges are just zero (which is just another

way of saying that @ anti commutes with itself). We calculate the second commutator as follows;
[6Q,€Q) = 0°QuésQ° — €,Q°0°Qn = —0°¢3{Qa, Q") = 0°€°{Qu, Q3 } = 260"¢P, (2.38)

where in the second last step, I used P to raise the index of €4 (don’t confuse between two €’s) and lower
the index of Q. In the last step, I used (I.1]). Moreover, by using the anticommutativity of commutator and
swapping e with 0, we deduce that;

[0Q, Q) = —2e0"0P, (2.39)
Using ([2.38) and (2.39) in (2.37), we get;
Exponent =i (z# + ifo*€ — iec"f) P, +i(e + 0)Q + i(e + 0)Q (2.40)

This shows that under susy transformations, the differential changes in the coordinates is as follows;

N (L)) (2.41)
50 = e~ (2.42)
60% = & (2.43)

Note that pure susy transformations also affect z*. Now, we do a taylor series expansion of F(x + dx,0 +

80,0 + 60) and compute §F to get;

- _ F F
O0F = F(x + 0z,0 + 00,0 4+ 60) — F(x,0,0) = 9, Féx" + %ea + %éa
= ie” zi—a“ 6/38 F+i 0 +0°04.0, | €F (2.44)
B a6 "o0% pa '
Compare this with §F = i(eQ + €Q)F, we get the following expressions for Q, and Q4;
. o ~ 0 0 = 13}
Qo = —10, — 056-958,“ Qs = Zﬁ + Gﬂaﬁaau, where 9, = 500 04 = e (2.45)
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2.8 Chiral super fields

In , we saw that F(z, 0, #) has many components and every component corresponds to different particles.
Now, if we want N = 1 representation to be realised in the superspace formalism, then we need to cut short
the number of components in F' then we need to impose certain conditions on F' that will render the rest
of the components zero and make F’s expansion small. Now, that condition needs to be susy invariant. It
means that if the we have an operator D (and it’s hermitian conjugate D) and the condition that we want
to impose is that DF = 0 (or DF = 0), then under a supersymmetric transformation §(DF) = D(JF) =

(or §(DF) = 0) so that the condition DF = 0 (or DF = 0) is still true. One option is to take the operator D
a grassman odd operator (i.e. an operator that anti commutes with grassman numbers) with a spinor index

(i.e. Dy)and impose the condition that
{Da.Qs} = (D, Qs} = {Da Q3 = (D Q) = 0 (2.46)
This will imply that under susy transformations,
§(DoF) =i(eQ + €Q)(DoF) = Dy (i(eQ + €Q)F) =0 (2.47)

and the same result is true for §(DgF). Now, we can define chiral and anti chiral superfields.
A superfield F is chiral if D,F = 0 and it is anti chiral if D,F = 0. Before moving on to the analysis of
chiral superfields, we have to determine the form of D, and Dg4. I won’t go into the derivation of the form
of these operators but I will just give the result that one gets after some trial and error;
D, = 9 +iok 0°0, = Dq 0 +i6%0%,.0, (2.48)
a0 T pe

This is easily confirmed that these operators anti commute with the susy generators. For example, we have;

{Da,Qs} = {— +iolt s 0°0,, 0 —04,070,} =0 (2.49)

00« 895 v

where the anticommutator vanishes as every term anti commutes individually with every other term. The
same thing can be checked for other anticommutators in .
Now, we do have a form for the operators D, and D,, (also known as covariant derivatives) and thus, we can
talk about the chiral super fields. The chiral superfields, as told before obey the condition Dg = 0. It can
be seen easily that they should depend on 6, as D4y = 0. The dependence on z* and 0 is more subtle.

For investigating this dependence, we introduce a new variable y = z* 4 0,0 and observe that;
N .,V 0 B v NP~V no p o B v
Dyy” = 504 + 1607050, (2 +i0P0y,07) = —if Upgéa +i07 00, =0 (2.50)

So, a chiral field should be a function of 8, and y* only. The most general expansion of a chiral field (call it
9) is;

= z(y) + V20U (y) — 06/ (y) (2.51)
Now, the chiral superfield is like the massless chiral representation of N=1 susy (i.e. a scalar and a spinor).

We will see later that f(y) is actually an auxiliary field (i.e. a field with no dynamics or a field without any
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kinetic term). Now, the expansion can be done in terms of z* for future use. We have;

z2(y") = z(x" + iQC’UZBéB) + %(i@a“é)(i@a"é)@u&,z(m) =z(x)+ i@aagﬁégayz(x) + %(zﬂa“é) (i05"0)0,0,2(x)

— 2(2) + 0000, 2(x) — ieea’éa%(w) (2.52)
VB Ya(y) = V20" [t ) + 070" 090, 0 (2)] = V200 %eeaﬂ/}a"é (2.53)
001 (y) = 00 f(x) + 0005”00, f(x) = 00 f(z) (2.54)
Where in and ([2.53), I used the following identities
6208 = —%eaﬁea, (05"0) (05 0) = —%990_59‘“’ (2.55)
Using ([2.52),([2-53) and ([.54)) in (2.51), we get;
¢ = z(x) + 00700,z (x) — iﬁﬁééﬁzz(x) +V20e(z) — %993,,1?(%)0"97 —00f(2) (2.56)

Before we leave this section, I want to say that the a similar procedure can be followed for the anti chiral

fields (call them ¢) i.e. the fields that satisfy D,¢ = 0 and they depend on y* and 6¢.

2.9 Vector superfields

Another condition by which we can reduce the number of components in a superfield is to impose the
condition that the superfield is real (i.e. it is equal to it’s hermitian conjugate). The superfield and it’s

hermitian conjugte are written as follows;
F(2",0,0) = f(x) + 0 (x) + 0x(z) + 00n(x) + 00m(z) + 00" 0v,,(x) + 000X(x) + 000p(x) + 0000d(x) (2.57)

Fi(z",0,0) = f(2) + 0 () + 0x(z) + 00m(x) + 00a(x) + 05" 0v,(z) + 000p(x) + 000N (x) + 0000d(x) (2.58)

The condition F = FT requires that f and d are real and while ¥ = x,m = n,A = p. Using this, the

superfield becomes
F(2",0,0) = f(x) + 09 (x) + 0¢(x) + 00n(x) + 00n(x) + 00" Ov,(x) + 000X(x) + 000X (x) + 0000d(x) (2.59)

with the understanding that f and d are real. Now, we still have a lot of components in this superfield and
it doesn’t correspond to N = 1 vector representation. For countering this problem, we introduce a guage
transformation under which the field should be physically equivalent (i.e. the gauge transformed field is
physically equivalent to the original one). Now, as we know from our knowledge of QFT, there are two kinds

of gauge transformations i.e. abelian and non abelian. We investigate each of them separately.
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2.9.1 Abelian gauge

Our knowledge of abelian QFTs (for example, QED) tells us that the appropriate abelian gauge transforma-
tion for a vector field v, is;

v, = v, + 0, (2.60)

where « is any scalar function. Now, we do see that there is a vector field in F in (2.59) and thus, (2.60)
should be the way by which v, should transform under an abelian gauge transformation. So, the v, term in
(2.59) should transform as;

0000, = 00"0v, + 0000, (2.61)

Now, we can see that in the expansion of ¢ in (2.56)), there is a term ifo” 00, z(x) and thus, the transformation
F — F + ¢ might do the job. However, we want F' to stay real and thus the transformation should be

F — F + ¢+ ¢. Before deducing the consequences of this transformation, let’s write the expression for ¢(z)

using to get;
(@) = 5(z) — 00 F35(z) — iaaéé&%(m) + V300 () + %ééeaum(@ _0f(x) (2.62)

Moreover, we have f and v both in F and ¢, we rename the components of F' as ¥ — p, f — p. Thus, F

becomes;
F(z",0,0) = p(x) + 0p(z) + 0p(z) + 00n(z) + 00n(z) + 00" 0v,,(z) + 000X(x) + 000A(z) + 0000d(z) (2.63)
Now, the transformation F' — F + ¢ + ¢ implies the following transformation;

F — (p+2+2)+0(p+V20)+0(p+V20) +00(n— f)+00(n— f)+00"0 (v, +i0,2—id,z)+00 <5\ - é@,ﬂb(x)a”) 0

it (o g9 (4 Lor(e s = "
—+ 000 (x\—i- \/§U 8M¢(a:)> + 6600 (d 48 (z+z)> (2.64)
Now, we are free to choose any z,1 and f. Thus, we choose the following;
Re(z)= L w=——p f=7] (2.65)
e(z)=—=,v=——7=p, f=f=n .
2 \/Ep

using these choices, we can guage away p,p and n. Using the choice for I'm(z), we can gauge away one
component of v, (just like abelian QFT).This gauge is called Wess-Zumino gauge. So, we are left with
the following components of the superfield (and since this superfield will correspond to the vector superfield,

I will call this superfield V' instead of F')
V = 0c"0v, + 00\0 + 000\ + 0000d

We can adopt the convention used normally by the replacements A\ — —i)\, d — d/2. This gives us the
following vector superfield;

_ o 1
V = 0c"0v, + 100\ — 10060 + 59999(1 (2.66)

This superfield corresponds to a vector superfield as it has a vector and a spinor (we will see that d will be

an auxiliary field). An important property of this superfield is that V3 and higher powers are zero.
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2.9.2 Non Abelian gauge

The non abelian generalisation of the gauge transformation will require us to recover the non abelian gauge

transformation for a vector field under a gauge group with parameters «; i.e.
vy, — exp (ia;Ty) (’ULTZ + gau> exp (—ioTy) (2.67)

where 7; are the generators of the gauge group. (for details, see for example [6]). Without going into the
details, I can quote the form of the gauge transformation for V' that will render the transformation in (2.67))
for v,. It is given as (see [1])

eV — e Ve i (2.68)

where €2 is a chiral superfield. We can see that at the first order, we recover the abelian gauge transformation
by setting ¢ = —i{2 and since we have the same transformation of the first order term in this non abelian
gauge as well, we can again choose the choices in to p, p and n components of V' zero. So, even in non
abelian gauge, the form of V is still the one given in and still, it is the case that V3 and higher powers

vanish.

2.10 Supersymmetric actions

Now, we have almost all the ingredients required to make actions which are invariant in N = 1 supersymmetry.
The only thing missing is a result which states the susy invariance of certain kind of actions.

The basic result is that any term of the form;
/ d*0d*0F (z+,0,0) (2.69)

(where F(z*,0,0) is a general superfield) will be susy invariant. Using (2.44)), we can see that;

5F = ea% + Ed% +id, (GﬂongdF - 6%569‘51?) (2.70)
It is from that only the terms of the form 0600 (called the D terms) will give non zero result for the
d?0d?0 integration. Now, F has only one such term but if we differentiate F w.r.t §* or #%, then there isn’t
any such term and thus, the contribution of first two terms in in the variation of the integral in
is zero. The last term in is just a total spacetime derivative and thus, it will just give a surface term.
So, is indeed susy invariant.
There is another result that will be necessary to make super yang mills lagrangians. Suppose that W is a
chiral super field. Now, since chiral superfields have a 66 term (called the f term), they will give a non zero
answer in the d?6 integration. For a chiral field, the second term in doesn’t appear and the derivative
in the last term becomes the derivative w.r.t y*. The d?6 renders the first term zero again as the #* derivative
of a chiral superfield doesn’t have a 66 term and the second term is again a spacetime derivative. The same
thing can be said about the anti chiral fields. The d?# integral of an anti chiral superfield will give a susy

invariant lagrangian.
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2.11 N=1 Super Yang Mills (SYM) lagrangian

For pedagogical purposes, the abelian lagrangian should be built first but I will go to the non abelian theory
directly. An interested reader might consult [I] or [2] for the treatment of abelian case.

Now, we have to make a susy lagrangian involving the vector superfield which is given in (and the
vector fields related by the non Abelian gauge transformation are physically equivalent). We can
make the required lagrangian by constructing a chiral superfield and then using the fact (as discussed in the
last section) that the d? integral of a chiral superfield is supersymmetric. Now, before making the chiral
superfield, I want to point out a fact that will make it easier to see that the chiral field constructed is really
chiral. Using the expression for Dy and Dg4 from , we can see that D" = D™ = 0 for n > 3 due to
the anticommutivity of the grassman coordinates and the derivatives w.r.t grassman coordinates. Moreover,
since there is at least one 6 factor in every term of V as well, we can see that V™ = 0 for n > 3 and even
if we insert D, or D4 anywhere in these n factors of V', we still have a vanishing result. For example, for
n = 3, we have;

D, V3 =VD,V?=V?D,V =0 (2.71)

It means that any object of the form D?P (with D? = DsD?%) ,where P is any superfield, is chiral as
D4 D?P = 0. Using this fact, the chiral superfield that will give the required gauge transformations for Uy

(and for the field tensor f,, of non abelian yang mills field) is given as follows (it is easily seen to be chiral);
1~
W, = —ZDQ(e_VDaeV) (2.72)

Now, we can see the gauge transformation of this field as we want the lagrangian that we want to make to

be gauge invariant. The transformation of W, is as follows;
1.1 . 4 , . , 1 _ 4 1 .
Wa N _1D2 [ezﬂe—ve—zQTDa (ezﬂfeve—zﬂ)] — ezQ (_4D2 (e—VDaeV)> e—zQ + 6Z91D2Da6_19 (273)

where I used the fact that Q is a chiral field and QF is an anti-chiral field. Now, the second term in (2.73))

vanishes and to prove it, we have to compute the anticommutator of D, and D ; using the expressions from

(2.48]) as follows;

. 0 0 0
R Qe o P 13 led
{Da, Dy} {890‘ 1.0°0,, — YT = + 07070, } = w { 9’1’9 10, +ioh {607, 7895} "
= iazgégﬁu + wgafsga = 2w 8 (2.74)

Now,the second term in ([2.73)) is manipulated as follows;
DD, = _pF (Da,DBe*iQ — DQDB(Z’Q) = DP (20" 0™ ) = 0 (2.75)
where I used the fact that €2 is a chiral superfield and the fact that DB and 0,, commute. So, (2.73]) becomes;
. 1_ , , .
W, — e <—4D2 (e_VDaev)) e = W, e (2.76)

This already has stated to look like the gauge transformation law for the field tensor f,, for Yang Mills
theory.
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Now, the calculation of the term that contributes to the susy action is the 00 term (called the f term). Before

doing that, we use the fact that V" = 0 for n > 3 to get;
v Lo
e’ = 1+V+§V (2.77)

Using @77), we get;

1 1 1 1 1
W, — —EDQ [(1 -V+ 2V2> D, (1 +V+ 2V2)] = —EDQ (DaV + 5Dav2 - VDaV)

1_ 1_
= —ZDQDQV + g1)2[1/, D,V] (2.78)

where I dropped the vanishing terms in the second step. Now, we calculate the f term of W, but before
doing that, we change use the (y*,#,0) coordinates (where I defined y* in the section for chiral superfields

i.e. y* = 2 +i0o"0) and then, the form of the covariant derivatives is simplified as follows;

0

9 o gB D. —
Da 7—’—27]0—0&69 8#, Da—&?

= 5pa (2.79)
where 9, is 9/0y" now. Moreover, we have to express V (given in (2.66))) in terms of y* = a# + ifo"f
coordinates. We use the anticommutivity of the grassman coordinates to see that only the v, term contributes

an extra term and all the other terms are zero (because §" = " = 0 for n > 3). We get (now, v, A and d

have y* as their argument);
V= 90”9_(1;#fiﬂa”&_ayvu)+z‘905\57i§§9)\+%099—§d —v = eguévﬁwexmaém%eaéé (d - id,0") (2.80)
where I used the identities
20°0° = —e*P00, 20°0° = €800, (5")°°(0”) 5 = 29"
in . Now, we calculate D,V as follows;

O oo 5 oo oo ] —— T
D,V = (aea + 2o ﬂaeaﬂ> V=o" Bﬁﬁvu+229a9)\—209)\a+5(20a)00 (d — iduv")+2ia”, .07 (000, v, +i0660,N)
= (0"0) v, + 2i0,0X — 00X, + 0,00d + 2i(c""0)4,000,v, + 0000(c* I, N), (2.81)

where I used the expression for o# given under (2.5)).Now, applying the D? operator will leave the terms
with A6 factor non zero and the other terms are zero. Before applying this operator, we derive the following
fact ;

ARAD _ LGP 0 0 a5z Y. & b & 5f 3p 53

DDO0 = € péﬁ'd%%(e 0°) =€ Pess (5’3(52 - 5(155) = 26'6’065'/7 = —26"Beﬁ'p. =-2(2)=—-4 (2.82)
1~ 1~ —_ _ - . -

= —ZDZDQV = _EDZ (—i00Xa + 0,00d + 2i(5""0),000,,v,, + 0006(c" 0, \))

1 . . v < . . v A X
= _Z(_4) (—z)\a + 00d + 2i(c"0) 0 0uvy + 99(0“8,)\)01) = —iAa +0ad+i(0""0)q frn +00(c" 0N\ (2.83)

where I used the anti symmetry of ¢#” and where f,, = 9,v, — 0,v,. Now, the second term in (2.78)) is
calculated as follows;

V. DaV] = 000" 0)alvy, vo] +i00660" ,[v,, A
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1 1 i a1, i iy
= gDQ[V, D,V] = *5(0' #0)alvw, vl — 59‘9053[%7)\ﬁ] = 5(0“ 0)alvu, vu] = 599055[%»\5} (2.84)

Using (2.83) and (2.84), and we put these results in ([2.78) to get;
W = —idg + Oad + i(00), (fW - %[uu, vy]> + 66 [agﬁ (6MAB - %[1}“, )\B}ﬂ

= —ida + Oad + i(0M0) o oy + 00 (ag ﬁ.17#%3) (2.85)
where, we have;
Fp.l/ - fy,l/ - %[Ul“vl’]’ Duj\ﬁ = 8H5\B — %[’Ul“;\'é] (286)
Now, the term that contributes to the action is the 86 term and using (2.76)), we see that the gauge invariant
term is tr(W*W,). The 66 term is;
- 1
WWalee = —2iAd" D\ + d? — 5(0“")0‘5 () ap Fl (2.87)
Now, I will use the identity
vy« log 1 vo Lo 74 Z vpo
(0")P (077 ) g = 5(9””9 — ghogUP) — 56# P (2.88)
which can be demonstrated as follows;
and thus, I get;
1 _
WoWalgo = ST (i % Fy — Fu) — 2iMa" DA\ + d (2.89)
where *F),, is the dual yang mills field tensor. Now, following the convention (in order to introduce the

coupling constant), we let all the components of the vector superfield undergo the following re definitions;
vy = 29v,, d = 2gd, Ao — 29X, (2.90)
This leads to the following re definitions of F},, and D;}\B;
Fuy = 29 (0uvy — Oyvy —iglvg, vo]) = 29F,0%, DM;\B — 2g (6,}5 —iglvy, 5\5}) =2g (DHV)HEW (2.91)
I will now drop the "new” label from the two redefined objects above and then, can be written as;

4 4
Now, it seems that we can simply use (2.92) to calculate the d?6 integral of tr(W>W,,) but there is a problem

1 ' -1
W W, ge = 89> <—FWFW 4 Ly F., —iXa" D\ + 2d2> (2.92)

as we have an imaginary term (i.e. the second term) in . To counter this problem, we introduce the
concept of complex coupling 7 as defined below (it will give us the CP violating term which is responsible
for Witten effect as we will see in chapter 3). We will multiply the lagrangian with this a multiple of this
complex coupling and take the imaginary part to get the final N = 1 gauge lagrangian. We first define 7 as;

O 4mi
_ 2.
T= 5 + 7 (2.93)

where O is responsible for the ordinary topological 6 term but I have written it as © to avoid confusion with

the superspace coordinate. The lagrangian is worked out as follows;

Og? 1 -1 j
LN—1 gonge = Im {32; /d20 tr (W"Wa|99)] —Im [(852 + z) tr <—4FWFW — iAo DA+ S + %F““ x FW>]

04>
3272

1 -1
= tr (4F’“’FW —iXa" D\ + §d2 + FH o« FW> (2.94)
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2.12 N=1 gauge matter interaction lagrangian

We can now add matter to the pure Yang Mills field. We know that in among the representations of N =1
susy, only the chiral representation is the one which doesn’t introduce gravity and which can be put in any
representation of the gauge group. So, we take take the superfield corresponding to this representation i.e.
the chiral superfield. Now, let the chiral superfield be in any representation of the gauge group (let’s call
that representation GG) and let’s call the generators for this representation of gauge group T&, a =1,2,3, ...
Then the gauge transformation for the chiral superfield is (it is like the gauge transformation of the fermion

multiplet in the ordinary Yang Mills theory);

¢ = (€)ig?, ¢ = ¢l(e™)], where Q = QUTE and 2 is chiral. (2.95)

79

Now, the following combination is demonstrated to be gauge invariant (I will use (2.68) in the following

demonstration);
$h(eV ) 0" — ol (e )L ()i (V) k(e ) () mgm = ol (e ) ¢" (2.96)

Now, this combination is used to construct the gauge matter interaction lagrangian. There is something
that needs explanation here. If we take a function of ¢ only i.e. W(®) (or of ¢I only i.e. W(¢")) called
the superpotential, then the d26 integral (or the d2 integral) will also give a susy lagrangian. However, our
main goal is to get to the NV = 2 susy lagrangian then there can’t be a superpotential there as there isn’t any
superpotential for A (i.e. the fermion component of the vector superfield) and since in N = 2 susy, ¢ and A
are on same footing (both are in the gauge representation of N = 2 susy), there can’t be a superpotential
for 1) and hence for ¢. So, we won’t include these superpotential terms here.
Now, we should know that the combination in is not chiral and thus, to make the susy lagrangian, we
need to take it’s #000 integral and thus, we need to compute it’s 6906 term (i.e. the D term). We first use
to get;

ofeV o = ¢ (1+V+ ;VZ) p=0'o+¢'Vo+ %wv% (2.97)
Now, we calculate the D term of the three terms in as follows (I will use and for the

expressions of ¢ and ¢)
) 1 _ i = 1, i, Fri\on 0T i v 08 11000 ) i
61¢'la300 = <_4(2i82z +0°22") + 50,70" + fif ) 0000—0a 7000, (V') (0") 050 +i000° (o) 0] 074

To bring the last two terms in the familiar 8006 form, we simplify them as follows;

B 000, (61) ("), 48 = i60 (;ed599> (F1)ad ()07 5 = <;8V1/Ji0”1/)i) 3600 (2.98)
i000°(o") 30,07 0P, = i (;6‘”’99> (0") gDt = (—;¢iaﬂau¢> 9666 (2.99)

So, ¢1‘L ' lagee becomes;

b1 5500 = —i (2:0°2" + 9°2;2") + %8,@@”2’1 + fif' + % (D' ot oy — wiaﬂauw)] 0060 (2.100)
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Now, the first two terms in ([2.100]) can be manipulated to give contributions of the form 9,,z;0"z* and total
spacetime derivatives (which can be dropped as they won’t contribute to the lagrangian). After such a

manipulation, (2.100) becomes;
¢T¢Z|0990 - auzzauz + fz.]“ ( ;ﬂ;[} 0'#77[}2 ¢io-ﬂ(9uw):| géee (2101)

The second term in (2.97)) is calculated as follows (using (2.56)),(2.62) and (2.66)) and from now, I won’t

write the gauge indices as they are unnecessary for our work here;
o'V lgs00 = [(00“91)“)(290 00,z) — iv/200070 + 0990512] —i00"00,7(05"0v,,2)+V/ 204 [\f (0 U“H_U/L)HiliJri@Gé;\z}
The first square term is manipulated as follows

1 1 1 . __
—iZ <—zeaﬁee> ( 5 ﬁ”&@) ! 30Oz iV 2200 <—2emoe> Aptba-t2dz0000 = (2%8 SISV zdz) 0000

\f

Lo+ ;Zdz) 0009 (2.102)

. o i 1. i
=z [(90“00#)(100 00,2) — iV/200070 + 29909dz} = (szua,,z + 7

The other terms in ¢'V ¢|z509 are calculated as follows;

967" Béﬁé&aﬂzwvyz +2059°0%0" Béﬁ'vuewp 1 V20,97 000,04 2

— _E w\GPp 1 I K 90
< 4(o’) a 3“zvuz—|—2( #) zbavﬂwp—kﬁib)\z) 0600

- _Z ZOM 17#& L77 17 21
( 28M28 z 4+ 21/J0 Yo, + \/51/})\2) 0660 (2.103)
Using (2.102) and (2.103)), we get;
) 1 i\ s
OV Blpgas = ( Zv, 0,z + \fZ/\w + fzdz 8Mz6"z + 51&0”1&% + ﬁ¢)\z> 6660 (2.104)

The d—term of the third term in (2.97)) is fairly simple to calculate as there is only one non zero d—term

there. It is as follows;

1 1 - - 1 1 —
§¢TV2¢|99(55 =3 [2(00"0v,) (00" Ov, )z = 129‘“’1@%2’9999 = Zivuv“z%% (2.105)

Using ([2.101)),(2.704) and (2.105), we get (I will drop the 0006 factor now as it is understood);

. o _ ) . . ) .
o'eY dlogae = 0,2:0"2" + fif + % (Ou' ot — Pt Oun) + %Zvua“z + Lz/\w + 5zolz — %GMZU”z

V2
L ey, + —Lihe + Lz, 0
5 Yo v, 7 2t Eute
B 1_ i ) yJ— 1_ 1_
=9, zD" 2+ izv“ <Duz + 20#2> + 3 (71/10“8#1& + 8#1[10“1/1) +ff+ \[2>\1/) — \@@DAz + izdz + sz“v#z
= (Du2)'Dyz — e Dy + ff + \fz)\z/J \;5155\,2 + §2dz (2.106)

where I have consistently dropped the total spacetime derivatives and used the identity oté = —Eata).

Moreover, the covariant derivative D,, is defined as follows;
Dyz =0,z — ivuTé‘Z Dy =0 — ZUI{T(J;MJ (2.107)
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Now, we do the same redefinition of the vector superfield as we did in the section of vector superfield i.e.
V = 29V (= XA = 29, v, — 2gv,, d — 2gd). This implied the redefinition of the covariant derivative as

follows;

Z‘ - new
D, — 0, — 5(2g)vu =0, —igv, = Dy (2.108)
I will drop the "new” label from now on. (2.106]) now becomes;
d'e29V ¢lppgs = (Duz) Dyz — isha" Dy + Ff +igV22\p — igV/ 2z + gzdz (2.109)

where I used the identity yo”¢ = —£5#1) again to write the result in terms of o# instead of * and I dropped
the total spacetime derivatives again. Now, the gauge matter lagrangian is extracted by the 6066 integral of

oTe29V ¢ to get;

Loatter = / d?0d*0¢e*V ¢ = (D,2)' D,z — iha" Db + ff +igV22N) — igV20 )z + gzdz (2.110)

Now, I can write the whole N = 1 gauge matter lagrangian as follows (i.e. by using (2.94)) and (2.110)))

T

‘CN:l = ‘Cgauge + ‘cmatter =TIm |:32’/T

/d29tr(WaWa)] +/d2§d29 ote?9V

042
3272

Lo , <, 1 . , o
= tr (—4F“ F,, —iXa" D\ + §c12 + FH FW) + (Dy2)(D¥2) — ipa" Dyip + ff

+igV2ZNY — igV 20Nz + gzdz (2.111)

2.13 N=2 Super Yang Mills (SYM) lagrangian

We have to make slight changes to go to N =2 SYM lagrangian. For N = 2 lagrangian, we have to put the
chiral superfield (in N = 1 matter lagrangian) in the adjoint representation. Now, we have to manipulate
the terms in the matter part of the lagrangian in . Before doing that, I will quote some facts about
the adjoint representation generators that I will denote by T (one of them is actually a convention for the

trace that I will choose);

[T, T% = i f**°T° = tr (T[T, T°)) = if** (2.112)
(T = —if ™" (2.113)
tr(T2T°) = §°° (2.114)

Now, we manipulate the terms of the matter part of the lagrangian. We will now put the gauge index on the
fields and we have to remind ourselves that gauge index on the chiral superfield will be adjoint index now.

as follows;
(Dyz)L(D"2)" = (Du2)L(D"2)"6) = tr [(D,2) i T*(D"2)" Tyo3] = tr [(D,2)T(D*2)] (2.115)
Similarly,

o (o Dyip)® = tr (Yot Dy, fof* =tr [ff] (2.116)
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Moreover, we have;
Zadp(T)20)¢ = 2\ (1 f22) ¢ = Zo M) tr (T[T, T€)) = Z M0 tr(TOTPTC — TOTCTP) = tr (2{\,¥}) (2.117)
Similarly, we have

YAz = tr({Y, A\}z) (2.118)

Lastly, we have;

Zady(T?)22¢ = Zody(—if2%) 2 = —Zdptr[TP[T, T])2¢ = tr [d[z, Z]] (2.119)
where, z = 2,7, ¢ = ¥, 7%, f = f,T% a=1,2,3,...dim G where G is the gauge group.
Now, putting the chiral superfield in the adjoint representation renders the lagrangian to become;

£ = Lypge + Lonatier = Im [3; / d?0 tr <WaWa>} + / &0 0 tr (¢7e*" ¢)
Y8

04>
3272
+igV2Z{\, )} —igV2{i), Az + gd[z, Z]) (2.120)

1 o1 -
= tr(— F" Flyy —iM" DA+ 5d® + 5P w By o+ (D,2)|(D"2) — o Dyt + ff

Now, it is easily seen that this lagrangian in symmetric in the exchange of \ <+ ¢ and it this therefore N = 2
supersymmetric. The rigorous way to check N = 2 supersymmetry is to check the invariance under the R

symmetry that mixes the Q! generators (where I = 1,2) i.e.;
Qs — ULQ: (2.121)

where UeU(2) (this is determined by the requirement that the norm of the state QZ |¢) is conserved where
[t) is just an arbitrary state of the Hilbert space). I won’t give the rigorous proof of the N = 2 susy of
the lagrangian in (2.120) but the invariance of this lagrangian in the exchange i <+ A strongly suggests the

N = 2 supersymmetry of this lagrangian. So, we have;

Ln—s =TIm [3; / d29tr(W“Wa)} + / 426 20 tr (¢e29Y ) (2.122)
Y8

while the expanded form is given in (2.120)).

2.14 An aside: Supersymmetry breaking and low energy lagrangian
for N =2 SYM
We can look at the lagrangian in and we can see that the field content of the lagrangian is;
field content =wv,, A, z,9,d, f (2.123)

Now, we can see that there are no kinetic terms for d and f fields. It means that they are auxiliary fields

and we can simply solve their field equations as follows;

oL
afa

0= f"=0 (2.124)
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oL
ode

where a is the gauge index and [z, z]* is defined by the following manipulation;

=0=d"+g[z,2]*=0=d* = —g[z.2]* (2.125)

[2,2] = 2P2°[T°, T¢) = 2P2° (i foT) = (if*“2p2.) T = [z, 2]T,

As a side note, I should mention that since we are working in N = 2 susy now, we haven’t included the
superpotential here (as I already discussed it above ) If we had included the superpotential, then the
equation of motion for f¢ will include the derivatives of superpotential. Furthermore, from my treatment of
the N =1 SYM, it is evident that I am assuming the gauge group to be simple (as there is a single coupling
constant that governs the lagrangian). We can include U(1) factors in the gauge group and this contributes
extra terms in the lagrangian and consequently, in the equation of motion of d*. These terms are known as
Fayet-Iliopoulos terms but we won’t need them in our work. An interested reader might consult [2] for a
detailed discussion on susy breaking.

Now, we should recall what a vacuum state is. A vacuum state is a state which is Lorentz invariant and it is a
minimum energy state. This minimum might be global or local where in the case of a local vacuum, tunnelling
to the absolute vacuum will occur (an interested reader might consult [I3] for this concept). Moreover, we
should remind ourselves that what it means for a vacuum state to be invariant in some symmetry of the
lagrangian. It means that the vacuum is annihilated by the generators of that symmetry. In the case of
supersymmetry, the generators are Q?, Q(Il Firstly, we see that the requirement of the Lorentz invariance
renders that the vacuum expectation value (vev) of all the non scalar fields vanish -a result very familiar
from the study of ordinary QFT-. It means that (\) = (¢) = (v,) = 0. So, the only nonzero vevs consistent
with lorentz invariance are (z) and (Z). In other words, the only part of the lagrangian which can have a

nonzero vev is the scalar potential (which is a function of z and zT) given below;

V(z,2) = FF + 3o = golz Zlalz A = 59 (2,2 (2.126)

where I used the equations of motion for f* and d*. Now, it can be seen that the energy of the vacuum (which
will be denoted by |2) from now) is equal to the vev of this scalar potential because there is no contribution
from the non scalar terms and the derivative terms of the scalar fields (as they will break lorentz invariance
of the vacuum).

Now, we will prove that the breaking of susy corresponds to the configurations of z,z which render V (z, 2)

nonzero. Actually it is very easy to see. We first see that
0 < [|QLIDIP + IQLINI* = (QQaQ4I2) + (QQEQal) = (Q{QL, Qa}IQ) = 204, (QUP,|Q)  (2.127)

where T used (2.4) in the last step. Now, we can take the trace (over the a, & indices) of extreme right hand
side of ([2.127)) and use the identity tr(c*) = "0 to get;

4Q|P|Q) > 0 (2.128)

Now, using ([2.127) and (2.12§) that the positive vacuum energy can only happen if at least one of the susy

generators doesn’t annihilate the vacuum (i.e. if susy is broken). It means that for unbroken susy, it is
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important that the energy of the vacuum is zero and hence, vev of the scalar potential in should
vanish.

Before ending this chapter, I need to talk about the effective N = 2 SYM lagrangian. We do know that if we
are doing any field theory in 4 spacetime dimensions then the terms in the lagrangian (excluding the coupling
constant) need to have a mass dimension of 4 in order to be renormalizable i.e. [terms in the lagrangian] < 4

Moreover, we do know from the lagrangian non interacting scalar field z i.e;
1 Iz
L= 58“28 z (2.129)

that [z] = 1 (remember that [0,] = 1). In addition, we do know from the Dirac lagrangian i.e.

L = ihdhp — mapyp (2.130)
that [¢)] = [¢)] = 3/2. Now, we can see from ([2.51) that [¢] = [z] = 1 and [¢] = [0] + [¢/] = [0] = —1/2.
So, we have [0] = [¢)] = —1/2. Moreover, since grassman integration and differentiation has the same
effect, the dimension of differentials of grassman coordinates are [df] = [df] = 1/2. Moreover, please note

that using (2.66]), we can deduce that [V] = 0 as [v,] = 1 (it can be seen for example, by considering the
interaction term of QED and using the fact that the mass dimension of electron’s charge is zero). Moreover,
for susy covariant derivatives defined in we have [D,] = [Dg] = [0/00%] = 1/2 and this implies
that [W,] = [D?] + [Ds] = 3/2. This implies that [tr (W*W,)] = 3 and in addition, we also conclude that
[pe29V ¢] = 2. These mass dimensions tell us that the N = 2 lagrangian given in has a mass dimension
of 4 and thus, is renormalizable in 4 spacetime dimensions (7 is dimensionless off course).

Now, we can ask the question that if we relax the restriction of renormalizability (i.e. if we ask for an effective
theory) then how can the lagrangian in change? The answer to this question leads us to a certain
class of models known as non-linear sigma models where the relation between susy and geometry is also
understood. I will not go into the details of such models but an interested reader might consult [I] or [2]. As
far as the original literature is concerned on this area, I can cite [I4] for N = 1 susy and [15], [16], [I7] for
N = 2 susy (For N = 2 susy, there are two spaces whose geometry have to be understood and these spaces
are known as Coulomb’s branch and Higg’s branch. [I5] and [16] concern Coulomb’s branch while [I7]
concerns the Higg’s branch). I will quote some results from N = 2 non linear sigma model which will be
useful for us in chapter 4. We can write as follows;

Ly—s =Im [3; / d20 6. W"aWa”] + / 20420 (¢1e2V)" 6, (2.131)
s

where a and b are gauge indices. Now, the generalisation that we get by allowing this lagrangian to be
non-renormalizable is that 7d,, can be replaced by any function of f.;(z) of the scalar component of the

chiral superfield and ¢, in the second term in the lagrangian can be replaced by a function K,(z) where;

0K
T 9z

Ka(2) (2.132)

where K(z) is a function known as the Kahler potential. The N = 2 susy relates the Kahler potential

and the f,p(2) function. The relationship is that both of these objects can be written in terms of a single
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holomorphic function (i.e. a function which depends on z but doesn’t depend on Zz) known as prepotential

and is denotes as F(z). K(z,Zz) and fqp(2) can be written as follows [I];

k) = Lo Fule) (2.139)
2 OF(z 0F(z 2 _
K(z,7) = & (z 8z(a) - a;a )za) = # (2aF°(2) — F*(2)z,) (2.134)

where the superscript a denotes the derivative w.r.t zo. Using (2.133) and (2.134)), we can write (after some

simple algebra) the generalized form of (2.131)) to get the final result of this section as follows;

L n—s(effective) = %Im { / d?0 Fop (o)W WP + / d*0d%0 (pe*9V)* Fo(9) (2.135)

™
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Chapter 3

Magnetic monopoles and

Olive-Montonen duality

Note: Most of my treatment of the monopoles follows [7] closely.

3.1 Duality

Duality is the presence of two different perspectives of a single problem or of a single physical system. The
main examples of the presence of duality would include the wave particle duality. A physical system can be
viewed in the position space wave function (i.e. (z|¢))) and it can also be seen in the momentum space wave
function (i.e. (p|vy)).

Another example for the concept of duality would be seen in the harmonic oscillator with the lagrangian

2
1
= 2pim — immeQ (3.1)
It is easy to see that in the replacement
p
T = —,p— —mwe (3.2)

the harmonic oscillator is self dual.

30



3.2 Electromagnetic duality

3.2.1 Sourceless Maxwell equations

The sourceless Maxwell equations are given as follows (take ¢ = 1)

V.E=0
V.B=0

0B

E=——

V x 5
OF

B=—

V x o

Now, it is easy to see that in following transformation

DEZ%BZ,Bz — 7Ei

(3-3)-(3.6) remain invariant. In fact, we can make this into a continuous transformation like;

E; — cosOF; + sindB;; B; — —sinfE; + cosB;

and it is straightforward to see that (3.3])-(3.6) are still invariant.
We can now introduce the electromagnetic field tensor F),, with
1
L = Fy; By = §€ijl~chk

Now, we can translate the D transformation into the terms of F),, tensor as follows;

1
E; — Bi = Foi = S€ijpljr = =Fo;

2
1 1
B, — —-FE; = iez‘ijjk — —Fy; = ieijk * Fjp,
where
1
*F‘uty = §€#VPUFPU

Now, we can see that the D transformation can be seen as;
F — *F,,
If there are no monopoles, we can take
1 1
Bl' = EEiijjk = (V X A)l = §eijk(8jAk — 8kAj)
and (as a reminder, I am using (+ — ——) signature)
0A

E;, = Fy = (—V(b - E)z = 60141' - alAO

So, we can conclude that

F,, =0,A,-0,A,
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3.2.2 Electromagnetism in Quantum Mechanics

In Quantum Mechanics, the electromagnetic coupling can be realised by minimum coupling scheme
b — —i(V —icA); (3.11)
and it is a well known fact that the Schrodinger equation is invariant in the gauge transformation,
Y- e A - Ay — L giexyemiex (3.12)
e

where e%X is an element of a U(1) group.

In 1931, Dirac tried to add magnetic monopoles without disturbing the coupling [§]. His work gave a
remarkable result which gave a reason for the quantization of electrical charge in the presence of magnetic
monopoles. We can understand that work by considering a magnetic monopole at r = 0 and since we have a
magnetic monopole now, it cant the case that B; = (V x A); everywhere. However, we can still define A; in
patches and in the region where the patches overlap, they should differ by a gauge transformation. So, far
away from the monopole (i.e. say, for r > o) the magnetic field due to the monopole should be like

_ g
T 42

(3.13)

Now,we want some A to give the above magnetic field by taking its curl. We use the polar coordinate system

and in this system, the components of B for an arbitrary A are given as;

B. — 1 [8(81719A¢) _ aAg]

rsind 00 (o)
B — 1 A,  O(rsinfAy)
0= T rsind ol or
B — 1[9(rAg) 0OA,
¢y or 00

Since we want the ¢ component of B to be zero, we set Ay and A, equal to zero. Moreover, for B to fall as
1/72, the components should fall as 1/r and thus, rAg should be independent of r. This renders By equal to

zero and well. Then for B, then, we have;

1 09(sinfAy) g _ g §—cost
" rsind 00 T A2 " 4nxr  sind

where € is arbitrary.
Now, we can choose the vector potential in two patches that cover the S? circle i.e. the Northern patch and

the Southern patch and call the respective A as A and Ag. For the northern patch, we choose £ = 1 and

for the southern patch, we choose £ = —1. Then, we will have the following vector potentials;
g 1—cosb ,
Ay=—"——— 3.14
N7 drr sing ( )
g 1+ cosb ,
Ag=—""—— 3.15
s dmr sind ( )

The overlap region happens to be § = 90° and the difference of the two potentials in this region is as follows;

An(0=3) = As(0=3) = 720 = ~V(-5-0) = ~Vx



So, we see that the difference in the overlap zone is indeed a gauge transformation and thus, in the overlap
zone, the two potentials are physically equivalent.

Now, the U(1) element (i.e. e?“X) should be continuous and thus, we have the following condition;
e XCM=xO] = 1 = ¢[y(21) — x(0)] = 270 (n € Z) (3.16)

Using the definition of x(¢), we have;
g9 =x(0) — x(2m) (3.17)

Using (3.16) and (3.17)), we get;
eg =2mn(n € Z) (3.18)

(3.18) is known as the Dirac quantization condition.

Some comments are in order. Firstly, this condition implies that the presence of a single monopole in the
universe will imply the quantization of electrical charge.

Secondly, this quantization condition implies that ex = 0 and ex = 27 actually represent the same U(1)
element and thus, the U(1) group is compact. In other words, the presence of monopoles imply the presence
of compact U(1) group. Using the contrapositive of this statement we can say that the absence of compact
U(1) group will imply the absence of magnetic monopoles. The compact U(1) group will be present in the-
ories where a larger group symmetry has been spontaneously broken to a smaller group containing U(1).
At small distances, the monopoles carry color magnetic charge and the combination of color magnetic charge

and ordinary magnetic charge satisfy the Dirac quantization condition. More details are found in [12]

3.3 The t’Hooft, Polyakov monopole

In the Dirac’s treatment of the monopole, the interior of the monopole is not studied. The long distance
behaviour of the magnetic field is studied and the Dirac’s quantization condition is derived. In order to
study the interior of a monopole, we study a monopole configuration called t’Hooft, Polyakov monopole. It
is nothing but a non abelian Yang Mills Higgs theory in 3 + 1 dimensions. So, the lagrangian of the theory
is as follows;

L=~ JFLF 4 2D, DA — V(6),(6) =v £ 0 (3.19)

4 mrta

The equation of motion for F, is (also called the Gauss constraint)
Dy F}Y = e€apepp DY dc (3.20)

Define F},,, as;
. 1 N R .
Fuy = 0" Fji, = —€"*6" D" D6

where ¢ is a unit vector in the direction of ¢* and for this vector to exist, ¢* # 0 anywhere.

Now, using the definition of the Yang Mills field F},,, we can express F},, in terms of Aj. The proof goes as
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follows.

- 1 . - . . .
F, = ¢"[0,A — 0, A}, + ee“bCAZAf,] - ge“bcqﬁa [0,0" + eebdeAﬁqSe] 0, ¢° + ee*f9 AL 9]

R . 1 . P
= 0,(0"AZ) — 0,(3 A7) — - e7600,60" b

_'_AZ[8Uqgaéad_aydsceabcebdeéaée]_Al]j[aﬂqga(saf+8ﬂq§b6abcecfg$a¢;g]_’_eeabcqgaAzAlc,_eeabcéaebdeecngiAljququg

(3.21)
In the equation above, the terms that we want are the first three terms. The terms in the second line vanish.
It can be shown as follows.

Take the first bracketed term in (3.3]). It is;
ay(z)aé*ad _ auécgabcebdqua(z)e _ auéd + ayéc(aad&ce o 5aedcd)d;a¢§e _ aygz)d + quqgeauée o auéd =0
Where I used the fact that
N N 1 I 1
10,0 = 50,(¢"¢") = 50,(1) =0

The second bracketed term in the second line of (3.3)) can be shown to vanish in a similar way. Now, we need

to prove that the final two terms in vanish. In other words, we need to show that;
EabcqgaAZAi _ Eabcqgaebdeecngzqu;edgg —0
We can manipulate the last term as
eabcéaebdeecngzAI{ée(gg — (397 §b9 6ag6bf)(£a€bdeAZA£¢A)e(£g _ EedbéeAZAg

where I have dropped the vanishing term ebde(ﬁangéeAzAﬁ and used the fact that éeée =1.

We can now see that;
eabcéaAzAi _ eabcé)aebdeecngZAJ;é)qug — eabcqgaAZAi _ eabcqgaA,llAi =0
So, we have shown that;
. . 1 PR
Fuw = 0u(0742) = 0" A%) =~ 0,6 0" 6 (3.22)
Now, a magnetic field can be defined as;

1 N 1 R S
B; = ieiijjk = €105 (¢ AL) — zfeqjkEabcd)aau(i)bauébc

Now, in order to calculate the magnetic flux over a surface, we need to integrate this magnetic field over a
sphere. This will receive zero contribution from the first term as it is a curl and the sphere has no boundary.

The second term gives the following contribution

1
g= /52 ds;B; = 5008 /dSiGijkeabc¢a8j¢b8k¢c

This integral is evaluated as by choosing the form ¢* = vZ® at infinity (where 2* = ri%). We simply get;

1
b 2 1y N A A A
e dSi€ijk€abcd* 0@ O = r2dQT ;€51 €abeTa 05T 0k T
52 52
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= /2 dﬂiifijkeabcja[abjfsck — 25bjfjkic] (3.23)
S

Where I have dropped the vanishing term and used the identity;

Now, using the identities;
€ijk€kim = 0it0jm — OimOlj, €ijk€inl = 205
the integral in ([3.23]) becomes;

4
2/ dQ’i‘ii'a[(Sai — 5ai + fiai'i] =8 = g = 777{
S2 (&

Now, I can choose another form of ¢® by multiplying the azimuthal angle ¢ by an integer n. In other words,

I can choose ¢® to be
¢“(0, ) = vi*(0,¢)
This will simply multiply the above integral n times as we are going through S; n times. So, we get the

following condition;

eg=4mn,n €7 (3.24)

This is the t’Hooft quantization condition.

3.4 Bogomol’'nyi bound and BPS solution

3.4.1 Bogomol’nyi bound
We calculate the energy for the static solution of YMH theory in the gauge A§ = 0 and we get;
1 1 1
E= / d’x [QB?Bf + 5 (Do) + V(é)] = / d’x[5 (B} = Di¢")* + B{ Dig" + V(¢)] (3.25)

Now, using the zeroth component Bianchi identity e***D, F wp = 0 and using the definition of magnetic

field in terms of the Fy, tensor i.e. 2B = €ijiF i, we get;
FDFf = DBy =0

Moreover, since Bf¢® is gauge singlet, we have D;(Bf¢*) = 0;(B{¢*) and thus, the second term in the
integrand in can be written as 0;(Bf¢*) and thus, it is a total derivative which implies that the space
integral can be done easily on it by converting it to a surface integral with the integrand Bj'¢“. Using the
result from the previous section, we can see that this integral is nothing but vg but in order to compensate

negative magnetic charge, we write this as vg. Thus, (3.25) becomes;
1
E=vg+ [ daly(B2— Do) + V(o) (3.26)

We can see that since the integral is positive definite, there will be a lower bound on the energy of the static
solution and thus,

E >wg
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This is also known as the Bogomol’nyi bound.
Note: I am doing all of this for positive magnetic charge. All of this can be done for negative magnetic

charge as well.

3.4.2 BPS solution

If we impose the condition B{ = D;¢® (also known as the Bogomol'nyi equation) and set V(¢) = 0 every-
where, then the energy of the field configuration is just vg. There is one thing that needs some mentioning
here. Since we are setting V(¢) = 0 everywhere, it seems as if we won’t be able to get a nonzero (¢?¢%).
However, since we need (¢%¢®) = v? at spatial infinity, we can impose this as a boundary condition.

If we try to give A? a non zero vev, it will break Lorentz invariance. Moreover, for the theory to have non zero
topological charge, ¢® should vary at infinity and thus, solutions can’t be rotationally invariant. However, we
can make the solutions invariant under the diagonal subgroup SO(3)s x SO(3)4 where SO(3), is the global
gauge group. We would not need the detailed form of the BPS solutions in this thesis though.

3.5 Moduli space of the BPS solution

Moduli space is the space of fixed energy and fixed topological charges solutions. The coordinates on the
moduli space are called moduli or collective coordinates.

We can we easily see that if ¢*(z) is a solution, then ¢%(x + X) is also a solution due to Poincare invariance
(where X is a fixed 3— vector). So, the moduli space of BPS solution contains R? as a product.

We now consider the Gauss constraint and expand it to get;
D, 0" AL — 0" AF + eeqpc Al AY] = e€apedp|0” dc + e€cac A de)
Setting v = 0 and working in the A% = 0 gauge, we get;
D; Al + e[, §la = 0

The linearized form of the Gauss’ law for deformations to the BPS solutions (6¢%, A¢) is obtained by letting
Al = AT+ 0AY, ¢ — ¢+ 0¢® and realising that only the deformations are allowed to the time dependant.
We get;

D6 AL + e[¢, 6¢]q = 0

D6 A" + e[¢, 6]a =0 (3.27)

Moreover, we can also find the linearized form of the Bogomol'nyi equation by expanding it and then lin-
earizing it as;

€ijk]07 AR + eeapc ALS AR = 0;0¢% + ee® AV5¢° + e[0 Ay, dla

This gives us;

€iji D76 A = Didgq + e[0A;, ¢l (3.28)
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The solution to the equations (3.27) and (3.28) are
JAS =0, 59" =0, §AT = D;(£(t)p?)

where £(t) is any arbitrary function of time.

We can see that if 5 = 0, then the change in A¢ is a large gauge transformation (i.e. it does not vanish at
infinity) and the A? fields which are connected by large gauge transformations are not physically equivalent
(unlike small gauge transformations). So, the U(1) element which corresponds to this gauge transformation
is %% and since the unbroken U(1) group is compact, the coordinate ¢ has to be compact and thus, the
moduli space of BPS solutions is R? x S*.

More details on the moduli space of BPS solution are given in [9].

3.6 Witten effect

We can add a theta term in the Yang Mills lagrangian without breaking the gauge invariance. This term is
of the form;
fe?

£6’ = _327le, * F:V (329)

The prefactor is chosen for the later convenience. We can study the effect of this term for monopoles in the

simplest case first (i.e. the QED case with U(1) gauge group).

3.6.1 QED case

For QED, we calculate F** x F,,, first to get;
1 1 . g . .
FHY FMV = §€/tV045FMVFa,8 == § [€Ozij0iij + Gloijijk + 61]0kFijF0}€ + €UkOFiij,0]

= 2R By Fyy, = AE.B

So, we get;
fe?
Ly =———E.B
o 82
For a static monopole, we have;
E=VA, B=VxA+LE
A7t r
This leads to the following lagrangian;
240
Ly = / Lo=2Y / B Ag® (1) (3.30)
82

where we used the result;

EB=VA4, |VxA+ R - fiAOV. )+ (surface term) = —gAy6®) (r)
dmtr 4dm T

Now, using the quantization condition eg = 47 for a single monopole, (6.2) becomes;

Ly =— {69 / d3xA06(3)(r)]

2T
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This is nothing but the interaction term for a charged particle located at the origin with a background field

Ag with charge;
ef

2w

So, the theta term can give charge to the monopoles.

3.6.2 SU(2) case

Now, we can analyse a similar scenario in the SU(2) theory. For this purpose, we consider the large gauge
transformations that act on A,. The finite deformation (i.e. without the infinitesimal parameter) can be

written as;

a 1 a
514# - aDﬂgb

where v is written for the dimension to work out correctly (Remember that [A,] =1 and [D,]| = 1 where I
am specifying the mass dimension). Let the generator of this gauge transformation be N. Now, since we are
not talking about the fermions right now and since the parameter of this large gauge transformation lives

on S, we can see that e2™N = 1. Since large gauge transformations act on the field, A" is nothing but

a

1~ 1t can be easily worked out as

the conserved Noetherian current corresponding to the deformations of A

oL
_ 3. = a
/\/_/d xa(ao z)Mu

follows.

Now, we write the lagrangian as;

1 v a 962 a v
L= =g b = g bl < T
So, we can calculate the required derivative as;
b b
oL L o OFys Oe? poaf OF,;

_ - b Fyo
D(DpAn) — 2"t 9(dyAn)  32m2 (Fo)as (D Aa)
From the definition of F 35, the derivative appearing in the above equation can be calculated as;

OF®
po  _ sb[s0sp _ SO su
Sonamy O 1050 = 8587]

Using this derivative, we get after some elementary simplification;

oc 0 0e? 0ijk T ij fe? _ fe?
8(80/1;‘) - _Fa - We (Fa)Jk =-9 (Ea)j -9 8?( a)j = (Ea)z + 8?(Ba)z
Using this expression, we get;
1 fe? Q fe
= [ dz— |Ef + ——B!| Di¢" = = + —; 3.31
N / xev[ Z+87r2 1] i¢ e+87r2g (3:31)

where

1 1
Q== /dSzEfDigb“, 9=~ /d?’;z:B;‘DiqS“

v
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2N

are the electrical and magnetic charge operators respectively. Now, the e = 1 condition implies that;

Q fe efn
" @g:neeZiQ:ene—J
where I used the condition eg = 4mn,,. Now, we can see that in the presence of the 6 term, the magnetic

monopole of magnetic charge n,, = 1 can obtain the following electrical charge;

ef
21
which is the same as the QED case except in this case, we also get information on the electrical charge

assignments of dyons (ne, 1, ).

3.7 Olive Montonen and SL(2,7Z) duality

Set 6 = 0 first. We see that there can be electrically charged states (n.,0) and magnetically charged states
(0,m,). Moreover, the mass of an electrically charged state n. = 1 is the mass of W boson i.e. My = ve
while the mass of the single monopole state is My, = vg (>> ve for weak coupling). We can see that if we
want to make a theory in which the roles of electrical and magnetic charges is exchanged, then the following
exchanges are required;

e+—g
My «— My,

Now, the dual theory will be at strong coupling because e <— g means that small e gets mapped to a large g.
Moreover, this proposal is based on the analysis of the classical spectrum as was first done in [I0]. However,
authors of [10] also point out some obvious problems in the proposal. They are as follows;
1) The BPS solution is based on the assumption of a vanishing V(¢) but there is no such guarantee that
quantum corrections would not introduce non zero corrections in the potential like the (Weinberg Coleman
potential).
2) There is an obvious problem of the exact matching of states. The W bosons have spin 1 while the spin of
the monopole is zero.
3) There is a big problem because of the fact that the dual theory is at strong coupling. Even if the duality
exists, there is no easy way to test the theory.
In [I0], authors give additional arguments for the proposal that electric magnetic duality should be an exact
duality of the SO(3) Yang Mills Higgs theory despite the problems listed above. As we will see, the first two
problems will be solved by incorporating this Y M H theory into N = 4 supersymmetry.
Now, let 6 £ 0 and then,

1 fe?

= __F?2_
£ 4 3272

FxF— %(D#qsa)?

Now, we let
a a
a 12 a g
AN — ? = F/“’ — o
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and then, we get;
1 0
L=——-F?—
4e2 3272

FaF— L(Dys")?

with the covariant derivatives changed accordingly. Now, we can see that;

1 0 dim 1 1 0
- Im|—+ —|(F+i*xF)> = ———(F? - +F?%) — FxF=—-—F?— FxF
3272 " [277 Tz } (Frixk) = —gq(F = k") = oo 5 B 12 32
where in the last step, I used the fact that F2 = — x F'? as can be demonstrated:;

1 1
#F? = 2 Fapppe 7 = =2 (050 — 050 FapF"" = —F*

So, we can see that the full lagrangian can be written as;

0 4im

L= _ v 2
27 e?

) 1 a
327T21mT(F+Z*F)2 - §(Du¢ )2, T=

I will use a result in order to proceed but the details of the calculation which lead to this result are beyond the
scope of this thesis. The result is that the n instanton effects in the theory that we are considering is weighed
by €27 and thus, we can see that the physics is invariant in the change 7 — 7 4 1 which corresponds to

0 — 6 4 2m. Moreover, if we set § = 0, then we can see that the electromagnetic duality corresponds to;

47 4537 e? 1
edg=—DT=—5 = ——— = ——
e e 4y T

So, we can identify both of these transformations as special cases of a single general transformation i.e.

AT hede ad—ed=1
cT+d

This transformation is known as SL(2,Z) transformation and the transformation can be identified as follows;
To7+1l=>a=b=d=1,¢=0

T—>—l:>a:d:0,c:—b:1
T

Now, we can also see that;

Im(r)=— >0
and thus, we are concerned with the upper 7 plane only. Moreover, we can define a fundamental region as;

1 1
—— < Re(r)< =, |7|>1

S < Re(r) < 5, I7] 2
This region is important because any 7 in the upper half plane can be mapped into this region by an

appropriate SL(2,Z) transformation.

3.7.1 Action of SL(2,7Z) on the states

We now turn our attention to the action of the SL(2,Z) group on the states (n., n,,). For that, we need the

expression for the electrical charge operator . rewritten for reference as follows

0
Qe = nee — %nm (332)
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Now, 7 — 7 + 1 has the following effect;

el

0—=0+21r=Q — (ne —np)e — —
2m

N

and thus, the state (ne, n,;,) goes to (ne — nm, ny) state and it also corresponds to

Ne 1 -1 e a —b Te
% =
Tm, 0 1 Nm C d Nm,
where I used the fact that for 7 = 7+ 1, a = b =d = 1, ¢c = —1. Similar procedure can be done for

the 7 — —7~! transformation. For this transformation, § = 0 and we use the following expression for the

magnetic charge (alongwith (3.32)) for electrical charge)

4m
Qm = gnm = ?nm (3.33)

Now, 7 — —7 ! exchanges electrical and magnetic charge and thus, we can easily see using (3.32)) and (3.33)

that it will correspond to n. «— n,,. In the matrix form, we can write this as;

Ne 0 1 Ne a —b Ne
‘> =
Nm 1 0 Nm C d Nom,
where I used the fact that for 7 — —7~! transformation, we have a = d = 0, ¢ = —b = 1. So, we it is

convincing to conclude that the SL(2,Z) action on the states (ne,n.,) is;

3.7.2 Revisiting Bogomol’nyi bound
It can be shown that the generalized Bogomol’nyi bound (proved in the appendix)
M?>v*(Q + Q7,)

can be written entirely in terms of the 7 parameter and it is invariant under the SL(2,Z) transformation.

We will need the definition of 7 and (3.32)— (3.33) for writing it in terms of 7.

We start as;
2 2
e 47
M2 Z 1)2 l(ne — nm%) + <enm> ‘|
N ( €2 —e;—: Ne A 1 1 —ReT Te
= U (e nm) 2 2 2 = amv (ne nm) F.
—5 () +(52)7) \nm Im7 \—Rrer |72 ) \nm
1 1 —RerT n
:>M2247T’U2 <ne nm)I ©
m7T \ —Rer |7|? N

41



3.8 Coupling to Fermions

If we want to add fermions into this theory, we have to consider the fact that we have a Yang Mills field and a
scalar field in the theory already. So, we can write the fermion lagrangian with the appropriate interactions.

We assume that fermions are the '’ representation of SU(2) gauge group. The fermion lagrangian is;
L= i&nvﬂ(Duw)n - il,Z_J7LT7?m¢a1/)m (334)

where T, are the anti-hermitian generators in the representation 'r’.

Now, we take;
NI 0 I i = o’ 0' (3.35)
-7, 0 0 —o
Where 7, is the 2 x 2 identity matrix. It can easily be verified that these matrices satisfy the Clifford algebra
{v*, v} = 2¢g"*Z,. We can work out the Dirac equation from the lagrangian above (and use ¢unmm = T, 0%)
to get;
" (Duh)n — inmtm =0 (3.36)
Now, we seek solutions of the form (¢, x) = e~ *Fl)(x) and I also set 1(x), = (XJr(x)n X’(x)n)T Using
the above mentioned form of solution, the form of the space dependant spinor and the form of the gamma

matrices in (3.35]), we get;

- oI D.vT +

—Xit —0'Djx;, Xon
This gives us two equations. They are as follows;
(0nm0” Dj + $rim) Xom = EXiE (3.37)

T
Now, if there is some ¥ (x), = (X+(X)n X*(x)n) which solves (3.37)—(3.38), with £ = 0 then that

particular solution of fermions would not contribute to the energy of the BPS monopole background and thus,
we can have fermionic collective coordinates. These collective coordinates will be coefficients of expansion of
the total spinor solution in terms of fermion zero modes (the total solution will also contain non zero modes
but the coefficients of expansion of non zero modes won’t count as the collective coordinates). In other words,

we want to find the kernels of the operators on the left hand side of (3.37)—(3.38). Now, it easy to see that;
ker [(i6nm0? Dj + ¢nm)'| C ker [(i6pmo? Dj + ¢nm) (i6m10* Dy, + ¢n)'] = {0} (3.39)

The last equality holds because (i0,,m07 D; + ¢nm)(i0,m0? D; + ¢nm)' is a positive definite operator.

Now, we need to find the kernel of i,,,,07 Dj + ¢nm. A result is needed to find the number of fermion zero
modes for different representations 'r’ in which the fermions live. This result uses the techniques of index
theorems and thus, the derivation is beyond the scope of this thesis. The derivation can be found in [I1],

The final result is;

dim (ker [(i6,m07 Dj + ¢nm)]) — dim ([(i6pm0? Dj + ¢nm)']) = A(r)nm (3.40)
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where A(r) is a number that depends on the representation 'r’ and the ratio of the fermion mass to v where

lim, 00 #%¢® = v? and n,, is the magnetic charge. The values of A(r) relevant to our work are as follows;

A(fundamental) = 1 (3.41)

A(adjoint) = 2 (3.42)

3.8.1 Fundamental Fermions

Using (3.39)) and (3.40)), we get to know that there is only one zero mode for the fundamental fermions for a

single monopole n,, = 1. We will drop the gauge indices for some time now. We have;
P(x) = aptpo(x) + non zero modes

As mentioned before, ag will be our fermionic collective coordinate. The monopole ground states can be built
by considering a ground state |Q2) with ag|2) = 0 and then, we can construct an additional ground state

ab|©). So, the states |Q) and a}|Q) are degenerate.

3.8.2 Adjoint Fermions

For the fermions in the adjoint representation, we have A(r) = 2 for n,,, = 1 and thus, we have two zero modes.
There is an important feature of the monopoles coupled to adjoint fermions. We have to remind ourselves
that the monopoles are symmetric in the diagonal subgroup SU(2)gr x SU(2)¢ (Previously I said that it is
invariant the diagonal SO(3) subgroup but now, we have added fermions and thus, the SO(3) = SU(2)/Z,
diagonal subgroup is not a symmetry group anymore). The fundamental fermions can be singlets because
2 X 2 =3+ 1 but this is not the case for the adjoint fermions because 3 x 2 = 2 + 4.

Now, we know that fermions living in 4 representation will be fourfold degenerate. However, we do know
that the there are only two fermion zero modes for n,, = 1 and thus, fermions can’t have spin 3/2 (i.e. they
can’t be in 4 representation of SU(2)). This means that the fermion zero modes will have spins +1/2. We
can write the fermion solution in terms of fermion zero modes now (with the superscript on zero modes and

the additional subscript on the collective coordinates indicating their spins) as;
Y= ao,1/2w8/2 + ao,_l/gdial/z + non zero modes

Now, we can make the following degenerate states

State Spin
|€2) 0
a(TJ,l/2|Q> +%
ag,_1/2|ﬂ> _%
a$,1/2a$,71/2|Q> 0

Table 3.1: The monopole ground states with adjoint fermions
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3.9 Monopoles in N = 4 supersymmetric theories

We need monopoles in N = 4 supersymmetry in order to solve two major problems in the Olive Montonen
proposal. We don’t need to go into the details of the derivation of the N = 4 supersymmetry lagrangian. I
will use only the result that the N = 4 supersymmetric yang mills higgs theory contains only one multiplet
(without going into spins higher than 1) with contains one gauge field, six scalars and two Weyl fermions
(two Dirac fermions) and all of them are in the adjoint representation since they are in the same multiplet
as the gauge field. Now, since there are two Dirac fermions in this theory, the number of fermion zero modes

double and thus, we have the following creation operators
ag’il/z, where n = 1,2

Now, the monopole multiplet is shown in table 2 (we again start with the |2) state and I drop the 0 subscript

from the raising operators. Moreover, I replace +1/2 with + for brevity). We can see that in this multiplet,

State Spin
19)) 0
a’'|0) +3
a"ta|Q) 0
a}:af |€2) 1
ata®t|0) ~1
a?a?al”fb Fi
afafaﬁa%”!)} 0

Table 3.2: The monopole ground states in N = 4 supersymmetry

we have states which have spin 1. Moreover, if we compare the spin content of this multiplet with the N = 4
gauge supermultiplet, there is an exact match.

There is another feature of the N = 4 theory which is worth mentioning. It is a known fact (I won’t go into
the details) that the 8 function of N = 4 super Yang Mills theory vanishes and thus, the potential of the
N = 4 theory won’t receive quantum corrections. Therefore, the first two problems in the Olive Montonen
proposal that I mentioned are solved by incorporating 4 dimensional YMH theory in the N = 4 supersym-

metric gauge theory.
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Chapter 4

Seiberg Witten duality

4.1 Effective N=2 SYM with SU(2) gauge group

The original work of Seiberg and Witten in [3] concerned effective N = 2 SYM with SU(2) gauge group. In
a later paper [I8], they did a similar analysis with hypermultiplets included in N = 2 SYM. We will focus
on the work done in [3].

We can see from that the scalar potential for our concerned lagrangian i.e. is proportional
to ([2,2])? and as we mentioned in the last section of chapter 2, this potential should vanish if we want susy
to remain intact (a non zero scalar potential breaks susy as proved in the last section of chapter 2). So, we
require [z,Zz] = 0. Now, as we are working in SU(2) gauge, the hermitian generators are o®/2 where ¢ are

Pauli’s spin matrices and thus, using the definition of z below (2.119)), we have;

a b :
z=2"—=[2,%Z] = zaéb[%, %] = %zaibe“bc (4.1)

where we remind ourselves that the structure constants (i.e. f¢) for SU(2) gauge group is just the Levi
civita symbol. Now, since, z% are complex constants, I can write (I will write j for gauge index now as there

might be confusion with the real part of 2% from now on);

1
z= i(aj +1b;)o;, where the summation on j is assumed and a;, b; are real (4.2)

Now, we apply an infinitesimal SU(2) guage transformation on z;.Remember that z; is in adjoint represen-
tation now and thus, the generators that will be used for the transformation are the adjoint generators for

SU(2) as given below;

00 0 0 0 i 0 —i 0
h=|0 0 —i|,Ta=|0 0 0|T3=1]¢ 0 O (4.3)
0 i 0 —i 0 0 0 0 0

Now, an infinitesimal gauge transformation (with parameters €;) is given as;

zj — <I+ iek%) 2 (4.4)
2 /i
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a1 + Zbl 1 72‘63 i€2 a1 + Zbl (a1 + b2€3 — 6362) + (b1 + asz€egx — a263)
= | as +iby | — 1€3 1 —1€1 as +1ibs | = ((IQ + bzer — b163) + (bg +aje3 — a361) (45)
as + ibs —1€y  1€1 1 as + ibs (a3 + breg — b261) + (b3 + age; — a162)

Now, let’s try to find €;’s such that all the real parts vanish. It will lead us to the following set of equations;

0 —bs b €1 —ay
b3 0 =bi|]|el|=|-a (4.6)
—by by 0 €3 —as

Now, the determinant of the coefficient matrix is;
determinant of coefficient matrix = bz(—b1b2) + b2(b1bs) =0 (4.7

which shows that the determinant is zero and thus, the unique solution for €;’s doesn’t exist. So, we can try
to make €;’s such that a; and as are set to zero. Such a solution is readily found as we have two equations
for three unknowns and thus, we can do an SU(2) gauge transformation to set a; = as = 0.
Now,the form of z and Z has become;

i

1 ) _ 1
z= 5@30’3 + §bj0'j =z = 50;30'3 - ibjo.j (48)

Now, we can calculate [z, Z] to get;
_ 1 7 7
[Z, Z] = Zbibj[ai, O'j] + zbiag[ai, 0’3] + zagbi[ai, 0’3] (49)

=-2i¢;;3b;a3Now, for this to vanish (to preserve susy), it is easy to see that by and bs have to vanish. Thus,

the final form of z is;

1 1
z= 5(@3 +ibs)os = 5(103 where a = ag + ibs and thus, a is complex. (4.10)

Now, we remind ourselves that the finite gauge transformation is exp (ie;T;) where T} are adjoint generators.

We can now set es = €3 = 0 and calculate the finite gauge transformation matrix as follows;

0 0 O 0 0 O 0 0 O 0 0 O
Ti=|0 0 —i|={T)P=]0 1 ofl=2=TY"""=0 0 —i|.THY"=|0 1 0|,neZ*
0 7+ 0 0 0 1 0 ¢« O 0 0 1
1 0 0
exp (ie1T1) =1 —Q+Qcose; +iTysine; = | 0 cose;  sine (4.11)
0 —sine; cosep

which is just the rotation matrix around 1— axis (which is not surprising). Now, we can act this finite gauge

transformation on z which is in it’s final form i.e. (4.10]) to get;

1 0 0 0 0
. 1
Zj = exp (zelTl)jk =g 0 cose; sine 0] = | asine (4.12)
0 —sine; cosep a a cos €1
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Now, we can set e = m and then, we can see that effectively, a — —a. This means that a is itself not gauge
invariant but a? is. So, (z) itself is not gauge invariant but (trz2) is. We will call this gauge invariant thing

u from now on and thus, we have the following definitions;

u = (trz?), (z) = %aag (4.13)

Now, as discussed in chapter 3, the moduli space refers to the space of vaccua (i.e. space of lowest energy
configurations) and we will see that Seiberg Witten duality concerns the moduli space of the effective N=2
lagrangian. So, before proceeding, it should be made clear that u (and not (z)) labels the gauge inequivalent
vaccua as ¢ and —a are not gauge inequivalent. Moreover, since u is a complex number, the moduli space of
our concerned lagrangian is just a complex plane (called the u plane).

Now, we can see from that z has a non zero vev only for the third component (i.e. for 22 component)

and thus, we can expand the scalar field around this vev (let’s call it %) as follows;
. . . N N
Z=np+{Z)=9+ §a§ J (4.14)
Using this expansion, we can see that the expression for D, 27 becomes;
D,z = 0,2" —iglv,, z)) = 0,27 + gvl’jnlfl]k + ?v,’jfgjk (4.15)

The last term will generate masses for v, in the term (D, 2)TD,z but we can see that due to anti symmetry

3

,, and thus, it will remain massless. Moreover, due to the non

of fi* there won’t be any mass term for v
zero vev of z, SU(2) gauge symmetry is broken to U(1) (a well known result). Now, in this abelian gauge
transformation, we do know that the vector field transforms as v, — v, + 0, where « is any arbitrary
differentiable function. As discussed in subsection The corresponding gauge transformation for the
vector superfield V is V. — V 4 Q + Q where ¢ is a chiral superfield. This means that the gauge invariant

quantity is ¢¢ instead of pe29V ¢ as can be shown easily;
¢p = ¢’ps — ¢’ e p3 = P ¢3 (4.16)

where I did the U(1) gauge transformation with 3— component only. In other words, only 1 in the expansion
of €29V (given in (2.77)) contributes. A small calculation similar to shows that the vev of z also
gives mass to A1'? and %2 (Remember that supersymmetry requires that the mass of 27,7, vfl and M are
the same. It can be seen by considering the fact that P2 commutes with all the susy generators where
P? = P,P" is the contraction of the momentum generator with itself). In summary, only /\3,1)2 and >
are massless and the other fields are massive. Thus, in an effective wilsonian action, the heavier degrees of
freedom are integrated out and thus, only the massless fields should participate. Thus, only )\3,vi and 3
fields contribute to the effective action and thus, the gauge index can be dropped. Hence, becomes;

L n—2(effective) = %Im [ / d20F" (¢)W W, + / d*0d*0 &f;} (4.17)

™

where the primes on F denote the derivative w.r.t 2% which will be written just as z as the gauge index is

unnecessary now.
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4.2 Role of F’(z) as a metric

Let’s analyse as bit further. Let’s start by the term dependent on the chiral field ¢. We just want to
see that that what is the form of the kinetic terms in the low energy limit. We do this because the structure
of the kinetic terms can reveal the metric on the moduli space (like the metric in the sigma model). So, we
do do know that the kinetic terms are actually the terms which have derivatives of fields (except for terms
that have derivative interactions). We see that in the expansion of ¢ given in , the terms that can
contribute to the kinetic terms are as follows;

L
— §00000°2, —0600"9,1) (4.18)

Now,in the term that we are analysing (i.e. the second term in (4.17)), only the #068 terms will survive and
thus, from the expansion of F’(¢), we only need the term that is independent of 6 and # and the term which
is linear in 6. Now, from the expansion of F'(¢), the required terms are as follows;

1
V2
where ”other” refers to other terms. Now, using (4.18)) and (4.19), we can calculate the kinetic terms that

come out of (4.17)) as follows;
_ 1 P _ _ 1 _
Kinetic terms from GF'(¢) = —;00000°2F (=) + %e)eegﬂaﬂw (\fw) — 0096F" (2) [43#22 — oD,
(4.20)
Using (4.20) in (4.17) suggests that Im F”({z)) = Im F"(a) behaves like a metric on the moduli space. We

F (z(x) + 00700, 2 — 309(55322 + V200 — ——000,100 — 00 f> = F'(2) + V2F"(2)01) + other (4.19)

can reconfirm this suggestion that we are getting by computing the first term in as well. To do that
calculation, we must look at the expression of W, in and see that the terms that contribute to the
kinetic terms in W*W, are i(c""0),F,, multiplied by itself and 99(JZBDM5\B) multiplied to the —i)\, term.
Now, the only terms that will be non zero in the d?6 integration is the f term (i.e. the 06 term). This means
that in the expansion of F"(¢) in it’s components, only F”(z) will contribute non zero terms in the first

term of (4.17) (and obviously, F”(z) will get multiplied by the f term of W*W, given in (2.89))). So, the
first term of (4.17) becomes;

1 Lo , N
T / 00 d*0F" (z) [QF“ (i% Fy — F) — 21)\0“DHA}

1 1 , ‘ .
= glm}"’(z) [—4F” (Fup —ix Fy) — Z)\O'MDMA] (4.21)

where I have made the constant in front of F**F),,, term —1/4 to make it look like the Maxwell’s lagrangian.
So again, we get the strong indication that Im F”(a) behaves as a metric on the moduli space of vaccua.
Let’s denote F”(a) as 7(a) ( we can see it as a vacuum dependant coupling). Now, Seiberg and Witten [3]

and some of the reviewers for their work (for example [20]) take the metric on the moduli space as;
(ds)? = Im F"(a)dada = Im 7(a)dada (4.22)

Now, a skeptical reader might think that as a and —a are gauge equivalent, then 7a must be an even function

of a and the good news is that it is. For discussing this issue further, I will have to use a result from the
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perturbative analysis of the beta function of supersymmetric gauge theories. This result is derived in a
famous 1988 paper by N. Seiberg in [19]. I won’t present this derivation here as it is beyond the scope of
this thesis. The derivation of this result requires the familiarity with non renormalization theorems of susy
gauge theory. An interested reader may consult [2] for a quick introduction to these theorems or read section
27.6 of [21] for a more detailed treatment. In [19], the one loop perturbative result for F(¥) is calculated
and non renormalization theorems state that this higher loop corrections are zero. Here, ¥ is N=2 chiral
superfield (as opposed to ¢, which is N=1 chiral field). We didn’t need N=2 chiral fields until now and we
won’t need them in future as well. I just introduced it to quote the result that Seiberg calculated. The only
thing that we need to know about it is it’s first two terms. Introduce superspace coordinates (éa, 50‘) and

then, the first two terms are;
U(§,0) = ¢(5,0) + V20°W,(,0) + last term, where §* = y* + i0ord (4.23)

The last term doesn’t concern our work. An interested reader might consult [20] for the full expression. The
one loop F(¥) is calculated to be; ,

F(U) = 27\1/2 1n% (4.24)
where Q2 is a constant related to the energy scale. It’s details are not important (for an interested reader,
this result is quoted in equation 22 of [19] alongwith the instanton contributions that I have not written
down). Now, large a means high energy and at high energy, the leading term in W2 has to be a? as can
be seen from the expression and reminding ourselves that (z)® ~ a2. Moreover, since N=2 SYM is

asymptotically free, we also conclude that large a limit means weak coupling limit. In addition, since in the

large a limit, U2 ~ a2, we have;
; a2
i
Fla) ~ P ln@ (a — o) (4.25)
Moroever, for 7(a), we have;
?F(a) 0 [i a? i a?
7(a) = a2 = Ba LT <aln92 —|—2a>} = (ln o7 —|—3> (a — o) (4.26)

Now, we can see the resolution of the potential problem that I mentioned under . We see that 7(a)
is indeed an even function of a. Still, there might be a problem as complex logarithms are multivalued but
actually, there is no problem because the multivaluedness of the complex logarithms lies in their imaginary
part. However, since the metric in is just Im 7, we see that only the real part of the logarithm in
contributes and thus, there is no problem of multivaluedness of the metric.

There is one important point that I need to point out before closing this section. We first prove a theorem

about holomorphic functions;

Theorem 4.2.1 Let f(z) be a function of the complex variable z = x + iy where z,y are real. Then, if
f(z) is holomorphic, then it means that it’s imaginary part is harmonic.
Proof: Let’s write f(z) as

1(2) = f(oy) = u(,y) + iv(z,y) (4.27)
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Now, if f(z,y) is holomorphic, then it obeys Cauchy Riemann conditions i.e;

ou ov Ou ov

= 2= 4.2
Ox Oy’ Oy Ox (4.28)
Using the expression for z, (4.28)) implies;
Ou 0u_ (00 00\ du_du_ (00 00\ _Ou_ v ou__0v oo
0z "0z '\9z 0z) 0z 0z '\9z 0z) 0z ‘02 0z 0z '

The last two equations are just complex conjugates of each other. The last equation in (4.29)) implies that;

ou .Ov of

0 (4.30)
which is nothing but a restatement of the holomorphicity of the function f(z). We will need this form in our
work. Now, we calculate ’laplacian’ of v (while making use of the fact that derivatives of v and v w.r.t. 2

vanish);

) ) 2 2 2
0%v 8@_8(67)87} 8@8@) 81}(82 8,2):0 (4.31)

927 o7 " 0:\0z00  0z0y) " 92 \oaZ T B2
while T used the expression for z in the last step. Now, since the laplacian of v vanishes, it means that v (i.e.

Im f) is harmonic (The same reasoning can be made for u). (QED)

Now, the reader must be careful in reading the theorem as I used z for the complex coordinate but in our
work, the complex coordinate is a and z is the scalar component of N=2 multiplet. Now, since F(a) and
hence 7(a) are holomorphic, it means that their imaginary part is harmonic. Now, there is another theorem
that I will state without proof. An interested reader may consult any good text on complex analysis or

potential theory for the proof (see for example, section 18.6 of [22]).

Theorem 4.2.2 Let f(z,y) be a non constant harmonic function on a bounded subset R of the z —y plane.
Then there is no local maxima or minima of f at any interior point of R. Moreover, the maxima and minima

reside over the surface of R.

This theorem poses a big danger for 7(a) as a metric on the moduli space. Since there is no minima of 7(a)
on any bounded subset of the complex plane, it can’t be positive definite. Failure to be positive definite is a
disaster for the metric. The only way out of this dilemma is that we choose different regions of the moduli
space and have different a functions in those regions. (a have to functions of the coordinate on the complex
plane i.e. u and thus I am talking about a(u) functions). This is the problem that Seiberg Witten duality
attempts to solve. In our effective lagrangian we have only the ¢, W fields. Seiberg Witten duality
provides a dual set of fields (dubbed ¢p and Wp where D stands for dual) which is appropriate for a different

region of the moduli space. This duality transformation is what we will discuss now.

4.3 Seiberg Witten duality transformation
We look at (4.22)) now and we realize that this line element can be written as;

(d5)2 = 2% (d(]:/(a))d(_z — d(]:'/(&))da) = %(d(a[))dd —d(ap)da) = Im (dadap) where ap = F'(a) (4.32)
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Now, it is easily seen that is symmetric in @ and ap (i.e. it will have the same general form if we
swap a <> ap). This realisation is at the heart of Seiberg Witten duality. It means that we can use ap as
the fundamental parameter and then, the metric will have the same form as with a different 7 (i.e.
7p(ap)). The subscript D corresponds to ”dual”. Now, this duality can be extended to the whole chiral field
¢ as;

¢p = F'(¢) (4.33)
We have two fields i.e. ¢ and ¢p and we also see that derivative of the prepotential F(¢) is ¢p. Now, we
can look for a function (let’s call this function —Fp(¢p) and the reason for minus sign will be clear later)

whose derivative gives us ¢. This function can easily be found by a legendre transformation as follows;

Fp(ép) = F(¢9) — ¢¢p (4.34)

It is easy to see that F7,(ép) = —¢ and this is the dual prepotential corresponding to the duality transfor-
mation (4.33]).Let’s call this duality transformation S for future reference i.e.;

S:¢—ép=F(9), F(¢) > Fp(ép) (4.35)
Now, we can see that how does the second term of (4.17)) transforms under S. The transformation is;

Im / d?0d?0 ¢F'(¢) — Im / d*0d*0 pFp,(¢p) = Im / d*0d*0 F'(¢)(—¢) = Im / d?0d?0 ¢F'(¢) (4.36)
where the last step, I used the fact that Imz = —Im z. We see that the second term of (4.17) is invariant
under the duality transformation.

We can now ask the question that is this a coincidence or is this something that we could have known

beforehand. The answer to this question is that we could have known this before hand and to see this, we

define a multiplet a® = (ap,a) and using this definition, the metric in ([@.32)) is written as;
(ds)? = —%(daDdd — dapda) = —%(éQdaldaQ + e2lda?dat) = —%eaﬂda“daﬂ (4.37)

It means that the metric will be invariant under any transformation of a® — M ‘éaﬂ (where M is a matrix)
such that €*? is an invariant if it was transformed by M. However, due to the presence of da®, it is necessary
that the matrix M should not be effected by complex conjugation. These are the well known properties of
SL(2,C) matrices (remember that the matrices under which the Weyl spinors ¢, transform are SL(2,C)
matrices. Invariance of €*® under the SL(2,C) matrices is the reason because of which we raise and lower
the spinor index by ¢*%). This transformation can be extended to ¢*.

We will see that in order for the matrix U(b) to correspond to a symmetry, b should be an integer and thus,

the group that we should consider is SL(2,Z). Now, if we look at the generators of SL(2,7Z), they are

1 b 0 1
U) = NVNbeZ,S = (4.38)
0 1 -1 0
Let’s take take the S transformation (we will later talk about the U(b) case). The S case gives us the

following transformation on ¢%;

L I N R I (4.39)

é -1 0 0] —¢p
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Under (4.39) transformation, we see that the second term of (4.17) transforms as;
Im / d*0d*0 6F' (¢) = Im / d*0d*0 pp — —Im / d*0d*0 pp = Im / d*0d?0 p¢p (4.40)

So, this invariance of second term in under the duality transformation is something that we could have
inferred beforehand by requiring the invariance of the metric .

Now, we need to determine the appropriate duality transformation for the term in . For this aim,
we need to remind ourselves that SU(2) gauge symmetry has broken to an abelian gauge and thus, the
expression for W, given in is reduced to the first term only. We thus have the electromagnetic field
tensor f,, = 8,v, — 8,v,, which satisfies the bianchi identity e*#*?9; x F,, = 0. We can ask that what is the
corresponding equation in the superspace? i.e. what is the constraint on W,? This constraint turns out to
be Im(D,W*®) = 0 as can be checked by using (but replacing D,, by 0, as we are dealing with abelian
theory here) and . Now, the trick to figure out the duality transformation on the first term of
is to invoke the partition function calculated for the V field subject to the constraint that Im(D,W<) = 0.
We do this by using the common technique of lagrange multipliers. We introduce another field Vp/2 as the

lagrange multiplier (the reason for this notation will become clear later). Now, the partition function is just

partition function = / DV exp [iL]

. ) )
- / DWDVp exp [1élm / d*z ( / d*0F" (p)WW, + 3 / d29d29VDDaWa)] (4.41)
Y

Now, we consider the second term and manipulate it as follows;
/ d*0d*0Vp D WS = — / d*0d*0D,VpW*e = — / d*0 (DD Vp) W* = —4 / d*O(Wp)a W (4.42)
The steps in needs explaining. First step uses the fact that;
/ d*0d*0D,(F) =0 (4.43)

where F' is any superfield. The result can be understood by the fact that in the #6608 integral, only
0600 terms survive but D, F doesn’t have any 0006 term. In the second step, we use the fact that operating
d?0 integral is the same as operating D? on any superfield. Both operators give non zero result for 0000
terms or 02 terms only. Moreover, since W, is chiral, we can take it out of the operation of D? operator.
The last step defines Wp i.e.;

Wp = —iDQDaVD (4.44)

Now, we see the reason because of which we called the lagrange multiplier V. Now, the partition function

in (4.41) becomes;

/ DVp / DW exp { / d*zd?0 <1é Im F () WW, + Si Im Wgwa)] (4.45)
Y s

Now, we do the gaussian functional integral of W using the identity;

o0
1
/ doe=® " HBT = _ | [ref’ /4o’ (4.46)
a

[e.9]
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the well known result after the gaussian integration is;

/DVD exp [1éw Im /d% d2¢9( F1(0) ——W3(Wp)a ﬂ (4.47)

where I ignored an irrelevant factor in front of the exponential (i.e. the factor doesn’t depend on W). This

shows that for the dual field W5, we have a dual coupling 7p i.e.;

_ 1 d¢p _ dp _d _, e
TD(¢D) - 7'((25) - ]:”((]5) - df'(gb) - dop - dop (fD(qu)) = FD(¢D) (4'48)

So, we get Tp(¢p) = —7 1 (p) = F(¢p). It shows that if 7(¢) is small then the dual transformation takes

us to strong coupling. We have seen this transformation before in chapter 3 in Olive Montonen duality. This
shows the connection between Olive Montonen duality and Seiberg Witten duality. At the end, we get the
result of the duality transformation on the lagrangian in (4.17)) as;

L n—s(effective) = % Im [ / d?0Fp" (pp)WE(Wp)a + / d*0d*06pFp(dp) (4.49)

167

Now, we can talk about the U(b) generator which I mentioned under (4.38)). Before talking about that

transformation, I recall that for an arbitrary complex number z, we have;

1 = 4.
mz 57 (4.50)
Using (4.50)), and using the fact that ¢p = F'(¢), we can write (4.49) as;

Ly —o(effective) = / d20d¢D WE(Wb)a / d*0d*0(pdp — dpd) (4.51)

Now, let’s consider the transformation induced by U(b) given in (4.38) (remember that b is real). It will be

clear that b should be an integer. The corresponding transformation is;

ép — ¢p +bd, ¢ — ¢ (4.52)

This gives;
$6p — ¢pd — ¢(¢p +b¢) — (¢p +bd)p = ¢dp — $p¢ (4.53)
Thus, the second term in (4.51)) is invariant. Moreover, we have;

dp _ dép  4do _dép (4.54)

do  do ' de do
So, the lagrangian in (4.51) transforms as;

b
Ln—o(effective) — L y_o(effective) + Flm/dZGWB(WD)a (4.55)
u

Now, we need to remind ourselves that in the calculation of the functional integrals, the action’s exponential
appears (i.e. €*¥) and thus, the actions differing by 2mn,n € Z should be physically equivalent. In other
words, any transformation that maps the action S — S + 27n, n € Z can be considered as a symmetry. We
can see that U(b) for integer b is such a transformation. We can see that will add the following term
to the action;

T / d*x / d2OWE(Wp)a d*xF" % F,, = —27bn (4.56)
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where

=353 /d4mF‘“’ * F,,, is the Yang Mills instanton number (4.57)

We know that n is an integer and contributes to the CP violating 6 term that we had in . For a reader
who doesn’t know why n is an integer it is sufficient to know that this term is a topological invariant and
it can be normalised to be an integer. Further discussion about this term requires the concept of winding
numbers and homotopy classes and I will not present it here. An interested reader might consult [41] for a
brief discussion of instantons and the more detailed reference for instantons would be [42].

So, the term that adds up to the action (given in ({.5)) is indeed an integer and thus, U(b), b € Z is a
symmetry transformation. Since S and U(b) in are both symmetry transformations of the lagrangian
in , we can conclude that Seiberg Witten duality group is SL(2,Z). We can contrast this with the
Olive Montonen duality case. The U(b) transformation here corresponds to the § — 6 + 27 transformation
in the Olive Montonen case and the S transformation here corresponds to the 7 — —7~! transformation in
the Olive Montonen case. Both duality groups are SL(2,Z). So, we see the relationship between two duality

transformations now.

4.4 Moduli space’s singularities and thier interpretation

Here, singularities refer to the branch points of the function a(u) and/or ap(u). In other words, singularity
here refers to the point on the moduli space (which is a complex u plane for our problem) such a(u) or (and)
ap(u) doesn’t (don’t) return to their original values when taken around an arbitrary loop around such a
point. We say that such a loop has a non trivial monodromy for a(u) and/or ap(u). Identifying such

points on the moduli space will be fruitful as we shall see.

4.4.1 One obvious singularity

One singularity can be easily identified. We do have the expression for F(a) as a — 00 = u — oo (as

u = a?/2) in ([4.25). Now, since ap = F'(a), we use ) to get;

_OF(a) 9 [i 4 a®] i a?
ap = 90 ~ 94 |:27'('a IHQQ = IIQ2 +1 (458)

Now, if we take a circle with very large radius then going around that circle counterclockwise will correspond
to u — ue?™ and since u = a?/2, it means that a — ¢a = —a. So, using [£.58), we have;
: | e27ria2 : ) 2 A
ap = —(—a) | In———+1 :—fa n 1 204 = —a 2a .09
Dﬂ_( )( QQ+> (QQ+>+ p+ (4.59)
So, we can summarise this transformation with a matrix My, (called the monodromy matrix) acting on the

doublet [ap a]T as follows;

ap —ap + 2a -1 2 ap ap
% —

|
|
3

(4.60)
a —a 0 -1 a a
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4.4.2 Other singularities

I need to use the existence of U(1l)p symmetry in order to proceed. R symmetry is just a transformation
that mixes the susy generators into each other (i.e. Q! ’s) and this symmetry preserves the susy lagrangian.
An interested reader may consult any good resource on susy for a brief introduction to R symmetry (for
example, [43])

Now, under U(1)g symmetry, the required transformations are as follows;
2= X2 W, — W, 0(0) — €0(0), d*0(d*0) — e~ *€d%0(d?0), ¢ € R (4.61)

We need to recall the relationship between grassman integration and grassman differentiation in order to
understand the final result. Now, using (for example, using the W, term), we can see that ¥ — e2€
and using ([£.24), we see that F(V) — e F(¥) (as F(¥) < ¥?). Now, under ([1:24)), I wrote that I am
not writing the instanton corrections to the prepotential and referred the reader to the equation 22 of [I9].
However, we need the form of the instanton corrections now in order to prove that the singularity at infinity
is not the only infinity and I will quote the relevant form of the instanton corrections to the prepotential

F(¥) from [I9]. The form of such corrections is;

o0 Q2 2_]
F () mstantons = P2 ;ﬂj (\112> , where p; are coefficients. (4.62)
Now, we have;
" oo QQ 2j )
F(U) = "0 " p; (\112) e 8¢ (4.63)
j=1

Now, the symmetry F — e*€ F is still intact if 8¢ is an integer multiple of 27 and thus, we have;

.
¢ = %, jET (4.64)

This refers to Zg symmetry. So, the U(1)g symmetry breaks down to Zg symmetry. Under this symmetry,

we have;

22— M2 = ™22 = 52 if jis odd (4.65)
Since 22 — —22 has to be a symmetry, it means that v — —u has to be a symmetry and thus, v = @ is
a singularity then u = —u has to be a singularity. On the other hand, the singularity can be a fixed point

of the symmetry u — —u. Such fixed points are 0 and |u| — co. Now, the question arises that is u = 0 a
singularity? Well, considering a contour on Riemann sphere going around « = 0 can be seen to have the same
monodromy action as the contour around |u| — oo point (can be seen by contour deformation and by using
the fact that we are assuming no other singularities besides at © = 0 and |u| — o0). Thus, the monodromy
matrices for these two singularities are the same. Since a — —a = a? — a? under M., we can see that the

2 is a perfectly good coordinate. If this is

same conclusion holds for the monodromy around zero and thus, a
the case, then the equation v = a?/2 (which was initially true for large |u| only) can be taken to hold on the
whole u plane now and if this is case, then the expression for 7(a) that was initially true for large |u| only

can be taken to hold on the entire u plane now. However, as noted earlier, Im7(a) is a holomorphic function
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and thus, it can’t be positive definite on the entire u plane. So, we can’t have only two singularities.
We can now consider three singularities. Since the argument that I gave above (which involved the breaking
of U(1)g symmetry to Zg symmetry on the whole u plane), the non zero singularities (apart from |u| — oo

singularity) should come in pairs and thus, we can have three singularities as |u| — oo, @, —.

4.4.3 An aside: Massive SUSY representations

We talked about massless representations in section 2.2 but we need some small facts and the concept of
short representations (i.e. BPS representations with reference to the central charges) in order to proceed.
We can have this discussion for any number of supersymmetries but I will just restrict myself to N = 2 susy.
Now, if we have a massive representation (with mass m) then we can go to the rest frame of the particle and
the momentum generator is;

P, =(m,0,0,0) (4.66)
Now, the anti commutation relations are;
{Qar (@)} = 2mbapd™, {Q4, QF} = casZ™, {(QL)T (Q1)T} = eapZ*!’ (4.67)
Now, we use the fact that Z7” is an anti symmetric matrix and thus, it can be written as;

0 Z
z1 = (4.68)
-Z 0

where Z is positive. Now, I define the following operators;

1 1
Ao = E(Q})‘ +eap(QF)1), Ba = W(Qi‘ —eap(@3)") (4.69)
and using , we have;
{Aa, (45)1} = %{Qi +eap(@2)T(QF) + (650 (Q2)1) T} = (2m — Z)dag (4.70)

We can calculate {B,, (Bs)'} as well but we don’t need that for our argument (the reader can check that it
will give the same result with a plus instead of minus sign). shows that (due to positivity of Hilbert
space) A, should be trivial on the Hilbert space if 2m — Z < 0. If this is the case, then the length of a
massive multiplet is the same as the massless multiplets and such massive multiplets are known as short
multiplets. If 2m — Z > 0 then the corresponding multiplets are known as long multiplets. If this bound
is saturated (i.e. 2m = Z) then this multiplet is known as BPS multiplet and the corresponding states are

known as BPS states. The mass of BPS states is thus predictable using the central charge information.

4.4.4 Other singularities: Continued

We want to interpret the other singularities (i.e. we want to find their origin). We can take a hint from our
failed attempt to declare u = 0 as a distinct singularity. At u = 0, the gauge group is restored to SU(2)

and thus, all the gauge bosons are massless. We can take this hint and ask that is it the case that at the
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singularities © = +u, some additional gauge bosons become massless? Well, the answer to this question is
no and the justification for this answer requires understanding of (and a single result from) superconformal
invariance which is beyond the scope of this work. Loosely stated, for massless gauge bosons, the dimension
of the operator Tr¢? should be zero but it is 2 and thus, we have a contradiction. An interested reader may
consult [3] for some extra detail. With the option of massless gauge bosons out of the way, another option
to consider (which is by no means very obvious) is to consider massless collective excitations (i.e. massless
monoples).

We should keep in mind that the fields that become massive by the higgs mechanism should be in the short
multiplets as the higgs mechanism can’t produce enough helicity states to send the massive states in a long
multiplet (the long multiplet has a length of 22(2) = 16 while the short multiplet has a length of 22 =
and thus, the remaining 12 helicity states can’t be generated by Higg’s mechanism). Thus, the massive
representation should be a BPS state and thus, their mass is predictable. Now, before proceeding, I need
to rewrite here (as I did write under ) that for our purpose, the classical central charges are calculated
by E. Witten and D. Olive in [4]. T won’t go in the details here (as they are beyond the scope of this work)
but the quantum mechanical generalisation can be made (following Seiberg and Witten [3]) by coupling the
N =2 SYM theory with N = 2 hypermultiplet (which is made by two N = 1 chiral multiplets say, M and
M and they should be BPS multiplets). The hypermultiplets correspond to electrically charges particles and
the central charge is Z = an, where n. is the electrical charge. The duality transformation gives Z = apn.,
(where n,, is magnetic charge) for the monopoles. Now, the point on the moduli space where the monopoles
are massless corresponds to the point where ap = 0. Moreover, the total central charge is Z = an. + apn,.
Now, coupling of the dual chiral field in N = 2 SYM with the dual hypermultiplets correspond to SQED
theory and it’s beta function is given as (calculated in [23]);

Do _ N

A T w2 (4.71)
where Ap is the coupling and A is the energy scale (the subscript D refers to the fact that we are talking
about the dual theory i.e. monopoles are coupled to ¢ and Wp). Now, since the energy scale is proportional
to (zp) which is proportional to ap, we can use ap in place of A. Now, using the definition of 7 (and hence

of 7p) from section 3.7 (for zero # angle and for the coupling now denoted by Ap), we have;

dTp d 471 8mi  dMAp ) )
R (i N P N -4 4.7
“Pdap ~ *“Pdap <>\2D> P (4.72)

where I used (4.71) and set the integration constant to zero. Using (4.48)), we see that;

d . ) .
—aziln aDéa:&+i(aDln aD—aD)NELJrlaDln ap (4.73)
dap T T

3

where I dropped the last bracketed term because it is small as compared to the first bracketed term for small
ap and a is a constant. Remember that we are solving for the region around u = @ where ap = 0. Now,
we need to know ap and a in the vicinity of w = 4 in order to derive the monodromy matrix. We use the

Taylor’s series on ap (and use the fact that ap(u = @) = 0) and use (4.73) to get;

8[1[)

_.  Oap
=

ap(u) = ap(a) W‘u:uo(u — 1) + O(Ju —@|?) = ((u — @), where ¢ = (4.74)
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i

a(u) =a+ ;C(u —a)ln (v —a) (4.75)

Now, going around the point u = @ corresponds to u — @ — €2™(u — %) and thus, we have;
ap(u) — Ce*™(u — @) = e*™ap = ap (4.76)
a—a+ —Ce?™(u—a)n [ (u—a)] = a— 2((u — @) = a — 2ap (4.77)
7r

So, we have the following monodromy matrix (i.e. Mz)

ap ap 1 0 ap ap
a a— 2ap -2 1 a a
To find the monodromy matrix at © = —u, we employ the same observation that we used while discussing

the case of two singularities. There, we observed that the monodromy matrices at infinity and at uw = 0
should be the same (we used the contour deformation argument and the absence of a third singularity). The
same thing can be done here in order to determine the monodromy matrix at u = —%. We observe that if we
make a loop that goes around v = @ and u = —u then the monodromy matrix due to this loop should be the
same as M, (the counter deformation argument can again be used here to establish the equivalence of this
counter to a counter made around the point at infinity). There is one question here i.e. ”which point should
we circle first?”. Well, the answer to this question is that different orderings will correspond to different
dyons as we shall see below (recall that a dyon is a state with electrical and magnetic charge). For now, let’s

consider both orderings. Here they are (we will need to use and (4.78)) for M, and Mjy);

, 0\ (-1 2 -1 2
1 0 -1 -2 3
L (-1 2\ [t o0 3 2
My = M_gMz = M_z = Moo M = - (4.80)
0 -1 2 1 -2 -1

Now, recall that the singularity at u = @ corresponded to the monopoles becoming massless as ap = 0 at that
point. Can we come up with another method to verify this fact that also allows us to find the interpretation
of the singularity at ©u = —u? Well, actually we can and the method is an obvious one. Look at the formula
for the central charge just above (4.71]). It can be written as;

ap

Z =nea+npap = (nm ne) (4.81)
a

Now, under a monodromy action with monodromy matrix M, we have;
ap ap
Z (nm n) M - (ﬁm n) where (ﬁm n) - (nm n) M (4.82)
a a

Now, if a particular singularity corresponds to a particular (ne,n,,) state becoming massless, then the
monodromy action of a contour around that singularity should render (ﬁm ﬁe> = (nm ne) ie. (nm ne)

should be a left eigenvector of the monodromy matrix with unit eigenvalue. Employing this criteria to
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something we already know (i.e. the singularity at My corresponds to the monopoles becoming massless),

we can check the validity of this criteria as follows;

(1 o) _12 (1) ~(1 o) (4.83)

So, we see that (n.,nm,) = (0,1) state indeed satisfies this criteria.

4.4.5 An aside: Stable BPS states

I am taking a digression in order to address the criteria for a dyon state to be stable in order to avoid a
potential confusion in the future (adopting the argument from [3]). Suppose that we have a BPS dyon state
(ne, ) with central charge Z = nea + n,ap. Since it is a BPS state, it’s mass is m = |Z|/2. Suppose that
it decays into a set of states with central charges Z; = (n.)ja + (nm,);ap and the mass bound for massive
susy states says that m; < |Z;|/2. Now, the conservation of charge gives us Z =y, 45 Visualizing Z and
Z;’s as vectors in two dimensional nen,, space (which requires that ap/a is not real because if it is real then

the space in which (n.,n,,) vector lives becomes one dimensional), we use the triangle inequality to get;
121 <Y 171 (4.84)
J

but since |Z| = 2m and |Z;| < 2m,, have;

m < ij (4.85)

The m < > ;M case will violate the conservation of energy (consider the decay in the rest frame of the
decaying dyon) and thus, we can only have m = ) ;m; at best (this means that the decay is neutrally
stable). This implies that all the Z; vectors are aligned with Z. This implies that;

ne _ (ne);
Nm (nm)J

(4.86)

This implies that n. = k(n.);, nm = k(n.,); for some integer k (k # 1 as it will imply that the decay hasn’t
happened). Thus, it means that n. and n,, aren’t relatively prime. So, the (ne,n,,) states for which n, and
ny, aren’t relatively prime are neutrally stable against the decay and the states (ne,n,,) for which n, and

n., are relatively prime are stable against the decay.

4.4.6 Other singularities: Continued

Now, we can find the left eigenvector of the monodromy matrix given in (4.79) to find the appropriate dyon

state that becomes massless at © = —u. We have;
-1 2

(nm ne) = (nm ne> = Ne = —Niy (4.87)
-2 3

The above condition, combined with the condition that stable BPS states should have n. and n,, relatively

prime gives us (ne,nm) = (—1,1) as a state. So, this state becomes massless at u = —& for the monodromy
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matrix (4.79)).

Similarly, we can find the state that becomes massless at u = — for the monodromy matrix (4.80) as follows;

(nm ne) 32 21 :<nm ne>:>ne:nm (4.88)

Setting n. and n,, relatively prime, we get (ne,m.m,) = (1,1) as the required state. So, we see that the

different monodromy matrices M_; correspond to different dyon states becoming massless at u = —1.

4.4.7 Other dyons

Before closing this section, I need to point out the fact that the electrical charge in the dyon states that
correspond to the points u = 4@ are not unique. We can see that (ne,mn.,) = (k,1) with integer k still
correspond to the states which have n. and n,, relatively prime. To start, we need to find the monodromy

matrix for which (nm ne) is a left eigenvector with unit eigenvalue. We proceed to have;

A B _ _
Ny Ne =(n, ne = n77 B=——+ 4.89
( ) o b ( ) =C m(’:’ll A) ne(:l D) ( )

In order for C and B to be integers, we have;
1-A=¢én,=A=1—-¢n,, C=¢n,y, (4.90)
1—-D=(n.=D=1-(np, B=_n, (4.91)
for some functions £ and ¢ of n. and n,, i.e. £(ne,n,) and ((ne, ny,). So, the matrix becomes;

1- gne Cne
gnm 1- Cnm

(4.92)

Now, we use the monodromy matrices we already know. For example, for (ne,n,,) = (0,1), the monodromy

matrix is;
1
-2 1

= £(0,1) = -2, ¢(0,1) =0 (4.93)

Similarly, for (n,n,,) = (—1,1), the monodromy matrix is;

1
-2 3

=£(-1,1) = -2, ¢(-1,1) = -2 (4.94)

This suggests that & is independent of n. and suitable functions are (such that £ and ¢ are integers) £ =

—2n,, ¢ = 2n,. This gives us the following matrix;

1+ 2n,,ne 2n2
‘ ¢ (4.95)
—2n$n 1—2n.nm,

60



Now, to see the presence of other states in correspondence to the singularities, we can go around the sin-
gularities in a peculiar fashion. Firstly, let me motivate two related results which can be proved in a very

straightforward fashion using induction. Using (4.60)), we have;

-1 2 1 —2x(1 1 —4 1 —2x2
M = =(-1! M , M2 = = (-1
0 -1 0 1 0 1 0 1
1 —2k 1 2k
= ME = (-1 = MZF = (-1)* (4.96)
0 1 0 1

where k is a positive integer. Now, if we go around infinity k£ times and then, we go around v = u and at the

end, we go around infinity in the opposite sense then the corresponding monodromy matrix is;

e 12k (1 0) (1 2 1—4k 8k
MZFMaME = — (4.97)
0 1 -2 1 0 1 —2 144k
Comparing this matrix with the matrix in (4.95]), we see that matrix in (4.97) corresponds to (ne,nm,) =

(—2k,1). So, the electrical charge can be any even integer for the state that becomes massless at the point

u = 4. Similarly, going around the point u = —@ in the same peculiar fashion (using the monodromy matrix

in (4.79)), we get;

Lk . 1 2k\ (-1 2\ (1 -2k —1—4k 8k*+2k +38
M PM_z M5 = = (4.98)
0 1 -2 3 0 1 -2 4k + 3
Again, comparing this matrix with the matrix in (4.95)), we see that matrix in (4.98]) corresponds to (ne, n,;,) =
(=2k—1,1). So, the electrical charge can be any odd integer for the state that becomes massless at the point

U = —u.

4.5 Form of a(u) and ap(u)

We start with the following second order differential equation (z is a complex number);

d*y(z)

dz?

—V(z)uw(z) =0 (4.99)

Now, let V(z) have poles at some finite points and also at infinity. A regular singular point z = zg for the
equation is a point such that (2 — 29)?V(2) is analytic at z = 2z5. Now, in order to proceed, I will

quote a well known theorem without proof;

Theorem 4.5.1 For , non trivial constant monodromy matriz arises only if the poles of V(z) are

regqular singular points.

Now, we know that a and ap have three singular points i.e. © = =4 and |u| — co. Following Seiberg and
Witten, we set @ = 1 for simplicity (in order to recover , just replace u+1 — (u/@)£1). Thus, the singular

points of a,ap become £1, co. Now, the trick is to realise a and ap as solutions of a equation like (4.99)) with
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V(z) having poles at 1,00 which are regular singular points. A general potential with these requirements

is as follows;
A B C D E

S e R e B LA CES R [y

We will see that the first two terms are not allowed as they will induce third order singularity at infinity. To

(4.100)

see this, we can do a transformation w = 1/z (a Mobius transformation) and prove that we will get a third

order singularity at w = 0. We have;

d dwd ,d & L & L & . d
Sl S - SRl [ N, 7 4.101
dz  dz dw Ve T a2 T (w dw? v dw2+ Y dw (4.101)

So, let’s take the first term of the potential in (4.100) only and then, (4.99) becomes;

de(w) +2uwd

dip(w) A EP(w) | 2 dip(w) A
dw? dw  1jw+1 w

Ylw) =0= dw? w dw  wi(w+ 1)w(w) =0 (4.102)

w4

So, we see that there is a third order pole at w = 0 which means that there is a third order pole at z — co.
The same can be shown for the second term in and the remaining terms give second order poles
at infinity and thus, they are fine (as they give non trivial constant monodromies). A convenient (and
mainstream choice as it makes the variable change that we are going to do later less cluttered) choice for

C, D and F is as follows (for example, see [T}, 20])

1= | 1-6 1-8§-8+&
Ve =1l Y e - e o0) (4.103)

Since the potential depends on the squares of &;’s only, we can (without loss of generality) take &;’s to be
positive. Now, by doing a variable change, we can transform into a hypergeometric equation. The
relevant identities and substitutions relevant to hypergeometric equations can be found in many text books

on mathematical physics like [32] and [33]. The variable change is as follows;

v(z) = (z + 1)(1—51)/2(2 + 1)(1—52)/2G (Z;_l) (4.104)

where G is a function which will turn out to be a solution of the hypergeometric equation. The reason
because of which we had to set the argument of G equal to (z + 1)/2 is that the solutions of hypergeometric
equation have singularities at 0,1, 00 (for example, see [32]) but we want the singularities of 1¥(z) to be at
z = *+1,00. So, the argument of G is set to shift the singularities from z = £1 to 0,1. Now, In order to

simplify things down, we introduce the following parameters;

S=1—-c,é&=c—a—b&=a—-0D (4.105)

Then, using (4.104)) and (4.105), (4.99) gives (after a slight tedious computation)

d*G dG
du(éu) (:u‘) _ abG’(u) =0 (4106)

p(1 = p) m

+(e—(a+b+1)p)

where p is just the independent variable. So, we see that G(u) really satisfies the hypergeometric equation

while a, b, c can be expressed in terms of &;’s by using (4.105)). The solutions to the equation (4.106]) are
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denoted as o F (a, b, ¢; ) but I will omit the subscripts from now on. There are integral and series expansions

for this solution and for interest, here they are [32].

o (@) (b)n 2" I'(c) g —b-1 -
Fla,b,c; ) = L. / P11 — £)eb=1(1 — ¢2) gt (4.107)
T; (¢)n n!  T®BT(c—0bd) J,
where T'(z) is the gamma function and (a), is the Pochhammer symbol defined as (a)g = 1, (a)pt1 =

a(a+1)...(a+n), (n >1). Nevertheless, we just need to pick two suitable solutions to (4.106]) and construct
a and ap out of them. Now, we remember that a doesn’t change in the monodromy action around the point
at infinity (see (4.60))) and ap doesn’t change in the monodromy action around 1. So, this is what we would

expect the solutions that we pick for a and ap to exhibit as well. Two such solutions are (see [33])
— 1
Gi(p) = (—p)~*F (a,a+1—c,a—|—1—b; M) (4.108)

Go(p) = (1 —p) " Flc—a,c—bc+1—a—b1—p) (4.109)

Using the series solution in 7 it is seen easily that G1(u) is invariant under the monodromy action
around the point at infinity and G5 is invariant under the monodromy action around p =z = 1.

Now, the last thing that we need to do is to find the values of a,b, ¢ (or equivalently, the values of &1, &
and &3). To do this, we need to exploit the asymptotic behaviour of a and ap for large u (and since the
independent variable in is z, it is equivalent to large z behaviour). Now, for large z, becomes
(by replacing z + 1,z — 1 by z);

11— 532)
=—- 4.11
V) =5 (4110)
and thus, (4.99) becomes an Euler equation i.e.;
d2
422 fz(;) +(1-€)Y(z) =0 (4.111)

The solution to this equation is assumed of the form 1(z) = 2! and we can easily see that | = (1 £ &3)/2 if

& # 0 (as if &5 = 0 then we will have only one solution). This will give us the following solution;
(z) = 20F6)/2 g3 £ 0 (for z — o0) (4.112)

In case 3 = 0 then we have to employ the method of reduction of order. One solution is then /z and we

assume another solution of the form ¢(z)\/z (where ¢(2) is an arbitrary differentiable function). Putting

U(2) = ¢(2)v/z in [(L11I), we get;

P2 d
d(i(;) + (ZEZ) iz é = ¢(z)=In 2z (4.113)

z

So, in case of £3 = 0, the solutions are v/z and /zIn z. Now, using and the expression above it for u,
we see that in the large u limit, a < v/u and ap o /u u and thus, the case of £3 = 0 should be the correct
case to consider.

Now, we can take the limit z — 1 (with {3 = 0) and the leading term of then becomes;

11-¢

VE) =11y

(4.114)
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Now, the equation becomes (doing the variable change y = z — 1 — 2);

Pply) |1
dy? *

& ) = 0 (4.115)
492 v = '

Now, using the form of ap around z =1 (or y = 0) in , we see that the second term in should
vanish in order to attain that solution and thus, & = 1 (remember that I took &;’s to be positive). Now,
since & = 1, it means that the potential doesn’t have a double pole at z = 1 (see ) At this point,
we need to remind ourselves that due to instanton corrections in the prepotential, the U(1)r symmetry is
broken to Zg symmetry on the whole moduli space and thus, as it’s subset, there should be a Zo symmetry
which dictates that if there is no double pole at z = 1 then there should not be any double pole at z = —1
as well. This implies that & = 1.

Using these values of £1,&2,&3, we can calculate the values of a,b, ¢ by inverting the equations as

follows;

1 1 1
a=s(l-&-&+&)=5(1-1-140)=—
b=%(1—51—52—53)25(1—1—1—0):_%

c=1-&=1-1=0 (4.116)

Using these values in (4.104)), we get;

¥(z) =G <2_2H> (4.117)

and since the solutions for G are given in (4.108) and (4.109)), the solutions become (just replace z with u as

it is the variable relevant on the moduli space);

1/2
u—+1 1 1 2 u—1 11 1—u
G =1 F{=-,——1,—— G = — Fl-, =2 —— 4.118
1(u) z( 2 ) (2’ 2’ 7u+1)’ Q(U) 2 (2’277 2 ) ( )

As mentioned before (below (4.109))), the first solution corresponds to a(u) and the second solution corre-

sponds to ap(u) (due to their monodromy properties). Now, since is linear, I can multiply the solutions
by any constant and the resulting function will still be a solution of the original equation. So, the question
arises that what multiple of G; and G gives the correct asymptotics for a and ap and using formulas from

[33], it is easily seen that the required multiples are;

, u—1 11 _ 1-u
ap(u) = —iGa(u) =1 5 F <2,2,2, —5— ) (4.119)
a(u) = —2iGy(u) = V2 (u+ 1)/ F 11 1; 2 (4.120)
27 27 7u+1

Now, we have ap as a function of a through a parametric equations system (u being the parameter) and
since ap = F'(a), we can integrate with respect to a in order to get F(a) and thus, we get the low energy

effective action which is determined by F(a) (see (2.135)).
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Chapter 5

Conclusion

To conclude this work, we can revise what has been done in this work. We started from the SuperPoincare
algebra and developed the massless (and later, massive) supermultiplets. Then the necessary tools were
developed (e.g. the concept of chiral superfield and vector superfield) in order to realise the form of the low
energy effective NV = 2 lagrangian. Then, the topics necessary to understand the Olive Montonen duality
were developed which included the concept of t’Hooft monopoles, BPS monopoles, the Witten effect and
the embedding of non supersymmetric theory in N = 4 supersymmetric framework in order to solve the
spin problem and the state matching problem lying in front of the proposed Olive Montonen duality. Lastly,
the concept of Seiberg Witten duality was developed in the context of low energy N = 2 SYM theory with
SU(2) gauge group. We saw that the moduli space of the theory is a complex u plane with a varying Higg’s
expectation value a and a dual expectation value ap. It was seen that by analyzing the behaviour of ¢ and
ap near the singularities and it’s asymptotic limit for large u (i.e. weak coupling), we can determine the
value functions a and ap on the whole u plane.

Following Seiberg and Witten’s work, several developments have been made over the years. Many of these
developments are in the context of string theory but we won’t talk about them here. An obvious generalisation
was made by Seiberg and Witten themselves by including matter multiplets (i.e the hypermultiplets) in their
analysis [24].

Moreover, there have been works to generalize their work to arbitrary gauge groups. For example, [25] takes
a first step in order to generalize Seiberg and Witten’s work to SU(N) group. Moreover, [26] calculates
low energy effective action for SU(3) gauge group. In addition, [28] does the same work for SO(2N) gauge
group. [29] writes down the weak coupling limit for arbitrary gauge groups and writes down the solution
for SO(2r + 1) gauge group. Meanwhile, [30] gives the description of the metric on the moduli space for
SU(N) gauge group. Lastly, there have been attempts to generalize this work for arbitrary gauge groups and
including hypermultiplets. For example, [27] addresses different simple groups (including some exceptional
groups) with and without hypermultiplets.

In the end, it should be pointed out that a test for Olive Montonen duality, although difficult to propose
(as the test has to be at strong coupling) has been proposed by E. Witten and C. Vafa in [31]. Moreover,
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test of Seiberg Witten duality using instanton calculus is proposed is [39] which was performed by doing
the instanton counting calculations in [40] and the calculations agreed with all literature calculations for low

instantons.
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Appendix A

Proof of generalized Bogomol’nyi

bound

In the presence of electrical fields (keeping A% = 0 still), we have the following mass for the dyon;

M= %/d:"x[EfEf + BIB® + (D;¢*)?] (A.1)

1
=M= 3 /d3x[(Ef — cosaD;¢")? + (BY — sinaD;¢%)*] + /de[cos aE? D¢ + sinaBf D;¢"]
> cosaQe + sinaQy, (A.2)

Now, we can make the bound as tight as possible by differentiating the above expression w.r.t o and setting

it to zero. This gives;

Qm Qm

Qm .
tana = —, sina =

Qe \/ﬁ, CoOsS ¥ = \/ﬁ (A3)
This gives us;
M>0[Q2+ @ (A4)

This is the generalized Bogomol’'nyi bound in terms of (Q¢, Qm,)-
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Appendix B

Poincare Algebra

We know that the angular momentum generator M is the generator of rotations in quantum theory (for
example, see [44]). In three dimensions, the angular momentum generator can be defined as a cross product
of X and p = —iV operators but the notion of cross product is special to three dimensions only and can’t be
generalised to four dimensions. So, we can write another form of the momentum generator which employs

the concept of dual tensor M for M i.e.
i L ik ik
M = 567 M (B.1)
and thus, we have;
MY =g'py —2ip' = —i(2' VI — 27V (B.2)
Now, the generalisation to four dimensional spacetime is very simple i.e.;
MH* =q(x"9” — z¥ ") (B.3)

Now, let’s find the commutator of M#**’s. Let f be an arbitrary function on which the generators act. Then

we have;

(MM MOP|f = —[ahd" — 2V 0", 2°0° — 2P9°]f
= 21 (2208 f — 2POf) + 270 (2208 f — 2P O f) + 2°0P (21D f — 2" f) — 2P (210 f — 2V OV f)
— [¢* (2P 0" — 2"0°) + g"P (a0 — 2%0") + g™ (2" 0" — 2P D) + g (a0 — 1Y) f
=i [(g"" M = gP M) — ("M — g MPP)] f =i [(¢"P MY = (p = v)) = (@ +— B)] f

So, we get;

(M, M%) =i [(¢" MY — (u 4 ) = (a ¢ )] (B.4)

is known as lorentz algebra as it describes rotations in four dimensional spacetime (i.e. lorentz trans-
formations).

For the translations, we consider the following identity;
fla" +a") = f(x) + a’d,f(x) + O(a®) = f(zx) — ia" P, f(z) where P, = id, = P" = io" (B.5)
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So, we see that the momentum operator Pr is the generator of translations but since the translations

commute, we have (f is again an arbitrary function);
[P*,P"]=0
Now, using and , we have;
= [P*, MP|f = [i0", i(x*0°02° )] f
=~z f — g’ f + g"P O f + 2”010 f — 2P 00" f + 2“0 M f
= (¢"70% — g™ 0°)f = i(g" P — g""P*)]

The equations , and (B.7) are collectively known as the Poincare algebra.
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